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1) Write down the centre and radius of the circle with equation !! + #! = 36 

2) A circle has the equation !! + #! = 36. Work out its circumference.

3) The circle !! + #! = 25 touches each side of the square as shown. Work out the total shaded area.
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What is the gradient 
between 𝐴 and the origin?

What is the gradient of the 
tangent?

What is the equation of the 
tangent (so far)?

Substitute the co-ordinate 
to find the value of 𝑐

Final Answer:
The equation of the tangent 

is…

(10, 5)
𝐴

(8, 2)
𝐴

(20, 4)
𝐴
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What is the gradient 
between 𝐴 and the origin?

What is the gradient of the 
tangent?

What is the equation of the 
tangent (so far)?

Substitute the co-ordinate 
to find the value of 𝑐

Final Answer:
The equation of the tangent 

is…

(4, 8)
𝐴

(6, 18)
𝐴

(5, 25)
𝐴
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What is the gradient 
between 𝐴 and the origin?

What is the gradient of the 
tangent?

What is the equation of the 
tangent (so far)?

Substitute the co-ordinate 
to find the value of 𝑐

Final Answer:
The equation of the tangent 

is…

(−6, 12)
𝐴

(21,−7)
𝐴

(−4,−8)
𝐴
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What is the gradient 
between 𝐴 and the origin?

What is the gradient of the 
tangent?

What is the equation of the 
tangent (so far)?

Substitute the co-ordinate 
to find the value of 𝑐

Final Answer:
The equation of the tangent 

is…

(−9, 27)
𝐴

(12,−3)
𝐴 (−12,−72)

𝐴
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What is the gradient 
between 𝐴 and the origin?

What is the gradient of the 
tangent?

What is the equation of the 
tangent (so far)?

Substitute the co-ordinate 
to find the value of 𝑐

Final Answer:
The equation of the tangent 

is…

(7, 14)
𝐴

(2, 6)
𝐴

(5, 20)
𝐴
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Mark point A on the circle at (3, 3),
then draw line OA from 
the origin (O) to point A.

The graph    𝑥2 + 𝑦2 = 18 is on the grid.

What is the 
equation of line OA?

Plot the line   𝑦 = 6 − 𝑥

Lines around Circles

How are the gradients of 
these graphs related?

𝑦 = 6 − 𝑥 is 
a                                      to the circle.

Draw & label the line that is parallel to  𝑦 = 6 − 𝑥 & touches the circle at one point. 

The graph    𝑥2 + 𝑦2 = 20 is on the grid.
Mark point B on the circle at (2, 4),

& draw line OB from the origin.

What is the gradient of the line OB?

What is the gradient of 
a line perpendicular to OB?

Plot & label line CD - the line that 
is perpendicular to OB & 

passes through B.

Draw  & label the line that is 
parallel to CD & touches the circle at 

one point. 

Where on the circle will a tangent have a gradient of 2?

𝑥2 + 𝑦2 = 26 Sketch the line OD.

Find the gradient of this radius,
is it positive or negative?.

The tangent to the circle at D has
a gradient of   ଵ

ହ
and passes 

through (−1, 5).

We can express this as:

𝑦 =
1
5 𝑥 + 𝑐

Plot the tangent &
calculate its 𝑦-intercept.

D

𝑥2 + 𝑦2 = 40
Find the equation of 
the tangent at (6, −2)

Find the equation of 
the tangent at (−2, 6)

① ②

③ ④
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e 

ci
rc

le
 

w
ith

 e
qu

at
io

n 
(𝑥

−
3)

2
+
(𝑦

+
2)

2
=
17

. 
Th

e 
lin

e 
L 

is
 t

he
 t

an
ge

nt
 t

o 
th

e 
ci

rc
le

 a
t 

po
in

t 
A
. 

Fi
nd

 t
he

 c
oo

rd
in

at
es

 o
f 
th

e 
po

in
t 

w
he

re
 li

ne
 L

 c
ro

ss
es

 t
he

 𝑥
-a

xi
s.
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Equations of Tangents to Circles 

Question Radius Sketch 

Gradient of 

radius at 

point 

Gradient of 

tangent at 

point 

Equation of tangent at point 

Example: Find the equation of the 

tangent to          at       
5 

 

 
 
  

 
 
     

 
   

  
  

1. Find the equation of the tangent to 

        at       
     

2. Find the equation of the tangent to 

          at the point on the 

circumference with  -coordinate 6 

and a positive  -coordinate 

     

3. Find the equation of the tangent to 

         at        
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4. Find the equation of the tangent to 

           at         
     

5. Find the equation of the tangent to 

         at the point on the 

circumference with  -coordinate 3 

and a negative  -coordinate 

     

6. Find the equation of the tangent to 

the circle with centre       and 

diameter     at the point       

     

7. Find the equation of the tangent to 

         at the point       
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Ci
rc
le
s 
& 
Ta
ng
en
ts

 

1.
W

or
k 

ou
t t

he
 e

qu
at

io
n 

of
 th

e 
ta

ng
en

ts
 to

 th
es

e 
ci

rc
le

s 
at

 th
e 

gi
ve

n 
po

in
t P

. 
G

iv
e 

yo
ur

 a
ns

w
er

s 
in

 th
e 

fo
rm

  y
 =

 m
x 

+
 c

.

a)
b)

c)
y

x

x
2
 +

 y
2
 =

 9
0

P
 (9

, 3
)

y

x

x
2
 +

 y
2
 =

 4
5

P
 (-

6,
 3

)

y

x

x
2
 +

 y
2
 =

 8
0P

 (8
, ?

)

2.
C

irc
le

 C
 h

as
 e

qu
at

io
n 

 x
2
 +

 y
2
 =

 4
00

.
P

oi
nt

 P
( a

, b
) l

ie
s 

on
 C

 s
uc

h 
th

at
  a

 =
 - 1

2 
 a

nd
  b

 <
 0

.

a)
W

or
k 

ou
t t

he
 v

al
ue

 o
f b

.

b)
W

or
k 

ou
t t

he
 e

qu
at

io
n 

of
 th

e 
ta

ng
en

t t
o 

C
 a

t P
 in

 th
e 

fo
rm

  y
 =

 m
x 

+
 c

.

1.
W

or
k 

ou
t t

he
 g

ra
di

en
t o

f t
he

 li
ne

 fr
om

 th
e 

or
ig

in
 to

 e
ac

h 
of

 th
es

e 
po

in
ts

:

a)
(5

, 8
)

b)
(-

3,
 7

)
c)

(-
2,

 
3

)
d)

(-
2

2
, 4

)

2.
In

 e
ac

h 
ca

se
, t

he
 p

oi
nt

 P
 li

es
 o

n 
th

e 
ci

rc
le

 C
. W

or
k 

ou
t a

, b
 a

nd
 c

.

a)
C

: x
2
 +

 y
2
 =

 1
00

P
:

(-
6,

 a
)

a
 >

 0

b)
C

: x
2
 +

 y
2
 =

 4
2

P
:

(2
, b

)
b 

>
 0

c)
C

:x
2
 +

 y
2
  -

  2
5 

=
 0

P
:

(-
2,

 c
)

c 
<

 0

3.
W

or
k 

ou
t t

he
 g

ra
di

en
t o

f a
 li

ne
 p
er
p
en
d
ic
u
la
r  

to
 a

 li
ne

 w
ith

 g
ra

di
en

t:

a)
- 4

b)
2 5

c)
-  

3 4
d)

1 5

4.
In

 e
ac

h 
ca

se
, t

he
 p

oi
nt

 P
 li

es
 o

n 
a 

lin
e 

w
ith

 g
ra

di
en

t m
. W

or
k 

ou
t t

he
 

eq
ua

tio
n 

of
 th

e 
lin

e 
in

 th
e 

fo
rm

  y
 =

 m
x 

+
 c

.

a)
P

(2
, 5

), 
 m

 =
 3

b)
P

(-
3,

 4
), 

 m
 =

 - 1
c)

P
(-

3,
 - 2

), 
 m

 =
 1 4

W
A
R
M
- U
P

Q
U
E
S
T
IO
N
S

P
ag

e 
1

w
w

w
.M

at
hs

P
ad

.c
o.

uk
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5.
C

irc
le

 C
 h

as
 e

qu
at

io
n 
x

2
 +

 y
2
 =

 3
2.

Tw
o 

di
ffe

re
nt

 li
ne

s 
ar

e 
bo

th
 ta

ng
en

ts
 to

 C
 a

nd
 h

av
e 

a 
gr

ad
ie

nt
 o

f 1
.

W
or

k 
ou

t t
he

 c
oo

rd
in

at
es

 o
f t

he
 p

oi
nt

s 
w

he
re

 th
e 

ta
ng

en
ts

 m
ee

t C
.

7.
C

irc
le

 C
 h

as
 e

qu
at

io
n 
x

2
 +

 y
2
 =

 5
0.

O
 is

 th
e 

or
ig

in
 (0

, 0
).

P
(5

, s
) i

s 
a 

po
in

t o
n 

th
e 

ci
rc

le
.

Q
(1

, t
) i

s 
a 

po
in

t o
n 

th
e 

ci
rc

le
.

s 
>

 0
 a

nd
 t 

<
 0

.

a)
W

or
k 

ou
t t

he
 v

al
ue

s 
of

 s
 a

nd
 t.

b)
W

or
k 

ou
t t

he
 e

qu
at

io
ns

 o
f t

he
 ta

ng
en

ts
 to

 C
 a

t P
 a

nd
 Q

.

c)
W

or
k 

ou
t t

he
 c

oo
rd

in
at

es
 o

f t
he

 p
oi

nt
 R

, w
he

re
 th

e 
tw

o 
ta

ng
en

ts
 m

ee
t.

d)
G

iv
en

 th
at

 P
O

Q
 =

 1
27

°,
 w

or
k 

ou
t P

R
Q

.

y

x

3.
C

irc
le

 C
 h

as
 e

qu
at

io
n 

 x
2
 +

 y
2
 =

 7
2.

Tw
o 

po
in

ts
 o

n 
C

 h
av

e 
a 

ta
ng

en
t w

ith
 a

 g
ra

di
en

t o
f 0

.

W
or

k 
ou

t t
he

 c
oo

rd
in

at
es

 o
f t

he
se

 tw
o 

po
in

ts
.

4.
C

irc
le

 C
 is

 c
en

tre
d 

on
 th

e 
or

ig
in

an
d 

ha
s 

a 
ra

di
us

 o
f 1

5 
un

its
.

P
oi

nt
 P

( a
, b

) l
in

es
 o

n 
C

, s
uc

h
th

at
 a

 =
 1

2 
an

d 
b 

>
 0

.
Li

ne
 T

 is
 th

e 
ta

ng
en

t t
o 

C
 a

t P
.

a)
W

or
k 

ou
t t

he
 e

qu
at

io
n 

of
 T

.

b)
W

or
k 

ou
t t

he
 c

oo
rd

in
at

es
 o

f t
he

 p
oi

nt
 a

t w
hi

ch
 T

 m
ee

ts
 th

e 
y-

ax
is

.

c)
W

or
k 

ou
t t

he
 c

oo
rd

in
at

es
 o

f t
he

 p
oi

nt
 a

t w
hi

ch
 T

 m
ee

ts
 th

e 
x-

ax
is

.

d)
W

or
k 

ou
t t

he
 a

re
a 

of
 th

e 
tri

an
gl

e 
fo

rm
ed

 b
y 

th
e 
x-

ax
is

, t
he

 y
- a

xi
s 

an
d 

T.
 

y

x

6.
A

 c
irc

le
 is

 c
en

tre
d 

on
 th

e 
or

ig
in

.
Th

e 
po

in
ts

 P
(-

15
, -

20
) a

nd
 Q

(-
24

, c
) l

ie
 o

n 
th

e 
ci

rc
le

, w
he

re
 c

 >
 0

.
 

W
or

k 
ou

t t
he

 e
qu

at
io

n 
of

 th
e 

ta
ng

en
t t

o 
th

e 
ci

rc
le

 a
t Q

.

P
ag

e 
2

w
w

w
.M

at
hs

P
ad

.c
o.

uk
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Th
e 

eq
ua

tio
n 

of
 th

e 
ci

rc
le

 is
 𝑥
2
+
𝑦2

=
36

. T
he

 
eq

ua
tio

n 
of

 th
e 

st
ra

ig
ht

 li
ne

 is
 𝑦
=

3 3
𝑥.

W
ha

t i
s 

th
e 

ar
ea

 o
f t

he
 s

ha
d

ed
 se

gm
en

t?

30
°

A

𝑥

𝑥

𝑦

𝑦

Th
e 

po
in

t A
  h

as
 c

oo
rd

in
at

es
 (-

6,
0)

. 
Th

e 
st

ra
ig

ht
 li

ne
 sh

ow
n 

m
ak

es
 a

n 
an

gl
e 

of
 3

0°
w

ith
 th

e 
𝑥-

ax
is.

 W
ha

t i
s 

th
e 

eq
ua

tio
n 

of
 th

e 
ci

rc
le

?

𝑥

𝑦

𝑥

𝑦

A
 ta

ng
en

t m
ee

ts
 th

e 
ci

rc
le

 a
t (

5,
12

) 
W

ha
t i

s t
he

 a
re

a 
of

 th
e 

sh
a

d
ed

 
tri

an
gl

e?

𝜃
Th

e 
po

in
t A

 h
as

 c
oo

rd
in

at
es

 (0
, 5 3).

Th
e 

po
in

t B
 h

a
s c

oo
rd

in
at

es
 (−

8 3, 0
). 

C
al

cu
la

te
 th

e 
an

gl
e 

la
be

lle
d

 𝜃
.

A

B

8 
fie

nd
ish

ly
 

di
ffi

cu
lt 

cir
cle

 
qu

es
tio

ns
 fo

r 
GC

SE
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𝑥

𝑦
O

ne
 ta

ng
en

t m
ee

ts
 th

e 
ci

rc
le

 a
t (

6,
-8

), 
an

d
 a

no
th

er
 m

ee
ts

 th
e 

ci
rc

le
 a

t (
-6

,-8
) 

W
ha

t i
s t

he
 to

ta
l a

re
a 

of
 th

e 
sh

ad
ed

 
se

ct
io

ns
?

𝑥

𝑦

Th
e 

ar
ea

 o
f t

he
 

sq
ua

re
 is

 9
 u

ni
ts

². 
W

ha
t i

s t
he

 
eq

ua
tio

n 
of

 th
e 

ci
rc

le
? 

 

𝑥

𝑦

Tw
o 

co
nc

en
tri

c 
ci

rc
le

s a
re

 sh
ow

n,
 o

ne
 

is 
an

 e
nl

a
rg

em
en

t o
f t

he
 o

th
er

 b
y 

a 
sc

a
le

 fa
ct

or
 3

 a
nd

 h
as

 th
e 

eq
ua

tio
n 

𝑥2
+
𝑦2

=
14
4.

 

Th
e 

ta
ng

en
t s

ho
w

n 
ha

s t
he

 e
qu

a
tio

n 
𝑦
=

3
𝑥
+
24
.

C
al

cu
la

te
 th

e 
a

re
 o

f t
he

 s
ha

d
ed

 
se

ct
io

n.

𝑥

𝑦

Fo
ur

 c
on

gr
ue

nt
 c

irc
le

s a
re

 sh
ow

n,
 w

ith
 

ce
nt

re
s A

,B
,C

, a
nd

 D
 m

ar
ke

d
.

O
ne

 c
irc

le
 h

as
 th

e 
eq

ua
tio

n 
𝑦2

+
𝑥2

=
2.
25

.

C
al

cu
la

te
 th

e 
d

ist
an

ce
 A

 to
 C

AB
C D
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Eq
u

at
io

n
 o

f 
a 

Ci
rc

le
  

 Fi
nd

 t
he

 c
en

tr
e 

an
d 

ra
di

us
 o

f 
ea

ch
 o

f 
th

es
e 

ci
rc

le
s:

 

(a
) 

(𝑥
−
1)

2
+
(𝑦

−
1)

2
=
9 

(b
) 

(𝑥
−
1)

2
+
(𝑦

−
1)

2
=
25

 

(c
) 

(𝑥
−
3)

2
+
(𝑦

−
2)

2
=
25

 

(d
) 

(𝑥
+
3)

2
+
(𝑦

+
2)

2
=
16

 

(e
) 

𝑥2
+
(𝑦

+
2)

2
=
16

 

(f
) 

(𝑥
−
4)

2
+
𝑦2

=
36

 
 W

ri
te

 d
ow

n 
th

e 
eq

ua
ti
on

 o
f 

th
e 

ci
rc

le
 w

it
h:

 

(a
) 

 
C
en

tr
e 

(1
, 

2)
 a

nd
 r

ad
iu

s 
8 

(b
) 

 
C
en

tr
e 

(7
, 

3)
 a

nd
 r

ad
iu

s 
2 

(c
) 

 
C
en

tr
e 

(-
2,

 5
) 

an
d 

ra
di

us
 5

 

(d
) 

 
C
en

tr
e 

(-
5,

 -
1)

 a
nd

 r
ad

iu
s 

4 

(e
) 

 
C
en

tr
e 

(3
, 

-6
) 

an
d 

ra
di

us
 √
7 

(f
) 

 
C
en

tr
e 

(0
, 

-4
) 

an
d 

ra
di

us
 √
20

 

 Fi
nd

 t
he

 c
en

tr
e 

an
d 

ra
di

us
 o

f 
th

e 
ci

rc
le

 w
it
h 

eq
ua

ti
on

: 

(a
) 

𝑥2
+
𝑦2

−
2𝑥

+
8𝑦

−
8
=
0 

(b
) 

𝑥2
+
𝑦2

+
12

𝑥
−
4𝑦

=
9 

(c
) 

𝑥2
+
𝑦2

−
22

𝑥
−
6𝑦

+
40

=
0 

(d
) 

𝑥2
+
𝑦2

−
4𝑥

−
11

=
0 

 (a
) 

S
ho

w
 t

ha
t 

th
e 

po
in

t 
(2
,1
0)

 li
es

 o
n 

th
e 

ci
rc

le
 w

it
h 

eq
ua

ti
on

 

(𝑥
−
2)

2
+
(𝑦

−
7)

2
=
9 

(b
) 

A
 c

ir
cl

e 
ha

s 
ce

nt
re

 (
5,
10

). 
Th

e 
po

in
t 

(2
,1
4)

 li
es

 o
n 

th
e 

ci
rc

um
fe

re
nc

e 
of

 t
he

 

ci
rc

le
. 

Fi
nd

 t
he

 e
qu

at
io

n 
of

 t
he

 c
ir
cl

e.
 

   

Eq
u

at
io

n
 o

f 
a 

Ci
rc

le
  

 Fi
nd

 t
he

 c
en

tr
e 

an
d 

ra
di

us
 o

f 
ea

ch
 o

f 
th

es
e 

ci
rc

le
s:

 

(a
) 

(𝑥
−
1)

2
+
(𝑦

−
1)

2
=
9 

(b
) 

(𝑥
−
1)

2
+
(𝑦

−
1)

2
=
25

 

(c
) 

(𝑥
−
3)

2
+
(𝑦

−
2)

2
=
25

 

(d
) 

(𝑥
+
3)

2
+
(𝑦

+
2)

2
=
16

 

(e
) 

𝑥2
+
(𝑦

+
2)

2
=
16

 

(f
) 

(𝑥
−
4)

2
+
𝑦2

=
36

 
 W

ri
te

 d
ow

n 
th

e 
eq

ua
ti
on

 o
f 

th
e 

ci
rc

le
 w

it
h:

 

(a
) 

 
C
en

tr
e 

(1
, 

2)
 a

nd
 r

ad
iu

s 
8 

(b
) 

 
C
en

tr
e 

(7
, 

3)
 a

nd
 r

ad
iu

s 
2 

(c
) 

 
C
en

tr
e 

(-
2,

 5
) 

an
d 

ra
di

us
 5

 

(d
) 

 
C
en

tr
e 

(-
5,

 -
1)

 a
nd

 r
ad

iu
s 

4 

(e
) 

 
C
en

tr
e 

(3
, 

-6
) 

an
d 

ra
di

us
 √
7 

(f
) 

 
C
en

tr
e 

(0
, 

-4
) 

an
d 

ra
di

us
 √
20

 

 Fi
nd

 t
he

 c
en

tr
e 

an
d 

ra
di

us
 o

f 
th

e 
ci

rc
le

 w
it
h 

eq
ua

ti
on

: 

(a
) 

𝑥2
+
𝑦2

−
2𝑥

+
8𝑦

−
8
=
0 

(b
) 

𝑥2
+
𝑦2

+
12

𝑥
−
4𝑦

=
9 

(c
) 

𝑥2
+
𝑦2

−
22

𝑥
−
6𝑦

+
40

=
0 

(d
) 

𝑥2
+
𝑦2

−
4𝑥

−
11

=
0 

 (a
) 

S
ho

w
 t

ha
t 

th
e 

po
in

t 
(2
,1
0)

 li
es

 o
n 

th
e 

ci
rc

le
 w

it
h 

eq
ua

ti
on

 

(𝑥
−
2)

2
+
(𝑦

−
7)

2
=
9 

(b
) 

A
 c

ir
cl

e 
ha

s 
ce

nt
re

 (
5,
10

). 
Th

e 
po

in
t 

(2
,1
4)

 li
es

 o
n 

th
e 

ci
rc

um
fe

re
nc

e 
of

 t
he

 

ci
rc

le
. 

Fi
nd

 t
he

 e
qu

at
io

n 
of

 t
he

 c
ir
cl

e.
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�
   

   
   

   
   
�

!
Eq
ua
tio
n	o
f	a
	Ci
rcl
e	

Vi
de
o	1
2	o
n	w

ww
.co
rb
ett
ma

th
s.c
om

� � Qu
es
tio
n	1

:	
W
rit
e	d
ow
n	t
he
	(i
)	c
en
tre
	an
d	t
he
	(i
i)	
ra
diu

s	f
or
	ea
ch
	of
	th
es
e	c
irc
les
.	

(a
) 	(
x	−
	3)
²	+
	(y
	−	
2)
²	=
	10

0		
(b
)			
(x
	−	
1)
²	+
	(y
	+	
3)
²	=
	16

	

(c)
	(x
	+	
5)
²	+
	(y
	−	
7)
²	=
	4	

	
(d
)			
(x
	+	
6)
²	+
	(y
	+	
8)
²	=
	1	

(e
) 	x
²	+
	y²
	=	
25
	

	
	

(f)
				
(x
	+	
4)
²	+
	y²
	=	
9	

(g
)			
(x
	+	
2)
²	+
	(y
	−	
7)
²	=
	5	

	
(h
)			
(x
	−	
6)
²	+
	(y
	−	
1)
²	=
	20

	

Qu
es
tio
n	2

:		
W
rit
e	t
he
	eq
ua
tio
ns
	of
	ea
ch
	of
	th
es
e	c
irc
les
.	

(a
)		C

en
tre
	is
	(2
,	7
)	a
nd
	ha
s	a
	ra
diu

s	o
f	6
.			
				
				
(b
)	C
en
tre
	is
	(4
,	−
2)
	an
d	h

as
	a	
ra
diu

s	o
f	3
.	

(c)
		C
en
tre
	is
	(−
1,	
3)
	an
d	h

as
	a	
ra
diu

s	o
f	4
.			
				
	(d
)	C
en
tre
	is
	(−
1,	
−2
)	a
nd
	ha
s	a
	ra
diu

s	o
f	9
.	

(e
)		C

en
tre
	is
	(0
,	5
)	a
nd
	ha
s	a
	ra
diu

s	o
f	5
.			
				
				
(f)
	Ce
nt
re
	is
	th
e	o
rig
in	
an
d	h

as
	ra
diu

s	8
.	

(g
)		C

en
tre
	is
	(1
1,	
0)
	an
d	h

as
	a	
ra
diu

s	o
f	√
3.	
				
(h
)	C
en
tre
	is
	(−
3,	
−7
)	a
nd
	ha
s	a
	ra
diu

s	o
f	2
√2
.	

	 Qu
es
tio
n	3

:		
W
rit
e	t
he
	eq
ua
tio
ns
	of
	ea
ch
	of
	th
es
e	c
irc
les
.	

(a
)	

	
	

	
	

		(b
)	

				
				
				
				
				
				
				

	 (c)
	

	
	

	
	

		(d
)	

				
				
	Ex
am

ple
s

W
or
ko
ut

©
 C

O
R

BE
TT

M
AT

H
S 

20
16

Cli
ck
	he
re

Sc
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	he
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�
   

   
   

   
   
�

!
Eq
ua
tio
n	o
f	a
	Ci
rcl
e	

Vi
de
o	1
2	o
n	w

ww
.co
rb
ett
ma

th
s.c
om

Qu
es
tio
n	4

:	
Fin

d	i
f	t
he
	co
or
din

ate
s	g
ive
n	l
ie	
on
	th
e	c
irc
les
	be
low

:	

(a
)	D

oe
s	(
4,	
2)
	lie
	on
	th
e	c
irc
le	
wi
th
	eq
ua
tio
n	(
x	−
	1)
²	+
	(y
	+	
2)
²	=
	25

		

(b
)		D

oe
s	(
3,	
9)
	lie
	on
	th
e	c
irc
le	
wi
th
	eq
ua
tio
n	(
x	−
	4)
²	+
	(y
	−	
3)
²	=
	36

	

(c)
		D
oe
s	(
−	1

6,	
4)
	lie
	on
	th
e	c
irc
le	
wi
th
	eq
ua
tio
n	(
x	+
	4)
²	+
	(y
	−	
9)
²	=
	16

9	

(d
)		D

oe
s	(
2,	
−2
)	l
ie	
on
	th
e	c
irc
le	
wi
th
	ra
diu

s	8
	an
d	c
en
tre
	(5
,	5
)?	

(e
)		D

oe
s	(
0,	
7)
	lie
	on
	th
e	c
irc
le	
wi
th
	ra
diu

s	√
10
	an
d	c
en
tre
	(−
3,	
8)
?	

Qu
es
tio
n	5

:	
Fin

d	w
he
re
	th
e	c
irc
le	
(x
	−	
3)
²	+
	(y
	−	
5)
²	=
	10

6		
me

ets
	th
e	x
-ax
is.
	

Qu
es
tio
n	6

:	
Fin

d	w
he
re
	th
e	c
irc
le	
(x
	−	
1)
²	+
	(y
	+	
2)
²	=
	20

		m
ee
ts	
th
e	x
-ax
is.
	

Qu
es
tio
n	7

:	
Fin

d	w
he
re
	th
e	c
irc
le	
(x
	+	
2)
²	+
	(y
	+	
3)
²	=
	45

		m
ee
ts	
th
e	x
-ax
is.
	

Qu
es
tio
n	8

:	
Fin

d	w
he
re
	th
e	c
irc
le	
(x
	−	
2)
²	+
	(y
	−	
1)
²	=
	68

		m
ee
ts	
th
e	x
-ax
is.
	

Qu
es
tio
n	9

:	
Fin

d	w
he
re
	th
e	c
irc
le	
(x
	−	
4)
²	+
	(y
	−	
6)
²	=
	32

		m
ee
ts	
th
e	x
-ax
is.
	

� Qu
es
tio
n	1

:			
A	c
irc
le	
ha
s	c
en
tre
	(7
,	2
).	

	
	

Th
e	p
oin

t	(
1,	
−6
)	l
ies
	on
	th
e	c
irc
le.
	

	
	

Fin
d	t
he
		e
qu
ati
on
	of
	th
e	c
irc
le.
	

Qu
es
tio
n	2

:		
A	c
irc
le	
ha
s	c
en
tre
	A.
		

	
	

Th
e	p
oin

ts	
C	(
0,	
4)
	an
d	D

	(1
0,	
4)
	lie
	on
	th
e	d
iam

ete
r	o
f	t
he
	ci
rcl
e.	

	
	

(a
)		F

ind
	th
e	c
oo
rd
ina

tes
	of
	A.
	

	
	

(b
)		F

ind
	th
e	e
qu
ati
on
	of
	th
e	c
irc
le.
	

	 �
	

Ap
ply

An
sw
er
s

©
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O
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C
ir

cl
e 

G
eo

m
et

ry
 P

ro
b

le
m

s 
 (a

) 
A
 c

ir
cl

e 
C
 h

as
 t

he
 e

qu
at

io
n 

  
  
  

  
  

𝑥2
+
(𝑦

+
3)

2
=
16

9.
 T

he
 li

ne
 𝑥

=
5 

pa
ss

es
 t

hr
ou

gh
 t

he
 c

ir
cl

e 
at

 p
oi

nt
s 

A
 a

nd
 

B.
 F

in
d 

th
e 

le
ng

th
 o

f 
th

e 
lin

e 
A
B.

 

(b
) 

Th
e 

po
in

ts
 A

 (
−
3,
5)

 a
nd

 B
 (
7,
1)

 li
e 

on
 c

ir
cl

e 
C
. 

Th
e 

lin
e 

AB
 is

 a
 d

ia
m

et
er

 o
f 

th
e 

ci
rc

le
. 

Fi
nd

 t
he

 e
qu

at
io

n 
of

 t
he

 c
ir
cl

e.
 

 (a
) 

Th
e 

po
in

t 
P 

w
ith

 c
oo

rd
in

at
es

 (
1,
8)

 li
es

 
on

 t
he

 c
ir
cl

e 
w

ith
 e

qu
at

io
n 

  
  
  

  
  

  
  

  
 

𝑥2
+
𝑦2

+
4𝑥

−
6𝑦

−
21

=
0.

 P
oi

nt
 Q

 
al

so
 li

es
 o

n 
th

e 
ci

rc
le

, 
an

d 
PQ

 is
 a

 
di

am
et

er
 o

f 
th

e 
ci

rc
le

. 
Fi

nd
 t

he
 

co
or

di
na

te
s 

of
 p

oi
nt

 Q
. 

(b
) 

A
 c

ir
cl

e 
C
 h

as
 c

en
tr

e 
(−

3,
−
1)

. 
Po

in
t 

P 
w

ith
 c

oo
rd

in
at

es
 (
3,
2)

 li
es

 o
n 

ci
rc

le
 C

. 
Fi

nd
 t

he
 c

oo
rd

in
at

es
 o

f 
th

e 
po

in
ts

 w
he

re
 

th
e 

ci
rc

le
 c

ro
ss

es
 t

he
 𝑦

-a
xi

s.
 

 (a
) 

D
et

er
m

in
e 

w
he

th
er

 t
he

 p
oi

nt
 (
4,
5)

 
lie

s 
in

si
de

, 
ou

ts
id

e 
or

 o
n 

th
e 

ci
rc

le
 w

ith
 

eq
ua

tio
n 
𝑥2

+
𝑦2

+
4𝑦

−
49

=
0.

 

(b
) 

A
 c

ir
cl

e 
ha

s 
di

am
et

er
 A

B
 w

he
re

 A
 is

 
(−

5,
−
1)

 a
nd

 B
 is

 (
0,
−
7)

. 
Fi

nd
 t

he
 

eq
ua

tio
n 

of
 t

he
 t

an
ge

nt
 t

o 
th

e 
ci

rc
le

 a
t 

po
in

t 
A
, 

gi
vi

ng
 y

ou
r 

an
sw

er
 in

 t
he

 f
or

m
 

𝑎𝑥
+
𝑏𝑦

+
𝑐
=
0,

 w
he

re
 𝑎

, 
𝑏 

an
d 
𝑐 

ar
e 

in
te

ge
rs

 t
o 

be
 f
ou

nd
. 

 (a
) 

A
 c

ir
cl

e 
w

ith
 e

qu
at

io
n 
𝑥2

+
𝑦2

=
25

 
ha

s 
ce

nt
re

 O
 a

nd
 p

as
se

s 
th

ro
ug

h 
th

e 
po

in
t 

P 
w

ith
 c

oo
rd

in
at

es
 (
3,
4)

. 
Li

ne
 L

 is
 t

he
 

ta
ng

en
t 

to
 t

he
 c

ir
cl

e 
at

 p
oi

nt
 P

. 
Li

ne
 L

 
m

ee
ts

 t
he

 𝑥
-a

xi
s 

at
 A

 a
nd

 t
he

 𝑦
-a

xi
s 

at
 B

. 
Fi

nd
 t

he
 a

re
a 

of
 t

he
 t

ri
an

gl
e 

O
A
B.

 

(b
) 

Th
e 

ci
rc

le
 C

 h
as

 t
he

 e
qu

at
io

n 
  
  
  
  

  
  

  
𝑥2

+
𝑦2

−
12

𝑥
+
4𝑦

−
24

=
0.

 F
in

d 
th

e 
tw

o 
va

lu
es

 o
f 
𝑎 

fo
r 

w
hi

ch
 t

he
 li

ne
 𝑦

=
𝑎 

is
 

a 
ta

ng
en

t 
to

 c
ir
cl

e 
C
. 

C
ir

cl
e 

G
eo

m
et

ry
 P

ro
b

le
m

s 
 (a

) 
A
 c

ir
cl

e 
C
 h

as
 t

he
 e

qu
at

io
n 

  
  
  

  
  

𝑥2
+
(𝑦

+
3)

2
=
16

9.
 T

he
 li

ne
 𝑥

=
5 

pa
ss

es
 t

hr
ou

gh
 t

he
 c

ir
cl

e 
at

 p
oi

nt
s 

A
 a

nd
 

B.
 F

in
d 

th
e 

le
ng

th
 o

f 
th

e 
lin

e 
A
B.

 

(b
) 

Th
e 

po
in

ts
 A

 (
−
3,
5)

 a
nd

 B
 (
7,
1)

 li
e 

on
 c

ir
cl

e 
C
. 

Th
e 

lin
e 

AB
 is

 a
 d

ia
m

et
er

 o
f 

th
e 

ci
rc

le
. 

Fi
nd

 t
he

 e
qu

at
io

n 
of

 t
he

 c
ir
cl

e.
 

 (a
) 

Th
e 

po
in

t 
P 

w
ith

 c
oo

rd
in

at
es

 (
1,
8)

 li
es

 
on

 t
he

 c
ir
cl

e 
w

ith
 e

qu
at

io
n 

  
  
  

  
  

  
  

  
 

𝑥2
+
𝑦2

+
4𝑥

−
6𝑦

−
21

=
0.

 P
oi

nt
 Q

 
al

so
 li

es
 o

n 
th

e 
ci

rc
le

, 
an

d 
PQ

 is
 a

 
di

am
et

er
 o

f 
th

e 
ci

rc
le

. 
Fi

nd
 t

he
 

co
or

di
na

te
s 

of
 p

oi
nt

 Q
. 

(b
) 

A
 c

ir
cl

e 
C
 h

as
 c

en
tr

e 
(−

3,
−
1)

. 
Po

in
t 

P 
w

ith
 c

oo
rd

in
at

es
 (
3,
2)

 li
es

 o
n 

ci
rc

le
 C

. 
Fi

nd
 t

he
 c

oo
rd

in
at

es
 o

f 
th

e 
po

in
ts

 w
he

re
 

th
e 

ci
rc

le
 c

ro
ss

es
 t

he
 𝑦

-a
xi

s.
 

 (a
) 

D
et

er
m

in
e 

w
he

th
er

 t
he

 p
oi

nt
 (
4,
5)

 
lie

s 
in

si
de

, 
ou

ts
id

e 
or

 o
n 

th
e 

ci
rc

le
 w

ith
 

eq
ua

tio
n 
𝑥2

+
𝑦2

+
4𝑦

−
49

=
0.

 

(b
) 

A
 c

ir
cl

e 
ha

s 
di

am
et

er
 A

B
 w

he
re

 A
 is

 
(−

5,
−
1)

 a
nd

 B
 is

 (
0,
−
7)

. 
Fi

nd
 t

he
 

eq
ua

tio
n 

of
 t

he
 t

an
ge

nt
 t

o 
th

e 
ci

rc
le

 a
t 

po
in

t 
A
, 

gi
vi

ng
 y

ou
r 

an
sw

er
 in

 t
he

 f
or

m
 

𝑎𝑥
+
𝑏𝑦

+
𝑐
=
0,

 w
he

re
 𝑎

, 
𝑏 

an
d 
𝑐 

ar
e 

in
te

ge
rs

 t
o 

be
 f
ou

nd
. 

 (a
) 

A
 c

ir
cl

e 
w

ith
 e

qu
at

io
n 
𝑥2

+
𝑦2

=
25

 
ha

s 
ce

nt
re

 O
 a

nd
 p

as
se

s 
th

ro
ug

h 
th

e 
po

in
t 

P 
w

ith
 c

oo
rd

in
at

es
 (
3,
4)

. 
Li

ne
 L

 is
 t

he
 

ta
ng

en
t 

to
 t

he
 c

ir
cl

e 
at

 p
oi

nt
 P

. 
Li

ne
 L

 
m

ee
ts

 t
he

 𝑥
-a

xi
s 

at
 A

 a
nd

 t
he

 𝑦
-a

xi
s 

at
 B

. 
Fi

nd
 t

he
 a

re
a 

of
 t

he
 t

ri
an

gl
e 

O
A
B.

 

(b
) 

Th
e 

ci
rc

le
 C

 h
as

 t
he

 e
qu

at
io

n 
  
  
  
  

  
  

  
𝑥2

+
𝑦2

−
12

𝑥
+
4𝑦

−
24

=
0.

 F
in

d 
th

e 
tw

o 
va

lu
es

 o
f 
𝑎 

fo
r 

w
hi

ch
 t

he
 li

ne
 𝑦

=
𝑎 

is
 

a 
ta

ng
en

t 
to

 c
ir
cl

e 
C
. 



Purposeful Practice

Page 62

L
ec
tu
re
N
ot
es

C
ir
cl
es
-
P
ar
t
2

pa
ge

1

Sa
m
pl
e
P
ro
bl
em
s

1.
F
in
d
th
e
co
or
di
na
te
s
of
al
l
p
oi
nt
s
w
he
re
th
e
ci
rc
le
x
2
+
(y

3)
2
=
50

an
d
th
e
lin
e
y
=

2x
+
8
in
te
rs
ec
t
ea
ch

ot
he
r.

2.
a)

F
in
d
th
e
p
oi
nt
s
w
he
re
th
e
ci
rc
le
s
(x
+
4)
2
+
(y
+
1)
2
=
10

an
d
(x
+
1)
2
+
(y

5)
2
=
25
in
te
rs
ec
t
ea
ch

ot
he
r.

b)
F
in
d
th
e
p
oi
nt
s
w
he
re
th
e
ci
rc
le
s
(x
+
2)
2
+
(y
+
2)
2
=
50

an
d
(x

2)
2
+
(y

1)
2
=
25
in
te
rs
ec
t
ea
ch

ot
he
r.

3.
C
on
si
de
r
th
e
ci
rc
le
s
x
2
+
y
2
=
36
an
d
(x

5)
2
+
y
2
=
16
.
L
et
C
b
e
th
e
in
te
rs
ec
ti
on
of
th
e
tw
o
co
m
m
on

ta
ng
en
t
lin
es
dr
aw
n
to
th
e
ci
rc
le
.

a)
F
in
d
th
e
co
or
di
na
te
s
of
C
.

b)
C
on
si
de
r
on
e
of
th
e
co
m
m
on
ta
ng
en
t
lin
es
.
F
in
d
th
e
di
st
an
ce
b
et
w
ee
n
th
e
p
oi
nt
s
of
ta
ng
en
cy
.

4.
F
in
d
an
eq
ua
ti
on
of
th
e
ci
rc
le
th
at
pa
ss
es
th
ro
ug
h
th
e
p
oi
nt
s
A
(0
;2
),
B
(
2;

2)
,
an
d
C
(
8
;
4)
.

P
ra
ct
ic
e
P
ro
bl
em
s

1.
F
in
d
th
e
co
or
di
na
te
s
of
al
l
p
oi
nt
(s
)
w
he
re
th
e
ci
rc
le
an
d
th
e
lin
e
in
te
rs
ec
t
ea
ch
ot
he
r.

a)
(x
+
5)
2
+
(y

7)
2
=
8
an
d
x
+
y
=
6

c)
x
2
+
(y
+
4)
2
=
25

an
d
y
=
x

24

b)
(x

2)
2
+
(y
+
1)
2
=
50

an
d
y
=

x
+
9

d)
(x

3)
2
+
(y
+
1)
2
=
25

an
d
y
=

x
+
1

2.
F
in
d
th
e
co
or
di
na
te
s
of
al
l
p
oi
nt
s
w
he
re
th
e
gi
ve
n
ci
rc
le
s
in
te
rs
ec
t
ea
ch
ot
he
r.

a)
(x

1)
2
+
(y

2)
2
=
10

an
d
(x

10
)2
+
(y

5)
2
=
40

b)
(x

3)
2
+
y
2
=
20
an
d
x
2
+
(y

1)
2
=
50

c)
x
2
+
(y

8)
2
=
26
an
d
(x

7)
2
+
(y

3)
2
=
4

3.
C
on
si
de
r
th
e
ci
rc
le
s
(x
+
5)
2
+
y
2
=
10
0
an
d
x
2
+
y
2
=
49
.
L
et
C
b
e
th
e
in
te
rs
ec
ti
on
of
th
e
tw
o
co
m
m
on

ta
ng
en
t
lin
es
dr
aw
n
to
th
e
ci
rc
le
.

a)
F
in
d
th
e
co
or
di
na
te
s
of
C
.

b)
C
on
si
de
r
on
e
of
th
e
co
m
m
on
ta
ng
en
t
lin
es
.
F
in
d
th
e
di
st
an
ce
b
et
w
ee
n
th
e
p
oi
nt
s
of
ta
ng
en
cy
.

4.
L
et
C
1
an
d
C
2
b
e
ci
rc
le
s
de
Ön
ed
by
x
2
+
(y
+
7)
2
=
1

an
d
x
2
+
(y

6)
2
=
16
,
re
sp
ec
ti
ve
ly
.
C
on
si
de
r
on
e

of
th
e
co
m
m
on
ta
ng
en
t
lin
es
.
F
in
d
th
e
di
st
an
ce
b
et
w
ee
n
th
e
p
oi
nt
s
of
ta
ng
en
cy
.

5.
G
iv
en
th
e
th
re
e
p
oi
nt
s,
Ön
d
an
eq
ua
ti
on
of
th
e
ci
rc
le
th
at
co
nt
ai
ns
al
l
th
re
e
p
oi
nt
s.

a)
P
(0
;0
),
Q
(0
;8
),
an
d
R
(
6;
0)
.

c)
X
(3
;
7)
,
Y
(5
;
1)
;
an
d
Z
(
3
;
5)
.

b)
A
(
1
;6
),
B
(
7
;1
2)
,
an
d
C
(
3
;0
).

c 
H
id
eg
ku
ti
,
P
ow
el
l,
20
08

L
as
t
re
vi
se
d:
O
ct
ob
er
4,
20
17
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  IN
C

R
EA

SI
N

G
LY

 D
IF

FI
C

U
LT

 C
IR

C
LE

 E
Q

U
AT

IO
N

S 

1)
 F

in
d 

th
e 

ce
nt

re
 a

nd
 ra

di
us

 o
f t

he
 c

irc
le

 w
ith

 th
e 

eq
ua

tio
n 

(x
 - 

2)
​2​  +

 (y
 +

 1
)​2​  =

 9
.  

2)
 F

in
d 

th
e 

ce
nt

re
 a

nd
 ra

di
us

 o
f t

he
 c

irc
le

 w
ith

 th
e 

eq
ua

tio
n 

(x
 +

 2
)​2​  +

 y
​2​  =

 4
0.

  

3)
 F

in
d 

th
e 

ce
nt

re
 a

nd
 ra

di
us

 o
f t

he
 c

irc
le

 w
ith

 th
e 

eq
ua

tio
n 

x​2​  +
 y
​2​  -

 4
x 

+ 
2y

 - 
4 

= 
0.

 

4)
 F

in
d 

th
e 

eq
ua

tio
n 

of
 th

e 
ci

rc
le

: 
 

 

5)
 F

in
d 

th
e 

eq
ua

tio
n 

of
 th

e 
ci

rc
le

: 
 

 6)
 F

in
d 

th
e 

eq
ua

tio
n 

of
 th

e 
ci

rc
le

: 
 

 

7)
 F

in
d 

th
e 

eq
ua

tio
n 

of
 th

e 
ci

rc
le

: 
 

 

8)
 F

in
d 

th
e 

eq
ua

tio
n 

of
 th

e 
ci

rc
le

: 
 

 

9)
 F

in
d 

th
e 

eq
ua

tio
n 

of
 th

e 
ci

rc
le

: 
 

 

10
) F

in
d 

th
e 

eq
ua

tio
n 

of
 th

e 
ci

rc
le

 
w

hi
ch

 is
 c

on
ce

nt
ric

 to
 x
​2​  +

 y
​2​  -

 6
x 

+ 
8y

 =
 0

 b
ut

 is
 h

al
f a

s 
w

id
e.

 
 

 

11
) F

in
d 

th
e 

eq
ua

tio
n 

of
 th

e 
ci

rc
le

 
of

 th
e 

ci
rc

le
 p

as
si

ng
 th

ro
ug

h 
th

e 
ve

rti
ce

s 
of

 th
e 

rig
ht

 a
ng

le
d 

tri
an

gl
e 

as
 s

ho
w

n:

 

12
) F

in
d 

th
e 

eq
ua

tio
n 

of
 th

e 
ci

rc
le

 
w

ith
 a

 ta
ng

en
t y

 =
 -2

x 
- 1

3 
w

hi
ch

 
to

uc
he

s 
th

e 
ci

rc
le

 a
t p

oi
nt

 (-
5,

-3
), 

an
d 

a 
ta

ng
en

t y
 =

 -½
x 

- 1
 w

hi
ch

 
to

uc
he

s 
th

e 
ci

rc
le

 a
t p

oi
nt

 (-
2,

0)
. 
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Eq
u

at
io

n
 o

f 
a 

Ta
n

ge
n

t 
to

 a
 C

ir
cl

e 
 (a

) 
Th

e 
po

in
t 

P 
(6
,−
2)

 li
es

 o
n 

th
e 

ci
rc

le
 

w
ith

 e
qu

at
io

n 
𝑥2

+
𝑦2

=
40

. 
Fi

nd
 t

he
 

gr
ad

ie
nt

 o
f 
th

e 
ta

ng
en

t 
to

 t
he

 c
ir
cl

e 
at

 
po

in
t 

P.
 

(b
) 

Th
e 

po
in

t 
Q

 (
2,
1)

 li
es

 o
n 

th
e 

ci
rc

le
 

w
ith

 e
qu

at
io

n 
𝑥2

+
𝑦2

=
5.

 F
in

d 
th

e 
gr

ad
ie

nt
 o

f 
th

e 
ta

ng
en

t 
to

 t
he

 c
ir
cl

e 
at

 
po

in
t 

Q
. 

 (a
) 

Th
e 

po
in

t 
A
 (
2,
−
5)

 li
es

 o
n 

th
e 

ci
rc

le
 

w
ith

 e
qu

at
io

n 
𝑥2

+
𝑦2

=
29

. 
Fi

nd
 t

he
 

eq
ua

tio
n 

of
 t

he
 t

an
ge

nt
 t

o 
th

e 
ci

rc
le

 a
t 

po
in

t 
A
. 

(b
) 

Th
e 

po
in

t 
B
 (
−
3,
−
2)

 li
es

 o
n 

th
e 

ci
rc

le
 

w
ith

 e
qu

at
io

n 
𝑥2

+
𝑦2

=
13

. 
Fi

nd
 t

he
 

eq
ua

tio
n 

of
 t

he
 t

an
ge

nt
 t

o 
th

e 
ci

rc
le

 a
t 

po
in

t 
A
. 

 (a
) 

Th
e 

po
in

t 
R
 (
−
2,
−
3)

 li
es

 o
n 

th
e 

ci
rc

le
 

w
ith

 c
en

tr
e 
(1
,2
) 

an
d 

ra
di

us
 √
34

 .
 F

in
d 

th
e 

eq
ua

tio
n 

of
 t

he
 t

an
ge

nt
 t

o 
th

e 
ci

rc
le

 a
t 

po
in

t 
R
. 

(b
) 

Th
e 

po
in

t 
S
 (
7,
1)

 li
es

 o
n 

th
e 

ci
rc

le
 

w
ith

 c
en

tr
e 
(𝑥

−
3)

2
+
(𝑦

+
2)

2
=
25

. 
Fi

nd
 t

he
 e

qu
at

io
n 

of
 t

he
 t

an
ge

nt
 t

o 
th

e 
ci

rc
le

 a
t 

po
in

t 
S.

 

 (a
) 

Po
in

t 
P 
(−

2,
8)

 li
es

 o
n 

a 
ci

rc
le

 w
ith

 
ce

nt
re

 (
−
1,
6)

. 
Po

in
t 

Q
 w

ith
 c

oo
rd

in
at

es
 

(𝑎
,5
) 

lie
s 

on
 t

he
 t

an
ge

nt
 t

o 
th

e 
ci

rc
le

 a
t 

P.
 F

in
d 

th
e 

va
lu

e 
of

 𝑎
. 

(b
) 

Po
in

t 
A
 (
−
1,
−
3)

 li
es

 o
n 

th
e 

ci
rc

le
 

w
ith

 e
qu

at
io

n 
(𝑥

−
3)

2
+
(𝑦

+
2)

2
=
17

. 
Th

e 
lin

e 
L 

is
 t

he
 t

an
ge

nt
 t

o 
th

e 
ci

rc
le

 a
t 

po
in

t 
A
. 

Fi
nd

 t
he

 c
oo

rd
in

at
es

 o
f 
th

e 
po

in
t 

w
he

re
 li

ne
 L

 c
ro

ss
es

 t
he

 𝑥
-a

xi
s.

 

  

Eq
u

at
io

n
 o

f 
a 

Ta
n

ge
n

t 
to

 a
 C

ir
cl

e 
 (a

) 
Th

e 
po

in
t 

P 
(6
,−
2)

 li
es

 o
n 

th
e 

ci
rc

le
 

w
ith

 e
qu

at
io

n 
𝑥2

+
𝑦2

=
40

. 
Fi

nd
 t

he
 

gr
ad

ie
nt

 o
f 
th

e 
ta

ng
en

t 
to

 t
he

 c
ir
cl

e 
at

 
po

in
t 

P.
 

(b
) 

Th
e 

po
in

t 
Q

 (
2,
1)

 li
es

 o
n 

th
e 

ci
rc

le
 

w
ith

 e
qu

at
io

n 
𝑥2

+
𝑦2

=
5.

 F
in

d 
th

e 
gr

ad
ie

nt
 o

f 
th

e 
ta

ng
en

t 
to

 t
he

 c
ir
cl

e 
at

 
po

in
t 

Q
. 

 (a
) 

Th
e 

po
in

t 
A
 (
2,
−
5)

 li
es

 o
n 

th
e 

ci
rc

le
 

w
ith

 e
qu

at
io

n 
𝑥2

+
𝑦2

=
29

. 
Fi

nd
 t

he
 

eq
ua

tio
n 

of
 t

he
 t

an
ge

nt
 t

o 
th

e 
ci

rc
le

 a
t 

po
in

t 
A
. 

(b
) 

Th
e 

po
in

t 
B
 (
−
3,
−
2)

 li
es

 o
n 

th
e 

ci
rc

le
 

w
ith

 e
qu

at
io

n 
𝑥2

+
𝑦2

=
13

. 
Fi

nd
 t

he
 

eq
ua

tio
n 

of
 t

he
 t

an
ge

nt
 t

o 
th

e 
ci

rc
le

 a
t 

po
in

t 
A
. 

 (a
) 

Th
e 

po
in

t 
R
 (
−
2,
−
3)

 li
es

 o
n 

th
e 

ci
rc

le
 

w
ith

 c
en

tr
e 
(1
,2
) 

an
d 

ra
di

us
 √
34

 .
 F

in
d 

th
e 

eq
ua

tio
n 

of
 t

he
 t

an
ge

nt
 t

o 
th

e 
ci

rc
le

 a
t 

po
in

t 
R
. 

(b
) 

Th
e 

po
in

t 
S
 (
7,
1)

 li
es

 o
n 

th
e 

ci
rc

le
 

w
ith

 c
en

tr
e 
(𝑥

−
3)

2
+
(𝑦

+
2)

2
=
25

. 
Fi

nd
 t

he
 e

qu
at

io
n 

of
 t

he
 t

an
ge

nt
 t

o 
th

e 
ci

rc
le

 a
t 

po
in

t 
S.

 

 (a
) 

Po
in

t 
P 
(−

2,
8)

 li
es

 o
n 

a 
ci

rc
le

 w
ith

 
ce

nt
re

 (
−
1,
6)

. 
Po

in
t 

Q
 w

ith
 c

oo
rd

in
at

es
 

(𝑎
,5
) 

lie
s 

on
 t

he
 t

an
ge

nt
 t

o 
th

e 
ci

rc
le

 a
t 

P.
 F

in
d 

th
e 

va
lu

e 
of

 𝑎
. 

(b
) 

Po
in

t 
A
 (
−
1,
−
3)

 li
es

 o
n 

th
e 

ci
rc

le
 

w
ith

 e
qu

at
io

n 
(𝑥

−
3)

2
+
(𝑦

+
2)

2
=
17

. 
Th

e 
lin

e 
L 

is
 t

he
 t

an
ge

nt
 t

o 
th

e 
ci

rc
le

 a
t 

po
in

t 
A
. 

Fi
nd

 t
he

 c
oo

rd
in

at
es

 o
f 
th

e 
po

in
t 

w
he

re
 li

ne
 L

 c
ro

ss
es

 t
he

 𝑥
-a

xi
s.
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Page 79

① ② ③ ④

⑤ ⑥ ⑦ ⑧

Solve:

𝑥2 + 𝑦2 = 13
𝑦 = 𝑥 + 5

𝑦 = 𝑥2 + 3𝑥 − 1

𝑦 = 2𝑥 + 1

Solve:

𝑦 = 𝑥2 + 5𝑥 − 7

𝑦 = 3𝑥 + 8

Solve:

𝑥𝑦 = 3

𝑦 = 𝑥 − 2

Solve:

𝑥𝑦 = −8

𝑦 = 𝑥 + 6

Solve:
𝑥2 + 𝑦2 = 17

𝑦 = 𝑥 − 3

Solve:
𝑥2 + 𝑦2 = 45

𝑦 = 𝑥 − 9

Solve:
𝑥2 + 𝑦2 = 5

𝑦 = 2𝑥 + 3

Solve:
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S
ol

vi
n

g
 N

on
-L

in
ea

r 
S

im
u

lt
an

eo
u

s 
Eq

u
at

io
n

s 
 

 S
ol

ve
 t

he
se

 s
im

ul
ta

ne
ou

s 
eq

ua
tio

ns
. 

(a
) 

𝑦
=
𝑥2

−
4 

 
𝑦
=
3𝑥

 

(b
) 

𝑦
=
𝑥2

+
5𝑥

 

 
𝑦
=
2𝑥

+
10

 

(c
) 

𝑦
=
2𝑥

2
+
𝑥
−
3 

 
𝑦
=
3𝑥

+
1 

 S
ol

ve
 t

he
se

 s
im

ul
ta

ne
ou

s 
eq

ua
tio

ns
.  

(a
) 

𝑥2
+
8𝑦

=
13

 

 
𝑥
+
2𝑦

=
2 

(b
) 

𝑦
=
2𝑥

2  

 
3𝑥

+
𝑦
=
20

 

(c
) 

𝑦
=
3𝑥

2
−
4 

 
𝑦
=
2𝑥

−
3 

 S
ol

ve
 t

he
se

 s
im

ul
ta

ne
ou

s 
eq

ua
tio

ns
.  

(a
) 

𝑥2
+
𝑦2

=
25

 

 
𝑥
+
𝑦
=
7 

(b
) 

𝑥2
+
𝑦2

=
9 

 
𝑦
=
𝑥
+
3 

(c
) 

𝑥2
+
𝑦2

=
5 

 
𝑦
=
3𝑥

+
5 

 A
 n

et
ba

ll 
co

ur
t 

ha
s 

an
 a

re
a 

of
 2

24
 m

2 .
 I

f 
th

e 
le

ng
th

 w
er

e 
de

cr
ea

se
d 

by
 1

 m
 a

nd
 t

he
 

w
id

th
 in

cr
ea

se
d 

by
 1

 m
, 

th
e 

ar
ea

 w
ou

ld
 b

e 
in

cr
ea

se
d 

by
 1

 m
2 .

 F
in

d 
th

e 
di

m
en

si
on

s 
of

 
th

e 
co

ur
t.

 

   

S
ol

vi
n

g
 N

on
-L

in
ea

r 
S

im
u

lt
an

eo
u

s 
Eq

u
at

io
n

s 
 

 S
ol

ve
 t

he
se

 s
im

ul
ta

ne
ou

s 
eq

ua
tio

ns
. 

(a
) 

𝑦
=
𝑥2

−
4 

 
𝑦
=
3𝑥

 

(b
) 

𝑦
=
𝑥2

+
5𝑥

 

 
𝑦
=
2𝑥

+
10

 

(c
) 

𝑦
=
2𝑥

2
+
𝑥
−
3 

 
𝑦
=
3𝑥

+
1 

 S
ol

ve
 t

he
se

 s
im

ul
ta

ne
ou

s 
eq

ua
tio

ns
.  

(a
) 

𝑥2
+
8𝑦

=
13

 

 
𝑥
+
2𝑦

=
2 

(b
) 

𝑦
=
2𝑥

2  

 
3𝑥

+
𝑦
=
20

 

(c
) 

𝑦
=
3𝑥

2
−
4 

 
𝑦
=
2𝑥

−
3 

 S
ol

ve
 t

he
se

 s
im

ul
ta

ne
ou

s 
eq

ua
tio

ns
.  

(a
) 

𝑥2
+
𝑦2

=
25

 

 
𝑥
+
𝑦
=
7 

(b
) 

𝑥2
+
𝑦2

=
9 

 
𝑦
=
𝑥
+
3 

(c
) 

𝑥2
+
𝑦2

=
5 

 
𝑦
=
3𝑥

+
5 

 A
 n

et
ba

ll 
co

ur
t 

ha
s 

an
 a

re
a 

of
 2

24
 m

2 .
 I

f 
th

e 
le

ng
th

 w
er

e 
de

cr
ea

se
d 

by
 1

 m
 a

nd
 t

he
 

w
id

th
 in

cr
ea

se
d 

by
 1

 m
, 

th
e 

ar
ea

 w
ou

ld
 b

e 
in

cr
ea

se
d 

by
 1

 m
2 .

 F
in

d 
th

e 
di

m
en

si
on

s 
of

 
th

e 
co

ur
t.
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N
on

-L
in

ea
r 

S
im

u
lt

an
eo

u
s 

Eq
u

at
io

n
s 

 (a
) 

S
ol

ve
 a

lg
eb

ra
ic

al
ly

  
𝑥𝑦

=
4 

 
 

 
 

𝑦
=
𝑥
+
3 

(b
) 

S
ol

ve
 a

lg
eb

ra
ic

al
ly

  
𝑥𝑦

=
−
8 

 
 

 
 

𝑥
+
𝑦
=
2 

(c
) 

S
ol

ve
 a

lg
eb

ra
ic

al
ly

  
𝑥𝑦

+
12

=
0 

 
 

 
 

𝑥
=
2
−
2𝑦

 

 (a
) 

S
ol

ve
 a

lg
eb

ra
ic

al
ly

  
𝑦
=

3 𝑥 

 
 

 
 

2𝑥
=
𝑦
−
1 

(b
) 

S
ol

ve
 a

lg
eb

ra
ic

al
ly

  
𝑦
=

4 𝑥
−
2 

 
 

 
 

𝑥
=
4𝑦

+
8 

(c
) 

S
ol

ve
 a

lg
eb

ra
ic

al
ly

  
𝑦
=

4 𝑥
+
𝑥 

 
 

 
 

𝑥
+
𝑦
=
6 

 (a
) 

S
ol

ve
 a

lg
eb

ra
ic

al
ly

  
𝑥2

+
𝑥𝑦

=
20

 
 

 
 

 
𝑥
=
4𝑦

 

(b
) 

S
ol

ve
  

 
𝑥2

+
𝑦2

−
𝑥𝑦

=
16

 
 

 
 

𝑥
+
𝑦
=
4 

(c
) 

S
ol

ve
 

 
𝑥2

−
𝑦2

=
4
+
𝑥𝑦

 
 

 
 

𝑦
=
2𝑥

−
6 

 Th
e 

di
ag

ra
m

 s
ho

w
s 

th
e 

gr
ap

hs
 o

f 

𝑦
=
𝑥
+

9 𝑥 
an

d 
𝑥
+
𝑦
+
11

=
0.

 F
in

d 
th

e 

co
or

di
na

te
s 

of
 t

he
 p

oi
nt

s 
of

 in
te

rs
ec

tio
n.

 

 

N
on

-L
in

ea
r 

S
im

u
lt

an
eo

u
s 

Eq
u

at
io

n
s 

 (a
) 

S
ol

ve
 a

lg
eb

ra
ic

al
ly

  
𝑥𝑦

=
4 

 
 

 
 

𝑦
=
𝑥
+
3 

(b
) 

S
ol

ve
 a

lg
eb

ra
ic

al
ly

  
𝑥𝑦

=
−
8 

 
 

 
 

𝑥
+
𝑦
=
2 

(c
) 

S
ol

ve
 a

lg
eb

ra
ic

al
ly

  
𝑥𝑦

+
12

=
0 

 
 

 
 

𝑥
=
2
−
2𝑦

 

 (a
) 

S
ol

ve
 a

lg
eb

ra
ic

al
ly

  
𝑦
=

3 𝑥 

 
 

 
 

2𝑥
=
𝑦
−
1 

(b
) 

S
ol

ve
 a

lg
eb

ra
ic

al
ly

  
𝑦
=

4 𝑥
−
2 

 
 

 
 

𝑥
=
4𝑦

+
8 

(c
) 

S
ol

ve
 a

lg
eb

ra
ic

al
ly

  
𝑦
=

4 𝑥
+
𝑥 

 
 

 
 

𝑥
+
𝑦
=
6 

 (a
) 

S
ol

ve
 a

lg
eb

ra
ic

al
ly

  
𝑥2

+
𝑥𝑦

=
20

 
 

 
 

 
𝑥
=
4𝑦

 

(b
) 

S
ol

ve
  

 
𝑥2

+
𝑦2

−
𝑥𝑦

=
16

 
 

 
 

𝑥
+
𝑦
=
4 

(c
) 

S
ol

ve
 

 
𝑥2

−
𝑦2

=
4
+
𝑥𝑦

 
 

 
 

𝑦
=
2𝑥

−
6 

 Th
e 

di
ag

ra
m

 s
ho

w
s 

th
e 

gr
ap

hs
 o

f 

𝑦
=
𝑥
+

9 𝑥 
an

d 
𝑥
+
𝑦
+
11

=
0.

 F
in

d 
th

e 

co
or

di
na

te
s 

of
 t

he
 p

oi
nt

s 
of

 in
te

rs
ec

tio
n.
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Simultaneous Equations Mega Sheet

Solve the following simultaneous equations.

1.
x+ y = 3

x2 + y2 = 5
. (x, y) = (1, 2) or (x, y) = (2, 1)

2.
x− 4y = 2

3 = 5x− 2y
.

3.
2x+ y = 1

x2 + y2 = 2
.

4.
x+ 2y = 1

x2 + 2y2 = 3
. (x, y) = (−1, 1) or (x, y) = ( 5

3
,−

1

3
)

5.
x− 3y = 2

4x− y = 1
. (x, y) = ( 1

11
,−

7

11
)

6.
x− 3y = 2

y2 − x2 = −4
. (x, y) = (2, 0) or (x, y) = (− 5

2
,−

3

2
)

7.
2x+ y = 3

4x2 + y2 = 5
. (x, y) = (1, 1) or (x, y) = (− 1

2
, 4)

8.
2x− 3y = 2

3x+ y = 1
. (x, y) = ( 5

11
,−

4

11
)

9.
x+ 2y = 3

3x2 + 4y = 6
. (x, y) = (0, 3

2
) or (x, y) = ( 2

3
,
7

6
)

10.
2x− y = 4

x2 + 2y2 = 17
.

11.
x+ 3y = 7

x2 + x+ y = 21
.

1 J.M.Stone
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Solving Non-Linear Simultaneous Equations 
(a) (b) (c) (d) 

Solve 
𝑦 = 𝑥2 + 2 
𝑦 = 3𝑥 

Solve 
𝑦 = 𝑥2 

𝑦 = 10 − 3𝑥 

Solve 
𝑦 = 5 + 𝑥2 
𝑦 = 𝑥 + 11 

Solve 
𝑦 = 𝑥2 + 9𝑥 − 6 
𝑦 = 5𝑥 + 6 

(e) (f) (g) (h) 

Solve 
𝑦 = 𝑥2 − 4 
𝑥 + 𝑦 = 8 

Solve 
𝑦 = 6𝑥 − 𝑥2 
𝑦 + 5𝑥 = 24 

Solve 
𝑦 = 2𝑥2 − 1 
𝑥 + 𝑦 = 5 

Solve 
𝑦 = 𝑥 − 3𝑥2 
𝑥 − 𝑦 = 3 
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�
   

   
   

   
   
�

!
Sim

ult
an
eo
us
	Eq

ua
tio
ns
:	A
dv
an
ce
d	

Vi
de
o	2
98
	on
	w
ww

.co
rb
ett
ma

th
s.c
om

� � Qu
es
tio
n	1

:	
So
lve
	th
e	f
oll
ow
ing

	si
mu

lta
ne
ou
s	e
qu
ati
on
s	

(a
)			

y	=
	x	
+	3

	
	

	
(b
)		

y	=
	x²
	+	
x	−
	14

	
	

(c)
	

y	=
	2x
	−	
1	

	
y	=
	x²
	+	
5x
	−	
2	

	
	

y	=
	x	
−	5

	
	

	
	

y	=
	x²
	−	
2x
	+	
2	

(d
)	

y	=
	2x
²	+
	9x
	+	
1	

	
(e
)	

y	=
	2x
²	+
	x	
+	1

		
	

(f)
	

y	=
	−x
²	+
	5x
	+	
2	

	
y	=
	3x
	+	
9	

	
	

	
y	=
	x²
	−	
5x
	−	
7	

	
	

y	=
	3x
²	−
	x	
−	2

	

Qu
es
tio
n	2

:	
So
lve
	th
e	f
oll
ow
ing

	si
mu

lta
ne
ou
s	e
qu
ati
on
s	

(a
)	

x	+
	y	
=	4

	
	

	
(b
)	

x	+
	y	
=	7

	
	

	
(c)
	

x²
	+	
y²
	=	
13
	

	
y	=
	x²
	+	
3x
	−	
1	

	
	

xy
	=	
10
	

	
	

	
x	+
	y	
=	5

	
	

(d
)	

2x
	−	
y	+
	4	
=	0

			
	

(e
)	

x²
	+	
y²
	=	
29
	
	

	
(f)
	

xy
	=	
−6
	

	
y	=
	x²
	+	
x	−
	2	
	

	
	

7	+
	x	
+	y
	=	
0	

	
	

	
x	+
	2y
	=	
−4
	

(g
)	

y	=
	x²
	−	
3x
	+	
3	

	
(h
)	

x²
	+	
y²
	=	
1	

	
	

(i)
	

5x
	+	
y	=
	5	

	
y	=
	10

x	−
	39

		
	

	
x	+
	2y
	=	
1	

	
	

	
2x
²	−
	9x
	−	
y	=
	11

	

(j)
	

y	=
	9x
²	+
	11

x	+
	3	

	
(k
)	

2x
	+	
y	=
	5	

	
	

(l)
	

x	−
	4y
	+	
1	=

	0	
	

5x
	−	
y	+
	2	
=	0

		
	

	
2x
²	+
	y²
	=	
11
		

	
	

x²
	−	
4x
y	+
	y²
	=	
13
	

Qu
es
tio
n	3

:	
So
lve
	th
e	f
oll
ow
ing

	si
mu

lta
ne
ou
s	e
qu
ati
on
s	

	
	

	

(a
)	

2x
	+	
y	=
	7	

	
	

(b
)			
	
x²
	+	
y²
	=	
20
	
	

	
(c)
				

y	=
	x²
	−	
9x
	−	
3	

	
x²
	−	
y²
	=	
8	

	
	

	
y	=
	x	
+	3

	
	

	
	

y	=
	x	

	

(d
)	

2x
²	+
	y²
	=	
10
		

	
(e
)	

y	=
	x²
	+	
x	−
	7	
	

	
(f)
	

y	=
	x	
−	2

	
	

2x
	−	
y	=
	5	

	
	

	
4x
	+	
2y
	+	
1	=

	0	
	

	
2x
²	−
	xy
	=	
11
	

Ex
am

ple
s

W
or
ko
ut

©
 C

O
R

BE
TT

M
AT

H
S 

20
17

Cli
ck
	he
re
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�
   

   
   

   
   
�

!
Sim

ult
an
eo
us
	Eq

ua
tio
ns
:	A
dv
an
ce
d	

Vi
de
o	2
98
	on
	w
ww

.co
rb
ett
ma

th
s.c
om

� Qu
es
tio
n	1

:	
Fin

d	t
he
	co
or
din

ate
s	w

he
re
	th
e	l
ine

	x	
+	y
	=	
3	a
nd
	th
e	c
ur
ve
	x²
	+	
3y
	=	
27
	in
ter
se
ct	

	
	

	

Qu
es
tio
n	2

:	
Ho
w	
ma

ny
	po
int
s	o
f	in

ter
se
cti
on
	do
es
	th
e	c
ur
ve
		y
	=	
(x
	−	
3)
(x
	+	
4)
	ha
ve
	w
ith
	th
e		

	
	

lin
e		
y	=
	x	
−	8

	?	

Qu
es
tio
n	3

:	
Th
e	l
ine

	y	
=	x
	+	
4	a
nd
	th
e	c
ur
ve
	y	
=	x
²	+
	3x
	+	
4	i
nt
er
se
ct	
at	
th
e	p
oin

ts	
A	a

nd
	B.
	

	
	

Fin
d	t
he
	di
sta
nc
e	b
etw

ee
n	t
he
	po
int
s	A
	an
d	B

.	

Qu
es
tio
n	4

:	
Fin

d	t
he
	co
or
din

ate
s	o
f	t
he
	po
int
s	w

he
re
	th
e	l
ine

		x
	+	
5y
	=	
37
	an
d	t
he
	cu
rv
e	

	
	

y	=
	x²
	+	
x	+
	2	
me

et.
	

Qu
es
tio
n	5

:	
Sh
ow
,	b
y	u
sin
g	s
im
ult
an
eo
us
	eq
ua
tio
ns
,	th
at	
th
e	l
ine

	y	
=	5

x	−
	3	
		

	
	

is	
a	t
an
ge
nt
	to
	th
e	c
ur
ve
	y	
=	x
²	+
	x	
+	1

	

Qu
es
tio
n	6

:	
Sh
ow
n	b

elo
w	
is	
th
e	c
ur
ve
	y²
	=	
x		
an
d	t
he
	lin

e	y
	=	
2x
	−	
6	

	
	

Th
e	c
ur
ve
	an
d	t
he
	lin

e	m
ee
t	a
t	t
he
	po
int
s	A
	an
d	B

	
	

	
Th
e	p
oin

t	C
	is
	(8
,	0
)	

	
	

Sh
ow
	AB

C	i
s	a
	ri
gh
t	a
ng
led
	tr
ian

gle
.	

	 �

Ap
ply

An
sw
er
s

©
 C

O
R

BE
TT

M
AT

H
S 

20
17

Cli
ck
	he
re
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Problem Solving

Page 101

 

 

Suggest possible equations for the line and the parabola. 

Justify your answer. 

Generalise your answer. 
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𝑥ଶ + 𝑦ଶ = 16

Estimate solutions to each pair of simultaneous equations.

2

1
0

0 2 3 4 5-2-3-4-5 -1

-2
-3

-5

-1

-4

1

4
3

5

Solving Linear & Non-Linear Simultaneous Equations Graphically

𝑦 = 2𝑥a)
𝑥ଶ + 𝑦ଶ = 16

2

1
0

0 2 3 4 5-2-3-4-5 -1

-2
-3

-5

-1

-4

1

4
3

5
𝑦 = 𝑥 + 1b)

𝑥ଶ + 𝑦ଶ = 9

2

1
0

0 2 3 4 5-2-3-4-5 -1

-2
-3

-5

-1

-4

1

4
3

5
𝑥 + 𝑦 = 1c)

2

1
0

0 2 3 4 5 6-2-3-4-5-6 -1

-2
-3

-5

-1

-6

-4

1

4
3

6
5

𝑦

𝑥

𝑥ଶ + 𝑦ଶ = 25
𝑦 = 3𝑥 − 2

d)

Substitute the linear equation into the non-linear equation to
express a quadratic equation in the general form: 𝑎𝑥ଶ + 𝑏𝑥 + 𝑐 = 0

𝑦

𝑦

𝑦

𝑥

𝑥

𝑥
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Each grid shows 3 simultaneous equations involving 1 linear graph & 1 non-linear graph.
Calculate exact solutions for each. Can you substitute & simplify the equations?

Circle Simultaneous Equations
𝑦

𝑥

𝑥ଶ + 𝑦ଶ = 18

𝑦

𝑥

𝑥ଶ + 𝑦ଶ = 9
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Changing PricesMax wants to spend £100 on plants.
But each plant costs £5 more than expected, so

Max has to buy 10 less than planned.

How many plants did Max plan to buy? 

Hae wants to spend £90 on plant pots.
But each pot costs £3 more than expected, so

Hae has to buy 5 less than planned.

How many pots did Hae plan to buy?

Jia wants to spend £160 on calculators.
But each calculator costs £2 more than expected, so

Jia can afford 4 less than they planned.

How many calculators can Jia now buy?

① ② ③

Changing Values
With £360 a shop can buy 𝑞 t-shirts.

With a price decrease of £8, the shop can
now buy 12 more t-shirts.

How many t-shirts can the shop now buy?

A rectangle has an area of 60 m2.
The length is decreased by 2 metres.
The width is increased by 3 metres.

The new area is 72 m2.

What was the length of the original rectangle?

A rectangle has an area of 84 m2.
The length is increased by 1 metre.
The width is increased by 1 metre.

The new area is 104 m2.

What was the width of the original rectangle?

④ ⑤ ⑥
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Jan runs 200 metres in 𝑡 seconds.
By increasing their speed by 3 m/s,

Jan runs the 200 metres 15 seconds faster.

What was Jan’s original 200 m time?

Speed Change

𝑠𝑡 = 300

Tim runs 300 metres in 𝑡 seconds.
By increasing their speed (𝑠) by 1 m/s,

Tim runs the 300 metres 10 seconds faster.

What was Tim’s original 300 m time?

(𝑠 + 1)(𝑡 − 10) = 300

𝑠 =
𝑑
𝑡 𝑠𝑡 = 𝑑

Original:

New:

A cyclist travels 1 km in 𝑡 seconds.
Their speed decreases by 5 m/s and they

travel the next kilometre 10 seconds slower.

How long did it take the cyclist to cover the 2 km?
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Harder Simultaneous Equations 
(a) (b) (c) (d) 

Solve    2𝑥 + 3𝑦 − 18 = 0 
𝑥 = 𝑦 + 4 

Solve   3𝑥 + 4𝑦 = 8 
       6 − 𝑥 = 2𝑦 

Solve   𝑦 = 𝑥2 − 2𝑥 + 6 
 𝑦 = 𝑥 + 4 

Solve   𝑥2 + 𝑦2 = 50 
    𝑦 = 𝑥 − 8 

(e) (f) (g) (h) 

Solve   𝑥2 − 5𝑥 = 𝑦 − 5 
  2𝑥 + 𝑦 = 5 

Solve   𝑥2 + 2𝑦2 = 22 
 3𝑥 = 2𝑦 

Solve   𝑥2 + 𝑦2 + 𝑥𝑦 = 12 
𝑥 = 6 − 2𝑦 

Solve   𝑦 = 𝑥2 + 3𝑥 − 5 
  𝑥 − 𝑦 = 4 

(i) (j) (k) (l) 
Find the coordinates of the 

points where the curve 
 𝑦 = 2𝑥2 − 3𝑥 − 4 intersects 

with the line 𝑦 = 2𝑥 − 1 

Solve   𝑥𝑦 = 16 
            𝑥 + 𝑦 = 10 

Solve     𝑥 + 2𝑦 = 5 
 (𝑥 − 1)2 + (𝑦 − 2)2 = 20 

 

Find the length of the line 
joining the points of 

intersection of 𝑦 = 𝑥
2

+ 1 and 

𝑥2 + 𝑦2 = 𝑥𝑦 + 4 
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More Quadratic Equations and Inequalities Revision 
(a) (b) (c) (d) 

Solve 
𝑥2 + 𝑥 − 20 = 0 

Solve, by completing the 
square, 

𝑥2 + 6𝑥 + 3 = 0 
giving answers in surd form 

Solve 
 (𝑥 + 3)(𝑥 − 5) > 0 

 

Solve 
3𝑥2 − 11𝑥 − 7 

giving your answers to 3 
significant figures 

(e) (f) (g) (h) 

Solve  
𝑥2 ≤ 25 

Solve 
 5𝑥2 + 18𝑥 = 8 

Solve 
𝑦 = 𝑥 + 1 

𝑦 = 𝑥2 + 5𝑥 − 11 

Solve 
2𝑥2 − 13𝑥 + 10 < 0 

(i) (j) (k) 

The area of a triangle with base (𝑥 + 9) 
cm and height (2𝑥 + 1) cm is 21 𝑐𝑚2. 

Find the value of 𝑥. 

A rectangle has a length of (𝑥 − 6) cm 
and a width of 4𝑥 cm. The area of the 
rectangle is less than 13 𝑐𝑚2. Find the 

range of possible values of 𝑥. 

Solve 
𝑥 + 2𝑦 = 7 

𝑥2 + 𝑦2 = 10 
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Ir
ra
ti
on
al
 
se
qu
en
ce
s:
 
w
ha
t 
co
m
es
 
ne
x
t?
 
 

 

Lo
ok

 a
t t

he
se

 s
eq

ue
nc

es
, c

an
 y

ou
 w

or
k 

ou
t t

he
 te

rm
-to

-te
rm

 ru
le

? 
 

W
ha

t w
ill 

be
 th

e 
ne

xt
 n

um
be

r i
n 

th
e 

se
qu

en
ce

? 
  

A 
 

 B 
 

 C 
 

 D 
 

 E 
 

f g h Ex
te
ns
io
n:
 
 

M
ak

e 
up

 y
ou

r o
w

n 
se

qu
en

ce
. C

an
 y

ou
 p

ar
tn

er
 fi

gu
re

 o
ut

 y
ou

r t
er

m
-to

-te
rm

 ru
le

? 
 

www.mathspad.co.uk 
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Ge
om

et
ric

 S
eq

ue
nc

es
 

1.
 

Be
lo

w
 is

 th
e 

fir
st

 n
um

be
r i

n 
a 

ge
om

et
ric

 se
qu

en
ce

. W
rit

e 
th

e 
fir

st
 4

 te
rm

s o
f 2

 p
os

sib
le

 
se

qu
en

ce
s t

ha
t c

ou
ld

 st
ar

t w
ith

 th
at

 n
um

be
r: 

a.
 

2 

b.
 

4 

c.
 

8 

d.
 

10
 

e.
 

7 

f. 
0.

4 

g.
 

-4
 

h.
 

¼
  

i. 
-0

.3
 

j. 
√2

  

k.
 
𝑎𝑏

 

l. 
𝑎2

𝑏 2
 

m
. 
√𝑎

 

n.
 
𝑎𝑏

2 𝑐
3  

o. 
𝜋 2

  

 
2.

 
Ca

lc
ul

at
e 

th
e 

fir
st

 5
 te

rm
s o

f t
he

se
 se

qu
en

ce
s:

 
 

a.
 
2𝑛

 

b.
 
2𝑛

+
1  

c.
 
(−

2)
𝑛

 

d.
 
−
(2
)𝑛

 

e.
 
0.
2(

2𝑛
)  

f. 
3
×
3𝑛

 

g.
 
0.
4
×
3(

𝑛−
1)

 

h.
 
3 5
×
1.
1𝑛

 

i. 
9.
1
×
10

(1 𝑛
)  

j. 
0.
03

×
0.
9(

3𝑛
)  

k.
 
𝑎
×
3𝑏

𝑛
 

l. 
ℎ 3𝑛

 

m
. 
𝑛
×
𝑎𝑛
𝑝2

 

n.
 
𝑚
×
0.
03

(𝑏
+
𝑛)

 

o.
 

1 𝑓
×
𝑎𝑑

(𝑛
−
3)

 

 

 
 

3.
 

W
or

k 
ou

t T
(n

) f
or

 th
e 

fo
llo

w
in

g 
ge

om
et

ric
 se

rie
s:

 

a.
 

4,
 8

, 1
6,

 3
2 

b.
 

4,
 2

, 1
, 0

.5
 

c.
 

5,
 1

5,
 4

5,
 1

35
 

d.
 

3,
 1

8,
 1

08
, 6

48
 

e.
 

-5
, -

10
, -

20
, -

40
 

f. 
-2

, 4
, -

8,
 1

6 

g.
 

4,
 -4

, 4
, -

4 

h.
 
1 2
,1 8
,1 32

,
1 12
8 

i. 
√2

,2
,2
√2

,4
 

j. 
5,
5 √

5,
25
,2
5 √

5 

k.
 
𝑎𝑏
,𝑎
𝑏2
,𝑎
𝑏3
,𝑎
𝑏4

 

l. 
𝑎 𝑏2
,𝑎

2 𝑏3
,𝑎

3 𝑏4
,𝑎

4 𝑏5
 

m
. 
−
𝑎2
,𝑎

2 ,
−
𝑎2
,𝑎

2  

n.
 
−
𝑎𝑏
,𝑎
𝑏2
,−
𝑎𝑏

3 ,
𝑎𝑏

4  

o.
 
𝑎2
𝑏2
,𝑎

2 𝑏
,𝑎

2 ,
𝑎2 𝑏

 

Ha
rd

 
M

ed
iu

m
 

Ea
sy

 

Ha
rd

 
M

ed
iu

m
 

Ea
sy

 

Ha
rd

 
M

ed
iu

m
 

Ea
sy
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Geometric Sequences 

(a) (b) (c) (d) 
Find the next two terms in the 

sequence 7, 14, 28, 56,… 
Find the next two terms in the 

sequence 40, 20, 10, 5, …. 
Find the first four terms of the 
sequence with first term 2 and 

common ratio 3 

Find the first term and common 
ratio for the sequence: 

3, 15, 75, 375,… 

(e) (f) (g) (h) 
Find the first term and common 

ratio for the sequence: 
160, 80, 40, 20,… 

Find the next two terms in the 
sequence 2,−4, 8, −16,…. 

Find the first four terms of the 
sequence with first term 120 

and common ratio 0.5 
 

Find the first term and common 
ratio for the sequence: 
4,−8, 16,−32,… 

 

(i) (j) (k) (l) 
Find the first four terms of the 
sequence with first term 5 and 

common ratio −2 
 

Find the first four terms of the 
sequence with nth term 

 6 × 3𝑛−1 

Find the nth term of the 
sequence with first term 10 and 

common ratio 4 
 

Find the nth term of the 
sequence with first term 250 

and common ratio 0.2 

(m) (n) (p) 
Find the first four terms of the 

sequence with nth term 

 400 × (1
2
)
𝑛−1

 

Find the nth term of the 
sequence with first term 8 and 

common ratio −5 

A tree starts with four branches. Every month each branch splits 
into two. How many branches will the tree have after 5 months? 

Find a formula for the number of branches 𝑏 after 𝑛 months. 
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G
en

er
at

in
g 

Q
u

ad
ra

ti
c 

S
eq

ue
n

ce
s 

 B
y 

fin
di

ng
 t

he
 f

ir
st

 a
nd

 s
ec

on
d 

di
ff

er
en

ce
s,

 d
ec

id
e 

w
he

th
er

 e
ac

h 
of

 
th

es
e 

se
qu

en
ce

s 
is

 q
ua

dr
at

ic
. 

(a
) 

  
  

1,
 5

, 
11

, 
19

, 
29

, 
41

 

(b
) 

  
  
2,

 5
, 

8,
 1

1,
 1

4,
 1

7 

(c
) 

  
  

0,
 8

, 
22

, 
41

, 
68

, 
98

 

(d
) 

  
  
2,

 9
, 

20
, 

35
, 

54
, 

77
 

(e
) 

  
  

4,
 1

, 
0,

 1
, 

4,
 9

 

(f
) 

  
  
6,

 1
7,

 3
6,

 6
5,

 9
8,

 1
41

 

(g
) 

  
 1

8,
 3

7,
 6

2,
 9

3,
 1

30
, 

17
3 

(h
) 

  
  

3,
 9

, 
23

, 
43

, 
75

, 
11

3 
 

(i
) 

  
 −

10
, 

−
4,

 1
2,

 3
8,

 7
4,

 1
20

  

(j
) 

  
 1

7,
 3

9,
 6

9,
 1

07
, 

15
3,

 2
07

  

 G
en

er
at

e 
th

e 
fir

st
 f
iv

e 
te

rm
s 

of
 e

ac
h 

of
 

th
es

e 
qu

ad
ra

tic
 s

eq
ue

nc
es

. 
 

(a
) 

𝑛2
+
10

 
  

(b
) 
𝑛2

−
1 

(c
) 

𝑛2
+
𝑛 

  
(d

) 
𝑛2

+
2𝑛

+
1 

(e
) 

𝑛2
−
3𝑛

 
  

(f
) 

𝑛2
−
𝑛
−
2 

(g
) 

2𝑛
2
+
5 

  
(h

) 
3𝑛

2
−
7 

(i
) 

2𝑛
2
+
𝑛
−
5 

 (
j)

 
4𝑛

2
+
3𝑛

−
1 

 Fi
nd

 t
he

 1
0t

h  
an

d 
50

th
 t

er
m

 o
f 

th
e 

fo
llo

w
in

g 
qu

ad
ra

ti
c 

se
qu

en
ce

s.
 

(a
) 

𝑛2
+
5 

  
(b

) 
𝑛2

−
2 

(c
) 

𝑛2
−
𝑛 

  
(d

) 
𝑛2

+
2𝑛

 

(e
) 

𝑛2
−
3𝑛

+
1 

 (
f)

 
𝑛2

−
𝑛
−
2 

(g
) 

4𝑛
2
+
1 

  
(h

) 
3𝑛

2  

(i
) 

2𝑛
2
+
𝑛
−
1 

 (
j)

 
5𝑛

2
+
3𝑛

 

  

G
en

er
at

in
g 

Q
u

ad
ra

ti
c 

S
eq

ue
n

ce
s 

 B
y 

fin
di

ng
 t

he
 f

ir
st

 a
nd

 s
ec

on
d 

di
ff

er
en

ce
s,

 d
ec

id
e 

w
he

th
er

 e
ac

h 
of

 
th

es
e 

se
qu

en
ce

s 
is

 q
ua

dr
at

ic
. 

(a
) 

  
  

1,
 5

, 
11

, 
19

, 
29

, 
41

 

(b
) 

  
  
2,

 5
, 

8,
 1

1,
 1

4,
 1

7 

(c
) 

  
  

0,
 8

, 
22

, 
41

, 
68

, 
98

 

(d
) 

  
  
2,

 9
, 

20
, 

35
, 

54
, 

77
 

(e
) 

  
  

4,
 1

, 
0,

 1
, 

4,
 9

 

(f
) 

  
  
6,

 1
7,

 3
6,

 6
5,

 9
8,

 1
41

 

(g
) 

  
 1

8,
 3

7,
 6

2,
 9

3,
 1

30
, 

17
3 

(h
) 

  
  

3,
 9

, 
23

, 
43

, 
75

, 
11

3 
 

(i
) 

  
 −

10
, 

−
4,

 1
2,

 3
8,

 7
4,

 1
20

  

(j
) 

  
 1

7,
 3

9,
 6

9,
 1

07
, 

15
3,

 2
07

  

 G
en

er
at

e 
th

e 
fir

st
 f
iv

e 
te

rm
s 

of
 e

ac
h 

of
 

th
es

e 
qu

ad
ra

tic
 s

eq
ue

nc
es

. 
 

(a
) 

𝑛2
+
10

 
  

(b
) 
𝑛2

−
1 

(c
) 

𝑛2
+
𝑛 

  
(d

) 
𝑛2

+
2𝑛

+
1 

(e
) 

𝑛2
−
3𝑛

 
  

(f
) 

𝑛2
−
𝑛
−
2 

(g
) 

2𝑛
2
+
5 

  
(h

) 
3𝑛

2
−
7 

(i
) 

2𝑛
2
+
𝑛
−
5 

 (
j)

 
4𝑛

2
+
3𝑛

−
1 

 Fi
nd

 t
he

 1
0t

h  
an

d 
50

th
 t

er
m

 o
f 

th
e 

fo
llo

w
in

g 
qu

ad
ra

ti
c 

se
qu

en
ce

s.
 

(a
) 

𝑛2
+
5 

  
(b

) 
𝑛2

−
2 

(c
) 

𝑛2
−
𝑛 

  
(d

) 
𝑛2

+
2𝑛

 

(e
) 

𝑛2
−
3𝑛

+
1 

 (
f)

 
𝑛2

−
𝑛
−
2 

(g
) 

4𝑛
2
+
1 

  
(h

) 
3𝑛

2  

(i
) 

2𝑛
2
+
𝑛
−
1 

 (
j)

 
5𝑛

2
+
3𝑛

 
 



Fluency Practice

Page 129

Q
u

a
d

r
a

t
ic

 S
e

q
u

e
n

c
e

s

1s
t

2n
d

3r
d

4t
h

5t
h

10
th

𝑛ଶ
16

𝑛ଶ
−
5

11
20

𝑛ଶ
+
𝑛

6
12

𝑛ଶ
+
2𝑛

3
35

𝑛ଶ
−
𝑛

12
20

𝑛ଶ
+
𝑛
+
3

15
23

𝑛ଶ
+
4𝑛

5
45

𝑛ଶ
−
3𝑛

4

𝑛ଶ
+
2𝑛

+
6

14
21

𝑛ଶ
−
𝑛
+
5

7
25

𝑛ଶ
+
3𝑛

−
4

14
24

𝑛ଶ
−
2𝑛

+
5

4
5

2𝑛
ଶ
+
3𝑛

44
65

2𝑛
ଶ
−
4𝑛

16

2𝑛
ଶ
+
2𝑛

+
3

27
63

4𝑛
ଶ
−
3𝑛

−
5

5
47

Su
bs

tit
ut

e 
to

 c
om

pl
et

e 
ea

ch
 te

rm
.

Q
u

a
d

r
a

t
ic

 S
e

q
u

e
n

c
e

s

1s
t

2n
d

3r
d

4t
h

5t
h

10
th

𝑛ଶ
16

𝑛ଶ
−
5

11
20

𝑛ଶ
+
𝑛

6
12

𝑛ଶ
+
2𝑛

3
35

𝑛ଶ
−
𝑛

12
20

𝑛ଶ
+
𝑛
+
3

15
23

𝑛ଶ
+
4𝑛

5
45

𝑛ଶ
−
3𝑛

4

𝑛ଶ
+
2𝑛

+
6

14
21

𝑛ଶ
−
𝑛
+
5

7
25

𝑛ଶ
+
3𝑛

−
4

14
24

𝑛ଶ
−
2𝑛

+
5

4
5

2𝑛
ଶ
+
3𝑛

44
65

2𝑛
ଶ
−
4𝑛

16

2𝑛
ଶ
+
2𝑛

+
3

27
63

4𝑛
ଶ
−
3𝑛

−
5

5
47

Su
bs

tit
ut

e 
to

 c
om

pl
et

e 
ea

ch
 te

rm
.
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N
th

 T
er

m
 o

f 
Q

u
ad

ra
ti

c 
Se

qu
en

ce
s 

 Fi
nd

 t
he

 n
th

 t
er

m
 o

f 
th

es
e 

se
qu

en
ce

s:
 

(a
) 
8,
11

,1
6,
23

,…
 

(b
) 
−
4,
−
1,
4,
11

,…
 

(c
) 
6,
12

,2
2,
36

,…
 

(d
) 
−
1,
5,
15

,2
9,
.. 

(e
) 
4,
13

,2
8,
49

,…
 

(f
) 
2,
14

,3
4,
62

,…
 

  Fi
nd

 t
he

 n
th

 t
er

m
 o

f 
th

es
e 

se
qu

en
ce

s:
 

(a
) 
3,
7,
13

,2
1,
…

 

(b
) 
2,
7,
14

,2
3,
…

 
(c

) 
9,
18

,3
1,
48

,…
 

(d
) 
1,
5,
13

,2
5,
…

 
(e

) 
7,
23

,4
9,
85

,…
 

(f
) 
7,
15

,2
9,
49

,…
 

  Fi
nd

 t
he

 n
th

 t
er

m
 o

f 
th

es
e 

se
qu

en
ce

s:
 

(a
) 
10

.5
,1
2,
14

.5
,1
8,
…

 
(b

) 
5.
5,
9,
13

.5
,1
9,
…

 
(c

) 
1.
5,
5,
11

.5
,2
1,
…

 
(d

) 
3.
5,
10

,1
9.
5,
32

,…
 

(e
) 
19

,1
6,
11

,4
,−

5,
…

 
(f

) 
5,
6,
5,
2,
−
3,
…

 
  H

er
e 

ar
e 

so
m

e 
pa

tt
er

ns
 m

ad
e 

fr
om

 
cu

be
s.

 F
in

d 
an

 e
xp

re
ss

io
n 

fo
r 

th
e 

nt
h 

te
rm

 o
f 

th
is

 s
eq

ue
nc

e.
 

 
  

N
th

 T
er

m
 o

f 
Q

u
ad

ra
ti

c 
Se

qu
en

ce
s 

 Fi
nd

 t
he

 n
th

 t
er

m
 o

f 
th

es
e 

se
qu

en
ce

s:
 

(a
) 
8,
11

,1
6,
23

,…
 

(b
) 
−
4,
−
1,
4,
11

,…
 

(c
) 
6,
12

,2
2,
36

,…
 

(d
) 
−
1,
5,
15

,2
9,
.. 

(e
) 
4,
13

,2
8,
49

,…
 

(f
) 
2,
14

,3
4,
62

,…
 

  Fi
nd

 t
he

 n
th

 t
er

m
 o

f 
th

es
e 

se
qu

en
ce

s:
 

(a
) 
3,
7,
13

,2
1,
…

 

(b
) 
2,
7,
14

,2
3,
…

 
(c

) 
9,
18

,3
1,
48

,…
 

(d
) 
1,
5,
13

,2
5,
…

 
(e

) 
7,
23

,4
9,
85

,…
 

(f
) 
7,
15

,2
9,
49

,…
 

  Fi
nd

 t
he

 n
th

 t
er

m
 o

f 
th

es
e 

se
qu

en
ce

s:
 

(a
) 
10

.5
,1
2,
14

.5
,1
8,
…

 
(b

) 
5.
5,
9,
13

.5
,1
9,
…

 
(c

) 
1.
5,
5,
11

.5
,2
1,
…

 
(d

) 
3.
5,
10

,1
9.
5,
32

,…
 

(e
) 
19

,1
6,
11

,4
,−

5,
…

 
(f

) 
5,
6,
5,
2,
−
3,
…

 
  H

er
e 

ar
e 

so
m

e 
pa

tt
er

ns
 m

ad
e 

fr
om

 
cu

be
s.

 F
in

d 
an

 e
xp

re
ss

io
n 

fo
r 

th
e 

nt
h 

te
rm

 o
f 

th
is

 s
eq

ue
nc

e.
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Q
ua

dr
at

ic
 S

eq
ue

nc
es

 
Q

ua
dr

at
ic

 s
eq

ue
nc

es
 ta

ke
 th

e 
fo

rm
 

𝒂𝒏
𝟐
+
𝒃𝒏

+
𝒄 

Fo
r e

ac
h 

of
 th

e 
fo

llo
w

in
g 

qu
ad

ra
tic

 s
eq

ue
nc

es
, i

de
nt

ify
 th

e 
va

lu
es

 o
f a

, b
 a

nd
 c

: 

1.
 
2𝑛

2
+
3𝑛

+
4 

 
2.

 
4𝑛

2
+
8𝑛

+
5 

 
3.

 
5𝑛

2
−
11
𝑛 

 

4.
 
𝑛2

+
𝑛
−
2 

 

5.
 
𝑛
2 2
−
4 

 
6.

 
−
𝑛2

 

Fi
nd

 th
e 

fir
st

 3
 te

rm
s 

fo
r t

he
se

 q
ua

dr
at

ic
 s

eq
ue

nc
es

: 

7.
 
𝑛2

+
3 

8.
 
2𝑛

2
+
2 

9.
 
3𝑛

2  

10
. 4
𝑛2

−
30

 
11

. 𝑛
2
+
𝑛
−
9 

12
. 2
𝑛2

−
2𝑛

−
4 

13
. 𝑛

2 2
+
3𝑛

+
9 

14
. 𝑛
(𝑛

+
3)

 
15

. (
𝑛
+
3)
(2
𝑛
+
6)

 

Fi
nd

 th
e 

10
th
 a

nd
 1

00
th
 te

rm
 o

f t
he

se
 s

eq
ue

nc
es

: 

16
. 𝑛

2
+
3 

17
. 2
𝑛2

−
4𝑛

 
18

. −
8𝑛

2  

19
. 𝑛

2 3
+
20

 

 W
hi

ch
 o

f t
he

se
 te

rm
s 

ar
e 

no
t i

n 
th

e 
se

qu
en

ce
s 

pr
ov

id
ed

 in
 b

ol
d:

: 

20
. {
12
,3
9,
55
,1
03
}   

 (
𝒏𝟐

+
𝟑)

 
21

. {
15
,3
5,
63
,8
2}

   
(𝒏

𝟐
−
𝟏)

 
22

. {
10
8,
11
6,
12
8,
16
2}

   
(𝟐
𝒏𝟐

) 
23

. {
1,
38
,5
6,
11
9}

   
(𝒏

𝟐
+
𝟏𝟎

𝒏)
 

M
at

ch
 th

e 
se

qu
en

ce
s 

to
 th

e 
de

sc
rip

tio
ns

 b
el

ow
 (a

ss
um

e 
n 

is
 a

lw
ay

s 
a 

w
ho

le
 n

um
be

r):
 

24
. 𝑛

2
+
1 

 
 

 
 

A
: A

lw
ay

s 
ev

en
 

25
. 𝑛

2
+
𝑛 

 
 

 
 

B
: A

lw
ay

s 
od

d 
26

. 𝑛
2
÷
3 

 
 

 
 

C
: S

om
et

im
es

 e
ve

n,
 s

om
et

im
es

 o
dd

 
27

. 2
𝑛2

 
 

 
 

 
D

: S
om

et
im

es
 a

n 
in

te
ge

r 
28

. 𝑛
2
+
3𝑛

+
3 5 

 
 

 
E:

 N
ev

er
 a

n 
in

te
ge

r 

Fi
nd

 th
e 

nt
h 

te
rm

 o
f t

he
se

 q
ua

dr
at

ic
 s

eq
ue

nc
es

: 

29
. 1

, 4
, 9

, 1
6 

30
. -

3,
 0

, 5
, 1

2 
31

. 3
, 1

2,
 2

7,
 4

8 
32

. 2
, 5

, 1
0,

 1
7 

33
. 8

, 1
1,

 1
6,

 2
3 

  

34
. 0

, 6
, 1

6,
 3

0 
35

. 8
, 1

4,
 2

4,
 3

8 
36

. 1
1,

 2
0,

 3
5,

 5
6 

37
. 0

.5
, 2

, 4
.5

, 8
 

38
. 9

.3̇
, 1

0.
3̇,

 1
2,

 1
4.
3̇ 

  

39
. 3

, 7
, 1

3,
 2

1 
40

. 5
, 1

3,
 2

5,
 4

1 
41

. 7
, 1

6,
 2

7,
 4

0 
42

. 0
, 1

, 4
, 9

 
43

. -
 5

, 8
, 2

7,
 5

2 

 
 

H
ar

de
st

 
M

ed
iu

m
 

Ea
si

es
t 

Section 1 Section 2 Section 3 Section 4 
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Qu
ad

rat
ic 

Se
qu

en
ce

s (
1)

 
Fin

d t
he

 nt
h t

er
m 

fo
r e

ac
h s

eq
ue

nc
e a

nd
 th

e s
pe

cif
ied

 te
rm

. 

6

 

ww
w.

ac
ce

ss
ma

th
s.c

o.u
k 

-1
 , 

5 
, 1

5 
, 2

9 
, 4

7 

  

10
th
 te

rm
 

5 
, 1

4 
, 2

9 
, 5

0 
, 7

7 

  

20
th
 te

rm
 

3 
, 6

 , 
11 

, 1
8 

, 2
7 

  

50
th
 te

rm
 

5 
, 1

1 ,
 2

1 ,
 3

5 
, 5

3 

  

25
th
 te

rm
 

6 
, 1

7 
, 3

4 
, 5

7 
, 8

6 

  

10
th
 te

rm
 

3 
, 1

8 
, 4

1 ,
 7

2 
, 1

11 

  

20
th
 te

rm
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Finding the 𝒏th Term of a Quadratic SequenceThe 𝑛th term of a sequence is in the form 𝑎𝑛2 + 𝑏𝑛
The 2nd term in the sequence is 14.
The 4th term in the sequence is 44.

Find 𝑎 & 𝑏.

𝑎 2 2 + 𝑏 2 = 14
4𝑎 + 2𝑏 = 14

16𝑎 + 4𝑏 = 44
8𝑎 + 4𝑏 = 28

8𝑎 = 16
𝑎 = 2

4(2) + 2𝑏 = 14
2𝑏 = 6

𝑏 = 3

1) Form two equations 
in 𝑎 & 𝑏. 2) Solve the simultaneous equations.

𝑎 4 2 + 𝑏 4 = 44
16𝑎 + 4𝑏 = 44

𝑛th term =  2𝑛2 + 3𝑛

The 𝑛th term of a sequence is in the form 𝑎𝑛2 + 𝑏𝑛
The 2nd term in the sequence is 18.
The 4th term in the sequence is 52.

Find 𝑎 & 𝑏.

A sequence is in the form 𝑎𝑛2 + 𝑏𝑛
The 3rd term in the sequence is 30.

The 6th term in the sequence is 114.
Find the 𝑛th term

A sequence is in the form 𝑎𝑛2 + 𝑏𝑛
The 2nd term in the sequence is 22.
The 3rd term in the sequence is 45.

Find the 𝑛th term

The 4th term in a sequence is 64.
The 5th term in a sequence is 105.
Find the 3rd term in the sequence.

①

② ③ ④

×2

How can we 
check our answer?
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(a) A quadratic sequence begins 3, 15, _ , 51, 75,… 
What is the the third term? 

(b) The quadratic sequence beginning –3, 3, 11, 21, 33... 
has nth term n2 + 3n – 7. 
Find the nth term of the quadratic sequence that begins 
3, 11, 21, 33… 

(c) The first term of a quadratic sequence is 10, the fifth term is 25, 
and the ninth term 45. Find the thirteenth term of the sequence.
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�
   

   
   

   
   
�

!
Qu
ad
ra
tic
	nt

h 	T
er
m	

Vi
de
o	3
88
	on
	w
ww

.co
rb
ett
ma

th
s.c
om

� � Qu
es
tio
n	1

:	
Fin

d	t
he
	ne
xt	
tw
o	t
er
ms
	fo
r	e
ac
h	q

ua
dr
ati
c	s
eq
ue
nc
e	

(a
)
		4
,		6
,		1
0,	
16
,	2
4	…

		…
		

(b
)		1

,	2
,	4
,	7
,	1
1	…

	…
		

(c)
		2
,	5
,	1
0,	
17
,	2
6	…

	…
	

(d
)			
		3
,	9
,	1
9,	
33
,	5
1	…

	…
	
	

(e
)		5

0,	
48
,	4
4,	
38
,	3
0	…

	…
	
(f)
		3
,	1
4,	
29
,	4
8,	
71
	…
	…
	

Qu
es
tio
n	2

:	
Lis
t	t
he
	Iir
st	
5	t
er
ms
	of
	th
e	s
eq
ue
nc
es
	w
ith
	nt

h 	t
er
m:
	

	 (a
)			
n²
		

	
(b
)		n

²		
+	1

	
	

(c)
			n
²	+
	4	

	
(d
)			
n²
		−
	2	

	
(e
)		2

n²
		

(f)
		5
n²
	

	
(g
)			

	
	

(h
)	

	
	

(i)
				
3n
²	+
	10

			
(j)
				

Qu
es
tio
n	3

:	
Th
e	q
ua
dr
ati
c	n

th
	te
rm
	of
	th
e	s
eq
ue
nc
e	b
elo
w	
is	
	n²
	

	
	

	
1,	
4,	
9,	
16
,	2
5,	
36
,	4
9	…

	

	
	

Fin
d	t
he
	nt

h 	t
er
m	
of	
ea
ch
	of
	th
es
e	s
eq
ue
nc
es
	

(a
)			
4,	
7,	
12
,	1
9,	
28
,	3
9,	
52
	…
	

(b
)		5

1,	
54
,	5
9,	
66
,	7
5,	
86
,	9
9	…

	
(c)
	−5

,	−
2,	
3,	
10
,	1
9,	
30
…	

(d
)			
3,	
12
,	2
7,	
48
,	7
5,	
10
8	…

		
(e
)		2

0,	
80
,	1
80
,	3
20
,	5
00
,	7
20
	…
	
(f)
		0
.2,
	0.
8,	
1.8
,	3
.2,
	5	
…	

(g
)			
3,	
9,	
19
,	3
3,	
51
,	7
3,	
99
	…
	

(h
)		2

.5,
	4,
	6.
5,	
10
,	1
4.5
,	2
0	…

	
	

Qu
es
tio
n	4

:	
Fo
r	e
ac
h	n

th
	te
rm
,	w
or
k	o
ut
	th
e	I
irs
t	I
ive
	te
rm
s	o
f	t
he
	se
qu
en
ce
.	

(a
)			
n²
	+	
n	

	
(b
)			
n²
	+	
2n
	
	

(c)
		n
²	−
	n	

	
(d
)		n

²	−
	3n

	
	

	

(e
)			
n²
	+	
n	+

	2	
(f)
			n
²	−
	2n

	+	
5	

(g
)		n

²	+
	4n

	−	
10
	

(h
)		2

n²
	+	
n	

(i)
				
3n
²	−
	n	
+	6

	
(j)
			1
0n
²	+
	5n

	−	
7	

Qu
es
tio
n	5

:	
Fo
r	e
ac
h	n

th
	te
rm
,	w
or
k	o
ut
	th
e	I
irs
t	I
ive
	te
rm
s	o
f	t
he
	se
qu
en
ce
.	

(a
)
	−n

²	
	

(b
)		−

2n
²		

	
(c)
		−
4n
²	+
	2	

	
(d
)		−

n²
	+	
3n
		

(e
)		5

0	−
	n²
	
	

(f)
		6
n	−

	n²
	
	

(g
)			
−n
²	−
	7n

	−	
2	

Ex
am

ple
s

W
or
ko
ut

©
 C

O
R

BE
TT

M
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H
S 

20
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Cli
ck
	he
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�
   

   
   

   
   
�

!
Qu
ad
ra
tic
	nt

h 	T
er
m	

Vi
de
o	3
88
	on
	w
ww

.co
rb
ett
ma

th
s.c
om

Qu
es
tio
n	6

:	
Fo
r	e
ac
h	n

th
	te
rm
,	w
or
k	o
ut
	th
e	I
irs
t	I
ive
	te
rm
s	o
f	t
he
	se
qu
en
ce
.	

(a
)		n

(n
	+	
1)
		

(b
)		n

(n
	+	
3)
		

(c)
			(
n	+

	1)
(n
	+	
5)
	
	

(d
)		n

(n
	−	
2)
	

(e
)		(
n	−

	3)
(n
	+	
1)
	

(f)
			(
n	−

	8)
(n
	−	
3)
	

Qu
es
tio
n	7

:	
W
or
k	o
ut
	th
e	n

th
	te
rm
	fo
r	e
ac
h	q

ua
dr
ati
c	s
eq
ue
nc
e	

(a
)			
			7
,	1
2,	
19
,	2
8,	
39
	…
	

	
(b
)			
	7,
	16

,	3
1,	
52
,	7
9	…

	
	

(c)
			6
,	1
3,	
24
,	3
9,	
58
	…
	

(d
)			
			3
,	1
3,	
27
,	4
5,	
67
	…
	

	
(e
)			
	9,
	20

,	3
5,	
54
,	7
7	…

	
	

(f)
			9
,	2
4,	
45
,	7
2,	
10
5	…

	

(g
)			
			−
6,	
−1
,	6
,	1
5,	
26
	…
	

	
(h
)			
	−5

,	−
4,	
−1
,	4
,	1
1	…

	
	

(i)
				
7,	
10
,	1
7,	
28
,	4
3	…

	

(j)
				
			2
.5,
	5,
	8.
5,	
13
,	1
8.5
	…
		

(k
)			
	−0

.5,
	1,
	4.
5,	
10
,	1
7.5
	…
	

Qu
es
tio
n	8

:	
Ca
lcu
lat
e	t
he
	10

th
	 te
rm
	of
	ea
ch
	se
qu
en
ce
	in
	qu

es
tio
n	7

	

Qu
es
tio
n	9

:	
W
or
k	o
ut
	th
e	n

th
	te
rm
	fo
r	e
ac
h	q

ua
dr
ati
c	s
eq
ue
nc
e	

(a
)			
		3
,	1
,	−
3,	
−9
,	−
17
…	

	
(b
)			
−4
,	−
12
,	−
24
,	−
40
,	−
60
	…
	

(c)
			6
,	5
,	2
,	−
3,	
−1
0	…

	

(d
)			
		1
00
,	9
6,	
90
,	8
2,	
72
	…
		

(e
)			
−1
7,	
−3
0,	
−4
9,	
−7
4,	
−1
05
	…
		

(f)
				
6,	
5.5
,	4
.5,
	3,
	1	
…	

Qu
es
tio
n	1

0:	
Ca
lcu
lat
e	t
he
	10

th
	 te
rm
	of
	ea
ch
	se
qu
en
ce
	in
	qu

es
tio
n	9

	

Qu
es
tio
n	1

1:	
A	s
eq
ue
nc
e	h
as
	an
	nt

h 	t
er
m	
of	
	n²
	+	
n	−

	20
	

	
	

W
or
k	o
ut
	w
hic
h	t
er
m	
in	
th
e	s
eq
ue
nc
e	h
as
	a	
va
lue
	of
	52

.	

Qu
es
tio
n	1

2:	
A	s
eq
ue
nc
e	h
as
	an
	nt

h 	t
er
m	
of	
	n²
	+	
2n
	−	
5	

	
	

W
or
k	o
ut
	w
hic
h	t
er
m	
in	
th
e	s
eq
ue
nc
e	h
as
	a	
va
lue
	of
	58

.	

Qu
es
tio
n	1

3:	
A	s
eq
ue
nc
e	h
as
	an
	nt

h 	t
er
m	
of	
	n²
	−	
6n
	+	
7	

	
	

W
or
k	o
ut
	w
hic
h	t
er
m	
in	
th
e	s
eq
ue
nc
e	h
as
	a	
va
lue
	of
	23

.	

� Qu
es
tio
n	1

:	
Th
e	I
irs
t	5
	te
rm
s	o
f	a
	qu

ad
ra
tic
	se
qu
en
ce
	ar
e:	
	4,
	10

,	1
8,	
28
,	4
0	

	
	

W
or
k	o
ut
	th
e	d
iff
er
en
ce
	be
tw
ee
n	t
he
	10

th
	 an
d	2

0th
	 te
rm
s.	

Ap
ply
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M
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�
   

   
   

   
   
�

!
Qu
ad
ra
tic
	nt

h 	T
er
m	

Vi
de
o	3
88
	on
	w
ww

.co
rb
ett
ma

th
s.c
om

Qu
es
tio
n	2

:	
Be
low

	ar
e	p
att
er
ns
	of
	til
es
.	

	
	

Th
e	n
um

be
r	o
f	t
ile
s	i
n	e
ac
h	f
or
m	
qu
ad
ra
tic
	se
qu
en
ce
s.	

	
	

Fin
d	t
he
	nu

mb
er
	of
	til
es
	in
	pa
tte
rn
	n	
for
	ea
ch
.	

	
	

	
(a
)	

	
	

	
	

	
	

(b
)	

	 (c)
	

	
	

	
	

	
	

(d
)	

Qu
es
tio
n	3

:	
He
re
	is
	a	
pa
tte
rn
	m
ad
e	f
ro
m	
til
es
.	

	
	

Ho
w	
ma

ny
	til
es
	ar
e	n
ee
de
d	t
o	m

ak
e	P
att
er
n	2

0?
	

Qu
es
tio
n	4

:	
Th
e	I
irs
t	4
	te
rm
s	o
f	a
	se
qu
en
ce
	ar
e:	
	40

0,	
39
0,	
37
5,	
35
5	…

	
	

	
W
hic
h	t
er
m	
is	
th
e	I
irs
t	t
o	b
e	n
eg
ati
ve
?	

Qu
es
tio
n	5

:	
Th
e	n

th
	te
rm
	of
	a	
qu
ad
ra
tic
	se
qu
en
ce
	is
	n²
	+	
4n
	

	
	

Tw
o	c
on
se
cu
tiv
e	t
er
ms
	ha
ve
	a	
dif
fer
en
ce
	of
		2
5.	

	
	

W
or
k	o
ut
	th
e	t
wo
	te
rm
s.	

Qu
es
tio
n	6

:	
Pr
ov
e	e
ve
ry
	te
rm
	in
	th
e	s
eq
ue
nc
e		
n²
	−	
8n
	+	
21
		is
	po
sit
ive
	

		
	 �
An
sw
er
s

©
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Using the Nth Term of Quadratic Sequences 

𝑢𝑛 = 𝑛2 + 3𝑛 − 5 𝑢𝑛 = 3𝑛2 − 𝑛 + 1 𝑢𝑛 = 𝑛2 − 2𝑛 𝑢𝑛 = 𝑛2 + 𝑎𝑛 − 𝑏 

(a) (a) (a) (a) 

Find the value of 𝑢4 Find the value of 𝑢6. 
 

Find the 9𝑡ℎ term of the 
sequence. 

Find the value of 𝑢5 in terms of 
𝑎 and 𝑏. 

 

(b) (b) (b) (b) 
Find the difference between the 
6𝑡ℎ term and the 7𝑡ℎ term. 

 

Find the sum of the 9𝑡ℎ term 
and the 10𝑡ℎ term. 

 

Find an expression for the 
 (𝑛 + 1)𝑡ℎ term. 

Find the value of 𝑢7 in terms of 
𝑎 and 𝑏. 

 

(c) (c) (c) (c) 

A term of the sequence is 65 
Find the value of 𝑛. 

A term of the sequence is 103 
Find the value of 𝑛. 

Find an expression for the 
difference between the 𝑛𝑡ℎ and 

the (𝑛 + 1)𝑡ℎ term. 

Given that 𝑢5 = 25 and 
 𝑢7 = 70, find the values of 𝑎 

and 𝑏. 
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Using the Nth Term of Sequences 

𝑢𝑛 =
6𝑛

𝑛 + 7 𝑢𝑛 =
4𝑛 + 3
𝑛 + 1  𝑢𝑛 =

10 − 3𝑛
2 + 𝑛  𝑢𝑛 =

4𝑛2

𝑛2 + 8 

(a) (a) (a) (a) 

Find the value of 𝑢8 as a 
fraction in its simplest form. 

 

Find the value of 𝑢9. 
 

Find the 6𝑡ℎ term. Find the value of 𝑢5 as a mixed 
number. 

 

(b) (b) (b) (b) 

A term of the sequence is 
11
3

 

Find the value of 𝑛. 

A term of the sequence is 
15
4

 

Find the value of 𝑛. 

A term of the sequence is − 7
5
 

Find the value of 𝑛. 

Find the term in the sequence 
closest to 3.8 

(c) (c) (c) (c) 
Find the difference between the 

5𝑡ℎ term and the 9𝑡ℎ term. 
Find the sum of the 4𝑡ℎ term 

and the 14𝑡ℎ term. 
Find 2𝑢10 − 𝑢16 Find the difference between the 

8𝑡ℎ term and the 10𝑡ℎ term. 

(d) (d) (d) (d) 
Find the first term in the 

sequence that is greater than 4 
Find the first term in the 

sequence that is greater than 
3.9 

Find the first term in the 
sequence that is negative. 

Find the smallest value of 𝑛 for 

which  𝑢𝑛 > 7
2
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Li
m

it
 o

f 
a 

Se
qu

en
ce

 
 Fi

nd
 t

he
 li

m
it
s 

of
 t

he
se

 s
eq

ue
nc

es
 a

s 
  
 

𝑛
→
∞

 

(a
) 

3𝑛 9𝑛
−
4  

(b
) 

 
𝑛

2𝑛
−
7

  
 

 

(c
) 

4𝑛 2𝑛
+
1  

(d
) 

 8
𝑛+

1
2𝑛
−
3

  
 

 

(e
) 

 3
𝑛+

2
6𝑛
−
4

  
(f

) 
 
2−

9𝑛
15
𝑛
−
4 

 Fi
nd

 t
he

 li
m

it
s 

of
 t

he
se

 s
eq

ue
nc

es
 a

s 
  
 

𝑛
→
∞

 

(a
) 

𝑛2 𝑛2
−
1  

(b
) 

4𝑛
2

𝑛2
+
1  

 

(c
) 

5𝑛
2
+
1

10
𝑛2
−
2 

(d
) 

2𝑛
2
−
1

5𝑛
2

 

  (a
) 

A
 s

eq
ue

nc
e 

st
ar

ts
 2 3
,3 5
,4 7
,5 9
,…

  
Fi

nd
 t

he
 n

th
 t

er
m

 f
or

 t
hi

s 
se

qu
en

ce
 a

nd
 

th
e 

lim
it
in

g 
va

lu
e 

as
 𝑛
→
∞

. 

(b
) 

A
 s

eq
ue

nc
e 

st
ar

ts
 1 5
,4 9
,7 13

,1
0 17
,…

  
Fi

nd
 t

he
 n

th
 t

er
m

 f
or

 t
hi

s 
se

qu
en

ce
 a

nd
 

th
e 

lim
it
in

g 
va

lu
e 

as
 𝑛
→
∞

. 

  (a
) 

A
 s

eq
ue

nc
e 

w
it
h 

nt
h 

te
rm

 𝑎
𝑛
+
5

5𝑛
−
1 h

as
 a

 

lim
it
in

g 
va

lu
e 

of
 2 5 

as
 𝑛
→
∞

. 
W

or
k 

ou
t 

th
e 

va
lu

e 
of

 𝑎
. 

(b
) 

A
 s

eq
ue

nc
e 

w
ith

 n
th

 t
er

m
 1
0−

𝑏𝑛
3𝑛

+
2

 h
as

 

a 
lim

it
in

g 
va

lu
e 

of
 −
3 

as
 𝑛
→
∞

. 
W

or
k 

ou
t 

th
e 

va
lu

e 
of

 𝑏
. 

 

Li
m

it
 o

f 
a 

Se
qu

en
ce

 
 Fi

nd
 t

he
 li

m
it
s 

of
 t

he
se

 s
eq

ue
nc

es
 a

s 
  
 

𝑛
→
∞

 

(a
) 

3𝑛 9𝑛
−
4  

(b
) 

 
𝑛

2𝑛
−
7

  
 

 

(c
) 

4𝑛 2𝑛
+
1  

(d
) 

 8
𝑛+

1
2𝑛
−
3

  
 

 

(e
) 

 3
𝑛+

2
6𝑛
−
4

  
(f

) 
 
2−

9𝑛
15
𝑛
−
4 

 Fi
nd

 t
he

 li
m

it
s 

of
 t

he
se

 s
eq

ue
nc

es
 a

s 
  
 

𝑛
→
∞

 

(a
) 

𝑛2 𝑛2
−
1  

(b
) 

4𝑛
2

𝑛2
+
1  

 

(c
) 

5𝑛
2
+
1

10
𝑛2
−
2 

(d
) 

2𝑛
2
−
1

5𝑛
2

 

  (a
) 

A
 s

eq
ue

nc
e 

st
ar

ts
 2 3
,3 5
,4 7
,5 9
,…

  
Fi

nd
 t

he
 n

th
 t

er
m

 f
or

 t
hi

s 
se

qu
en

ce
 a

nd
 

th
e 

lim
it
in

g 
va

lu
e 

as
 𝑛
→
∞

. 

(b
) 

A
 s

eq
ue

nc
e 

st
ar

ts
 1 5
,4 9
,7 13

,1
0 17
,…

  
Fi

nd
 t

he
 n

th
 t

er
m

 f
or

 t
hi

s 
se

qu
en

ce
 a

nd
 

th
e 

lim
it
in

g 
va

lu
e 

as
 𝑛
→
∞

. 

  (a
) 

A
 s

eq
ue

nc
e 

w
it
h 

nt
h 

te
rm

 𝑎
𝑛
+
5

5𝑛
−
1 h

as
 a

 

lim
it
in

g 
va

lu
e 

of
 2 5 

as
 𝑛
→
∞

. 
W

or
k 

ou
t 

th
e 

va
lu

e 
of

 𝑎
. 

(b
) 

A
 s

eq
ue

nc
e 

w
ith

 n
th

 t
er

m
 1
0−

𝑏𝑛
3𝑛

+
2

 h
as

 

a 
lim

it
in

g 
va

lu
e 

of
 −
3 

as
 𝑛
→
∞

. 
W

or
k 

ou
t 

th
e 

va
lu

e 
of

 𝑏
. 
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Page 161



Fluency Practice

Page 162

Prove It!

A number  𝑛
An even number  2 𝑛

An odd number  2 𝑛 + 1

a)   2𝑛 + 4 𝑛 + 1 + 4
is always even

b)   2 𝑛 + 1 + 4 𝑛 + 2
is always even

c)   5 𝑛 + 3 − 3 𝑛 − 1
is always even

d)   4 2𝑛 − 3 − 3 2𝑛 − 1
is always odd

e)   𝑛 + 1 2 − 𝑛2 + 1
is always even

g)   𝑛2 + 𝑛 + 1 2

is always odd
h)   𝑛2 + 𝑛 − 3 2

is always odd
i)   2𝑛 + 1 2 + 3

is divisible by 4
f)   𝑛 + 2 2 − 𝑛2

is always even

j)   𝑛 + 1 2 + 𝑛 + 2 2

is always odd
k)   𝑛 + 3 2 − 𝑛 + 1 2

is divisible by 4
l)   𝑛 − 4 2 − 𝑛 − 2 2

is even

m)   2𝑛 + 1 3

is always odd
n)   4𝑛 + 1 2 − 4𝑛 − 1 2

is divisible by 8
o)   2𝑛 − 1 2 − 3 𝑛 − 2 2 − 2(𝑛 − 10)

is a square number
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Al
ge
br
ai
c 
Pr
oo
f 
1

1.
n

 is
 a

 p
os

iti
ve

 in
te

ge
r. 

W
rit

e 
ea

ch
 e

xp
re

ss
io

n 
in

 th
e 

co
rr

ec
t b

ox
.

A
lw

ay
s

an
 e

ve
n 

nu
m

be
r

S
o

m
et

im
es

an
 e

ve
n 

nu
m

be
r

N
ev

er
an

 e
ve

n 
nu

m
be

r

6 n
(2
n

)2
4 n

 +
 8

n
 +

 2
2 n

  -
  3

5 n
n

2
 +

 1
2 n

2
 +

 4
n

  -
  3

4(
n

 +
 1

)
2 n

 +
 1

E
xa

m
pl

e
Y

ou
r 

tu
rn

2.
n

 is
 a

 p
os

iti
ve

 in
te

ge
r. 

P
ro

ve
 a

lg
eb

ra
ic

al
ly

 
th

at
   

6(
n

 +
 3

)  
-   
n

 +
 2

   
is

 a
lw

ay
s  

a 
m

u
lt

ip
le

 o
f 

5 .

n
 is

 a
 p

os
iti
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Algebraic Proof with Multiples 
(a) (b) (c) 

Show that 4(𝑥 + 3) + 𝑥 − 2 
is always a multiple of 5 

Show that 3(7 + 2𝑥) − 9  
is always a multiple of 6 

Show that 4(𝑥 + 7) + 2(1 − 𝑥)  
is always a multiple of 2 

(d) (e) (f) 

Show that 7(2𝑥 − 1) − 5(𝑥 − 2)  
is always a multiple of 3 

Show that (𝑥 + 7)(𝑥 − 2) − 𝑥2 − 1  
is always a multiple of 5 

Show that (𝑥 + 8)(𝑥 + 1) − 𝑥(𝑥 + 5)  
is always a multiple of 4 

(g) (h) (i) 

Show that (𝑥 + 5)2 + (𝑥 − 3)2  
is always a multiple of 2 

Show that 
 (3𝑥 + 5)(2𝑥 − 1) + (2𝑥 + 1)(𝑥 + 1) 

is always a multiple of 4 

Show that 
(3𝑥 + 2)2 − (𝑥 + 4)(3𝑥 − 2) + 4(𝑥 − 3) 

is always a multiple of 6 

 



Fluency Practice

Page 170

A
lg

eb
ra

ic
 P

ro
of

 w
it

h
 M

u
lt

ip
le

s 
 (a

) 
S
ho

w
 t

ha
t 

4(
𝑛

+
3)

−
𝑛 

is
 a

 m
ul

tip
le

 
of

 3
 f
or

 a
ll 

in
te

ge
r 

va
lu

es
 o

f 
𝑛 

(b
) 

S
ho

w
 t

ha
t 

(𝑛
+

2)
2

+
3𝑛

2  
is

 a
 

m
ul

tip
le

 o
f 

4 
fo

r 
al

l i
nt

eg
er

 v
al

ue
s 

of
 𝑛

 
(c

) 
S
ho

w
 t

ha
t 

(3
𝑛

−
1)

2
−

(2
𝑛

+
1)

2  
is

 a
 

m
ul

tip
le

 o
f 

5 
fo

r 
al

l i
nt

eg
er

 v
al

ue
s 

of
 𝑛

 
(d

) 
S
ho

w
 t

ha
t 

( 2
𝑛

+
1)

( 4
𝑛

−
3)

−
( 𝑛

+
2)

2
−

𝑛 
  

is
 a

 m
ul

tip
le

 o
f 

7 
fo

r 
al

l i
nt

eg
er

 v
al

ue
s 

of
 𝑛

 
 (a

) 
S
ho

w
 t

ha
t 

th
e 

su
m

 o
f 
th

re
e 

co
ns

ec
ut

iv
e 

in
te

ge
rs

 is
 a

lw
ay

s 
a 

m
ul

tip
le

 o
f 

3 
(b

) 
S
ho

w
 t

ha
t 

th
e 

su
m

 o
f 
th

re
e 

co
ns

ec
ut

iv
e 

ev
en

 n
um

be
rs

 is
 a

lw
ay

s 
a 

m
ul

tip
le

 o
f 

6 
(c

) 
S
ho

w
 t

ha
t 

th
e 

pr
od

uc
t 

of
 t

w
o 

co
ns

ec
ut

iv
e 

ev
en

 n
um

be
rs

 is
 a

lw
ay

s 
a 

m
ul

tip
le

 o
f 

4 
 (a

) 
Pr

ov
e 

al
ge

br
ai

ca
lly

 t
ha

t 
th

e 
su

m
 o

f 
th

re
e 

co
ns

ec
ut

iv
e 

sq
ua

re
 n

um
be

rs
 is

 
ne

ve
r 

a 
m

ul
tip

le
 o

f 
3 

(b
) 

Pr
ov

e 
al

ge
br

ai
ca

lly
 t

ha
t 

th
e 

su
m

 o
f 
th

e 
sq

ua
re

s 
of

 a
ny

 t
w

o 
od

d 
nu

m
be

rs
 is

 
ne

ve
r 

a 
m

ul
tip

le
 o

f 
4 

(c
) 

Pr
ov

e 
al

ge
br

ai
ca

lly
 t

ha
t 

th
e 

pr
od

uc
t 

of
 

tw
o 

co
ns

ec
ut

iv
e 

od
d 

nu
m

be
rs

 is
 n

ev
er

 
a 

m
ul

tip
le

 o
f 

4 
 

 (a
) 

Pr
ov

e 
al

ge
br

ai
ca

lly
 t

ha
t 

th
e 

pr
od

uc
t 

of
 

th
re

e 
co

ns
ec

ut
iv

e 
ev

en
 n

um
be

rs
 is

 
al

w
ay

s 
a 

m
ul

tip
le

 o
f 

8 
(b

) 
Pr

ov
e 

al
ge

br
ai

ca
lly

 t
ha

t 
th

e 
su

m
 o

f 
th

e 
cu

be
s 

of
 t

w
o 

co
ns

ec
ut

iv
e 

ev
en

 
nu

m
be

rs
 is

 a
lw

ay
s 

a 
m

ul
tip

le
 o

f 
8 

(c
) 

Pr
ov

e 
al

ge
br

ai
ca

lly
 t

ha
t 

th
e 

pr
od

uc
t 

of
 

th
e 

sq
ua

re
s 

of
 t

w
o 

od
d 

nu
m

be
rs

 is
 

al
w

ay
s 

on
e 

m
or

e 
th

an
 a

 m
ul

tip
le

 o
f 

4 
 

 A
lg

eb
ra

ic
 P

ro
of

 w
it

h
 M

u
lt

ip
le

s 
 (a

) 
S
ho

w
 t

ha
t 

4(
𝑛

+
3)

−
𝑛 

is
 a

 m
ul

tip
le

 
of

 3
 f
or

 a
ll 

in
te

ge
r 

va
lu

es
 o

f 
𝑛 

(b
) 

S
ho

w
 t

ha
t 

(𝑛
+

2)
2

+
3𝑛

2  
is

 a
 

m
ul

tip
le

 o
f 

4 
fo

r 
al

l i
nt

eg
er

 v
al

ue
s 

of
 𝑛

 
(c

) 
S
ho

w
 t

ha
t 

(3
𝑛

−
1)

2
−

(2
𝑛

+
1)

2  
is

 a
 

m
ul

tip
le

 o
f 

5 
fo

r 
al

l i
nt

eg
er

 v
al

ue
s 

of
 𝑛

 
(d

) 
S
ho

w
 t

ha
t 

( 2
𝑛

+
1)

( 4
𝑛

−
3)

−
( 𝑛

+
2)

2
−

𝑛 
  

is
 a

 m
ul

tip
le

 o
f 

7 
fo

r 
al

l i
nt

eg
er

 v
al

ue
s 

of
 𝑛

 
 (a

) 
S
ho

w
 t

ha
t 

th
e 

su
m

 o
f 
th

re
e 

co
ns

ec
ut

iv
e 

in
te

ge
rs

 is
 a

lw
ay

s 
a 

m
ul

tip
le

 o
f 

3 
(b

) 
S
ho

w
 t

ha
t 

th
e 

su
m

 o
f 
th

re
e 

co
ns

ec
ut

iv
e 

ev
en

 n
um

be
rs

 is
 a

lw
ay

s 
a 

m
ul

tip
le

 o
f 

6 
(c

) 
S
ho

w
 t

ha
t 

th
e 

pr
od

uc
t 

of
 t

w
o 

co
ns

ec
ut

iv
e 

ev
en

 n
um

be
rs

 is
 a

lw
ay

s 
a 

m
ul

tip
le

 o
f 

4 
 (a

) 
Pr

ov
e 

al
ge

br
ai

ca
lly

 t
ha

t 
th

e 
su

m
 o

f 
th

re
e 

co
ns

ec
ut

iv
e 

sq
ua

re
 n

um
be

rs
 is

 
ne

ve
r 

a 
m

ul
tip

le
 o

f 
3 

(b
) 

Pr
ov

e 
al

ge
br

ai
ca

lly
 t

ha
t 

th
e 

su
m

 o
f 
th

e 
sq

ua
re

s 
of

 a
ny

 t
w

o 
od

d 
nu

m
be

rs
 is

 
ne

ve
r 

a 
m

ul
tip

le
 o

f 
4 

(c
) 

Pr
ov

e 
al

ge
br

ai
ca

lly
 t

ha
t 

th
e 

pr
od

uc
t 

of
 

tw
o 

co
ns

ec
ut

iv
e 

od
d 

nu
m

be
rs

 is
 n

ev
er

 
a 

m
ul

tip
le

 o
f 

4 
 

 (a
) 

Pr
ov

e 
al

ge
br

ai
ca

lly
 t

ha
t 

th
e 

pr
od

uc
t 

of
 

th
re

e 
co

ns
ec

ut
iv

e 
ev

en
 n

um
be

rs
 is

 
al

w
ay

s 
a 

m
ul

tip
le

 o
f 

8 
(b

) 
Pr

ov
e 

al
ge

br
ai

ca
lly

 t
ha

t 
th

e 
su

m
 o

f 
th

e 
cu

be
s 

of
 t

w
o 

co
ns

ec
ut

iv
e 

ev
en

 
nu

m
be

rs
 is

 a
lw

ay
s 

a 
m

ul
tip

le
 o

f 
8 

(c
) 

Pr
ov

e 
al

ge
br

ai
ca

lly
 t

ha
t 

th
e 

pr
od

uc
t 

of
 

th
e 

sq
ua

re
s 

of
 t

w
o 

od
d 

nu
m

be
rs

 is
 

al
w

ay
s 

on
e 

m
or

e 
th

an
 a

 m
ul

tip
le

 o
f 

4 
 



Fluency Practice

Page 172

A
lg

eb
ra

ic
 P

ro
of

 w
it

h
 O

d
d

s 
an

d
 E

ve
n

s 
 

 W
ri
te

 d
ow

n 
al

ge
br

ai
c 

ex
pr

es
si

on
s 

fo
r:

 
(a

) 
tw

o 
di

ff
er

en
t 

od
d 

nu
m

be
rs

 
(b

) 
tw

o 
co

ns
ec

ut
iv

e 
nu

m
be

rs
 

(c
) 

tw
o 

co
ns

ec
ut

iv
e 

ev
en

 n
um

be
rs

 
(d

) 
tw

o 
di

ff
er

en
t 

od
d 

nu
m

be
rs

 s
qu

ar
ed

 
 (a

) 
Pr

ov
e 

al
ge

br
ai

ca
lly

 t
ha

t 
th

e 
su

m
 o

f 
an

y 
tw

o 
od

d 
nu

m
be

rs
 is

 a
lw

ay
s 

ev
en

. 
(b

) 
Pr

ov
e 

al
ge

br
ai

ca
lly

 t
ha

t 
th

e 
pr

od
uc

t 
of

 
an

 o
dd

 n
um

be
r 

an
d 

an
 e

ve
n 

nu
m

be
r 

is
 

al
w

ay
s 

ev
en

 
(c

) 
Pr

ov
e 

al
ge

br
ai

ca
lly

 t
ha

t 
th

e 
su

m
 o

f 
tw

o 
co

ns
ec

ut
iv

e 
nu

m
be

rs
 is

 a
lw

ay
s 

od
d 

(d
) 

Pr
ov

e 
al

ge
br

ai
ca

lly
 t

ha
t 

th
e 

pr
od

uc
t 

of
 

tw
o 

co
ns

ec
ut

iv
e 

ev
en

 n
um

be
rs

 is
 

al
w

ay
s 

ev
en

 
 (a

) 
Pr

ov
e 

al
ge

br
ai

ca
lly

 t
ha

t 
th

e 
m

ea
n 

of
 

tw
o 

co
ns

ec
ut

iv
e 

od
d 

nu
m

be
rs

 is
 

al
w

ay
s 

ev
en

 
(b

) 
Pr

ov
e 

al
ge

br
ai

ca
lly

 t
ha

t 
th

e 
di

ff
er

en
ce

 
be

tw
ee

n 
an

 o
dd

 n
um

be
r 

an
d 

an
 e

ve
n 

nu
m

be
r 

is
 a

lw
ay

s 
od

d 
(c

) 
Pr

ov
e 

al
ge

br
ai

ca
lly

 t
ha

t 
th

e 
m

ea
n 

of
 

th
re

e 
co

ns
ec

ut
iv

e 
od

d 
nu

m
be

rs
 is

 
al

w
ay

s 
eq

ua
l t

o 
th

e 
m

id
dl

e 
nu

m
be

r 
 (a

) 
Pr

ov
e 

al
ge

br
ai

ca
lly

 t
ha

t 
th

e 
su

m
 o

f 
th

e 
sq

ua
re

s 
of

 t
w

o 
ev

en
 n

um
be

rs
 is

 
al

w
ay

s 
a 

m
ul

tip
le

 o
f 
4 

(b
) 

Pr
ov

e 
al

ge
br

ai
ca

lly
 t

ha
t 

th
e 

di
ff
er

en
ce

 
be

tw
ee

n 
th

e 
sq

ua
re

s 
of

 t
w

o 
od

d 
nu

m
be

rs
 is

 a
lw

ay
s 

a 
m

ul
tip

le
 o

f 
4 

(c
) 

Pr
ov

e 
al

ge
br

ai
ca

lly
 t

ha
t 

th
e 

su
m

 o
f 
th

e 
sq

ua
re

s 
of

 t
w

o 
co

ns
ec

ut
iv

e 
nu

m
be

rs
 is

 
al

w
ay

s 
od

d 
 (a

) 
S
ho

w
 f
or

 a
ll 

in
te

ge
rs

 v
al

ue
s 

of
 𝑛

 t
ha

t 
(𝑛

+
3)

2
−
𝑛(
𝑛
−
6)

+
2 

is
 a

lw
ay

s 
od

d 

(b
) 

S
ho

w
 f
or

 a
ll 

in
te

ge
r 

va
lu

es
 o

f 
𝑛 

th
at

 
(3
𝑛
+
5)

2
+
(3

−
𝑛)

2  
is

 a
lw

ay
s 

ev
en

 

A
lg

eb
ra

ic
 P

ro
of

 w
it

h
 O

d
d

s 
an

d
 E

ve
n

s 
 

 W
ri
te

 d
ow

n 
al

ge
br

ai
c 

ex
pr

es
si

on
s 

fo
r:

 
(a

) 
tw

o 
di

ff
er

en
t 

od
d 

nu
m

be
rs

 
(b

) 
tw

o 
co

ns
ec

ut
iv

e 
nu

m
be

rs
 

(c
) 

tw
o 

co
ns

ec
ut

iv
e 

ev
en

 n
um

be
rs

 
(d

) 
tw

o 
di

ff
er

en
t 

od
d 

nu
m

be
rs

 s
qu

ar
ed

 
 (a

) 
Pr

ov
e 

al
ge

br
ai

ca
lly

 t
ha

t 
th

e 
su

m
 o

f 
an

y 
tw

o 
od

d 
nu

m
be

rs
 is

 a
lw

ay
s 

ev
en

. 
(b

) 
Pr

ov
e 

al
ge

br
ai

ca
lly

 t
ha

t 
th

e 
pr

od
uc

t 
of

 
an

 o
dd

 n
um

be
r 

an
d 

an
 e

ve
n 

nu
m

be
r 

is
 

al
w

ay
s 

ev
en

 
(c

) 
Pr

ov
e 

al
ge

br
ai

ca
lly

 t
ha

t 
th

e 
su

m
 o

f 
tw

o 
co

ns
ec

ut
iv

e 
nu

m
be

rs
 is

 a
lw

ay
s 

od
d 

(d
) 

Pr
ov

e 
al

ge
br

ai
ca

lly
 t

ha
t 

th
e 

pr
od

uc
t 

of
 

tw
o 

co
ns

ec
ut

iv
e 

ev
en

 n
um

be
rs

 is
 

al
w

ay
s 

ev
en

 
 (a

) 
Pr

ov
e 

al
ge

br
ai

ca
lly

 t
ha

t 
th

e 
m

ea
n 

of
 

tw
o 

co
ns

ec
ut

iv
e 

od
d 

nu
m

be
rs

 is
 

al
w

ay
s 

ev
en

 
(b

) 
Pr

ov
e 

al
ge

br
ai

ca
lly

 t
ha

t 
th

e 
di

ff
er

en
ce

 
be

tw
ee

n 
an

 o
dd

 n
um

be
r 

an
d 

an
 e

ve
n 

nu
m

be
r 

is
 a

lw
ay

s 
od

d 
(c

) 
Pr

ov
e 

al
ge

br
ai

ca
lly

 t
ha

t 
th

e 
m

ea
n 

of
 

th
re

e 
co

ns
ec

ut
iv

e 
od

d 
nu

m
be

rs
 is

 
al

w
ay

s 
eq

ua
l t

o 
th

e 
m

id
dl

e 
nu

m
be

r 
 (a

) 
Pr

ov
e 

al
ge

br
ai

ca
lly

 t
ha

t 
th

e 
su

m
 o

f 
th

e 
sq

ua
re

s 
of

 t
w

o 
ev

en
 n

um
be

rs
 is

 
al

w
ay

s 
a 

m
ul

tip
le

 o
f 
4 

(b
) 

Pr
ov

e 
al

ge
br

ai
ca

lly
 t

ha
t 

th
e 

di
ff
er

en
ce

 
be

tw
ee

n 
th

e 
sq

ua
re

s 
of

 t
w

o 
od

d 
nu

m
be

rs
 is

 a
lw

ay
s 

a 
m

ul
tip

le
 o

f 
4 

(c
) 

Pr
ov

e 
al

ge
br

ai
ca

lly
 t

ha
t 

th
e 

su
m

 o
f 
th

e 
sq

ua
re

s 
of

 t
w

o 
co

ns
ec

ut
iv

e 
nu

m
be

rs
 is

 
al

w
ay

s 
od

d 
 (a

) 
S
ho

w
 f
or

 a
ll 

in
te

ge
rs

 v
al

ue
s 

of
 𝑛

 t
ha

t 
(𝑛

+
3)

2
−
𝑛(
𝑛
−
6)

+
2 

is
 a

lw
ay

s 
od

d 

(b
) 

S
ho

w
 f
or

 a
ll 

in
te

ge
r 

va
lu

es
 o

f 
𝑛 

th
at

 
(3
𝑛
+
5)

2
+
(3

−
𝑛)

2  
is

 a
lw

ay
s 

ev
en

 



Fluency Practice

Page 174

A
lg

eb
ra

ic
 P

ro
of

  

(a
) 

Pr
ov

e 
th

at
 t

he
 d

iff
er

en
ce

 o
f 
tw

o 
od

d 
nu

m
be

rs
 is

 e
ve

n.
 

(b
) 

Pr
ov

e 
th

at
 𝑛

2
−
2
−
(𝑛

−
2)

2  
is

 a
lw

ay
s 

an
 e

ve
n 

nu
m

be
r.

 

(c
) 

Pr
ov

e 
th

at
 t

he
 p

ro
du

ct
 o

f 
tw

o 
od

d 
nu

m
be

rs
 is

 a
lw

ay
s 

od
d.

 

(d
) 

Pr
ov

e 
th

at
 t

he
 s

qu
ar

e 
of

 a
n 

ev
en

 
nu

m
be

r 
is

 a
lw

ay
s 

ev
en

. 

 (e
) 

Pr
ov

e 
th

at
 t

he
 d

iff
er

en
ce

 b
et

w
ee

n 
an

y 
tw

o 
co

ns
ec

ut
iv

e 
od

d 
nu

m
be

rs
 is

 
al

w
ay

s 
tw

o.
 

(f
) 

Pr
ov

e 
th

at
 t

he
 m

ea
n 

of
 t

hr
ee

 
co

ns
ec

ut
iv

e 
in

te
ge

rs
 is

 a
lw

ay
s 

th
e 

m
id

dl
e 

nu
m

be
r.

 

(g
) 

Pr
ov

e 
th

at
 t

he
 d

iff
er

en
ce

 b
et

w
ee

n 
th

e 
sq

ua
re

s 
of

 a
ny

 t
w

o 
co

ns
ec

ut
iv

e 
nu

m
be

rs
 is

 a
lw

ay
s 

od
d.

 

 (h
) 

Pr
ov

e 
th

at
 7
(𝑛

+
8)

+
5(
𝑛
−
4)

 is
 

al
w

ay
s 

a 
m

ul
tip

le
 o

f 
12

. 

(i
) 

Pr
ov

e 
th

at
 (
𝑚
+
2)

2
−
𝑚

2
−
12

  
is

 
al

w
ay

s 
a 

m
ul

tip
le

 o
f 
4.

 

(j
) 

Pr
ov

e 
th

at
 t

he
 s

um
 o

f 
th

re
e 

co
ns

ec
ut

iv
e 

od
d 

nu
m

be
rs

 is
 a

lw
ay

s 
a 

m
ul

tip
le

 o
f 
th

re
e.

  

 (k
) 

Pr
ov

e 
th

at
 t

he
 s

um
 o

f 
th

e 
sq

ua
re

s 
of

 
an

y 
tw

o 
po

si
tiv

e 
od

d 
in

te
ge

rs
 is

 a
lw

ay
s 

ev
en

. 

(l
) 

Pr
ov

e 
th

at
 (
3𝑛

+
1)

2
−
( 3
𝑛
−
1)

2  
is

 
al

w
ay

s 
a 

m
ul

tip
le

 o
f 
12

 f
or

 a
ll 

po
si

tiv
e 

in
te

ge
r 

va
lu

es
 o

f 
𝑛.

 

(m
) 

Pr
ov

e 
th

at
 t

he
 s

um
 o

f 
fo

ur
 

co
ns

ec
ut

iv
e 

in
te

ge
rs

 is
 n

ot
 d

iv
is

ib
le

 b
y 

fo
ur

. 

 

A
lg

eb
ra

ic
 P

ro
of

  

(a
) 

Pr
ov

e 
th

at
 t

he
 d

iff
er

en
ce

 o
f 
tw

o 
od

d 
nu

m
be

rs
 is

 e
ve

n.
 

(b
) 

Pr
ov

e 
th

at
 𝑛

2
−
2
−
(𝑛

−
2)

2  
is

 a
lw

ay
s 

an
 e

ve
n 

nu
m

be
r.

 

(c
) 

Pr
ov

e 
th

at
 t

he
 p

ro
du

ct
 o

f 
tw

o 
od

d 
nu

m
be

rs
 is

 a
lw

ay
s 

od
d.

 

(d
) 

Pr
ov

e 
th

at
 t

he
 s

qu
ar

e 
of

 a
n 

ev
en

 
nu

m
be

r 
is

 a
lw

ay
s 

ev
en

. 

 (e
) 

Pr
ov

e 
th

at
 t

he
 d

iff
er

en
ce

 b
et

w
ee

n 
an

y 
tw

o 
co

ns
ec

ut
iv

e 
od

d 
nu

m
be

rs
 is

 
al

w
ay

s 
tw

o.
 

(f
) 

Pr
ov

e 
th

at
 t

he
 m

ea
n 

of
 t

hr
ee

 
co

ns
ec

ut
iv

e 
in

te
ge

rs
 is

 a
lw

ay
s 

th
e 

m
id

dl
e 

nu
m

be
r.

 

(g
) 

Pr
ov

e 
th

at
 t

he
 d

iff
er

en
ce

 b
et

w
ee

n 
th

e 
sq

ua
re

s 
of

 a
ny

 t
w

o 
co

ns
ec

ut
iv

e 
nu

m
be

rs
 is

 a
lw

ay
s 

od
d.

 

 (h
) 

Pr
ov

e 
th

at
 7
(𝑛

+
8)

+
5(
𝑛
−
4)

 is
 

al
w

ay
s 

a 
m

ul
tip

le
 o

f 
12

. 

(i
) 

Pr
ov

e 
th

at
 (
𝑚
+
2)

2
−
𝑚

2
−
12

  
is

 
al

w
ay

s 
a 

m
ul

tip
le

 o
f 
4.

 

(j
) 

Pr
ov

e 
th

at
 t

he
 s

um
 o

f 
th

re
e 

co
ns

ec
ut

iv
e 

od
d 

nu
m

be
rs

 is
 a

lw
ay

s 
a 

m
ul

tip
le

 o
f 
th

re
e.

  

 (k
) 

Pr
ov

e 
th

at
 t

he
 s

um
 o

f 
th

e 
sq

ua
re

s 
of

 
an

y 
tw

o 
po

si
tiv

e 
od

d 
in

te
ge

rs
 is

 a
lw

ay
s 

ev
en

. 

(l
) 

Pr
ov

e 
th

at
 (
3𝑛

+
1)

2
−
( 3
𝑛
−
1)

2  
is

 
al

w
ay

s 
a 

m
ul

tip
le

 o
f 
12

 f
or

 a
ll 

po
si

tiv
e 

in
te

ge
r 

va
lu

es
 o

f 
𝑛.

 

(m
) 

Pr
ov

e 
th

at
 t

he
 s

um
 o

f 
fo

ur
 

co
ns

ec
ut

iv
e 

in
te

ge
rs

 is
 n

ot
 d

iv
is

ib
le

 b
y 

fo
ur

. 
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G
C

SE
: A

lg
eb

ra
ic

 p
ro

of
CM

1  
 W

rit
e 

do
w

n 
al

ge
br

ai
c 

ex
pr

es
si

on
s f

or
(a

) a
n 

ev
en

 n
um

be
r

(b
) a

n 
od

d 
nu

m
be

r
(c

) a
 m

ul
tip

le
 o

f f
ou

r
(d

) a
 p

os
iti

ve
 n

um
be

r w
hi

ch
 le

av
es

 a
 re

m
ai

nd
er

 o
f 1

 u
po

n 
di

vi
si

on
 b

y 
5

(e
) t

he
 su

m
 o

f t
w

o 
co

ns
ec

ut
iv

e 
ev

en
 n

um
be

rs
(f

) t
he

 su
m

 o
f t

w
o 

ev
en

 n
um

be
rs

(g
) t

he
 p

ro
du

ct
 o

f t
w

o 
od

d 
nu

m
be

rs
(e

) t
he

 c
ub

e 
of

 a
 m

ul
tip

le
 o

f 6
(h

) t
he

 su
m

 o
f t

he
 sq

ua
re

s o
f t

w
o 

co
ns

ec
ut

iv
e 

m
ul

tip
le

s o
f 3

Th
is

 w
or

ks
he

et
 is

 d
es

ig
ne

d 
to

 g
iv

e 
yo

u 
ex

tr
a 

pr
ac

tic
e 

on
 a

lg
eb

ra
ic

 p
ro

of
. 

2 
Pr

ov
e 

al
ge

br
ai

ca
lly

 th
at

(a
) t

he
 su

m
 o

f t
w

o 
co

ns
ec

ut
iv

e 
nu

m
be

rs
 is

 o
dd

(b
) t

he
 p

ro
du

ct
 o

f t
w

o 
ev

en
 n

um
be

rs
 is

 e
ve

n
(c

) t
he

 su
m

 o
f a

ny
 th

re
e 

co
ns

ec
ut

iv
e 

nu
m

be
rs

 is
 a

 m
ul

tip
le

 o
f 3

3 
(a

) P
ro

ve
 a

lg
eb

ra
ic

al
ly

 th
at

 th
e 

su
m

 o
f t

he
 sq

ua
re

s o
f t

w
o 

co
ns

ec
ut

iv
e 

od
d 

nu
m

be
rs

 is
 n

ot
 a

 
m

ul
tip

le
 o

f 4
. 

(b
) W

ha
t i

s t
he

 re
m

ai
nd

er
 w

he
n 

th
e 

su
m

 o
f t

he
 sq

ua
re

s o
f t

w
o 

co
ns

ec
ut

iv
e 

od
d 

nu
m

be
rs

 is
 

di
vi

de
d 

by
 4

? 
Is

 th
e 

nu
m

be
r o

dd
 o

r e
ve

n?

20
18

 ©
 c

ra
sh

M
AT

H
S 

Li
m

ite
d

EN
D

 O
F 

W
O

R
KS

H
EE

T

4 
Jo

hn
ny

 h
as

 a
n 

ev
en

 n
um

be
r. 

H
e 

ad
ds

 3
 to

 th
is

 n
um

be
r a

nd
 th

en
 sq

ua
re

s i
t. 

Th
e 

re
su

lt 
is

 8
1.

 
W

ha
t e

ve
n 

nu
m

be
r d

id
 Jo

hn
ny

 st
ar

t w
ith

?

5 
Pr

ov
e 

al
ge

br
ai

ca
lly

 th
at

 (5
n 

+ 
1)

2  –
 (5
n 

– 
1)

2  i
s b

ot
h 

a 
m

ul
tip

le
 o

f 4
 a

nd
 a

 m
ul

tip
le

 o
f 5

 fo
r 

po
si

tiv
e 

in
te

ge
rs

 n
. 

6 
A

nn
e 

ha
s a

 n
um

be
r w

hi
ch

 is
 n

ot
 a

 m
ul

tip
le

 o
f 3

. 
(a

) E
xp

la
in

 w
hy

 it
 m

us
t b

e 
of

 th
e 

fo
rm

 (3
n 

+ 
1)

 o
r (

3n
 +

 2
), 

w
he

re
 n

 is
 a

n 
in

te
ge

r. 
(b

) H
en

ce
, b

y 
co

ns
id

er
in

g 
th

es
e 

tw
o 

di
ffe

re
nt

 c
as

es
, s

ho
w

 th
at

 th
e 

sq
ua

re
 o

f A
nn

e’
s n

um
be

r 
le

av
es

 a
 re

m
ai

nd
er

 o
f 1

 w
he

n 
di

vi
de

d 
by

 3
. 

7 
(a

) P
ro

ve
 th

at
 if

 n
 is

 a
n 

ev
en

 in
te

ge
r, 

th
en

 3
n2

 +
 n

 +
 1

4 
is

 e
ve

n.
 

(b
) P

ro
ve

 th
at

 if
 n

 is
 a

n 
od

d 
in

te
ge

r, 
th

en
 3
n2

 +
 n

 +
 1

4 
is

 e
ve

n.
 

(c
) W

ha
t c

an
 y

ou
 d

ed
uc

e 
ab

ou
t t

he
 n

um
be

r 3
n2

 +
 n

 +
 1

4 
fo

r a
ll 

in
te

ge
rs

 n
?
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Ca
n 

th
es

e 
ex

pr
es

sio
ns

 h
av

e 
a 

ne
ga

tiv
e 

va
lu

e?

Fo
r e

ac
h 

ex
pr

es
sio

n,
 te

st
 v

al
ue

s &
 li
m

its
fo

r 𝑥
.

(h
in

t: 
fa

ct
or

isi
ng

 th
e 

ex
pr

es
sio

n,
 o

r a
 p

ar
t o

f i
t m

ay
 h

el
p)

𝑥2
−
4

𝑥2
+
𝑥N

eg
at

iv
e…

. w
he

n?
𝑥

= 
an

y 
nu

m
be

r

𝑥2

𝑥2
+
2𝑥

𝑥2
−
3𝑥

𝑥2
+
2𝑥

+
1

𝑥2
+
2𝑥

+
1

Ca
n 

th
es

e 
ex

pr
es

sio
ns

 h
av

e 
a 

ne
ga

tiv
e 

va
lu

e?

Fo
r e

ac
h 

ex
pr

es
sio

n,
 te

st
 v

al
ue

s &
 li
m

its
fo

r 𝑥
.

(h
in

t: 
fa

ct
or

isi
ng

 th
e 

ex
pr

es
sio

n,
 o

r a
 p

ar
t o

f i
t m

ay
 h

el
p)

𝑥2
−
4

𝑥2
+
𝑥N

eg
at

iv
e…

. w
he

n?
𝑥

= 
an

y 
nu

m
be

r

𝑥2

𝑥2
+
2𝑥

𝑥2
−
3𝑥

𝑥2
+
2𝑥

+
1

𝑥2
+
2𝑥

+
1
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Al
ge
br
aic
	Pr
oo
f	

Vi
de
o	3
65
	on
	Co
rb
ett
ma

th
s

� �
	

Qu
es
tio
n	1

:	
Pr
ov
e	t
he
	fo
llo
wi
ng
	

(a
)			
�

	
	

(b
)			
�

	

(c)
			�

	

Qu
es
tio
n	2

:	
Pr
ov
e	t
he
	fo
llo
wi
ng
	

(a
)
		�

			i
s	a
lw
ay
s	a
	m
ult
ipl
e	o
f	4
	fo
r	a
ll	p

os
iti
ve
	in
teg
er
	va
lue
s	o
f	n
.	

(b
)			
	�

			i
s	a
lw
ay
s	a
	m
ult
ipl
e	o
f	1
6	f
or
	al
l	p
os
iti
ve
	in
teg
er
	va
lue
s	o
f	n
.	

(c)
				
�

			i
s	a
lw
ay
s	e
ve
n	f
or
	al
l	p
os
iti
ve
	in
teg
er
	va
lue
s	o
f	n
.	

(d
)			
	�

			i
s	a
lw
ay
s	a
	m
ult
ipl
e	o
f	3
	fo
r	a
ll	p

os
iti
ve
	in
teg
er
	va
lue
s	o
f	n
.	

(e
)			
	�

			i
s	a
lw
ay
s	a
	m
ult
ipl
e	o
f	4
	fo
r	a
ll	p

os
iti
ve
	in
teg
er
	va
lue
s	o
f	n
.	

(f)
				
�

			i
s	a
lw
ay
s	o
dd
	fo
r	a
ll	p

os
iti
ve
	in
teg
er
	va
lue
s	o
f	n
.	

Qu
es
tio
n	3

:	
n	i
s	a
	po
sit
ive
	in
teg
er.
	

(a
)
	W
rit
e	a
n	e
xp
re
ss
ion

	fo
r	a
n	e
ve
n	n

um
be
r.	

(b
)
	W
rit
e	a
n	e
xp
re
ss
ion

	of
	an
	od
d	n

um
be
r.	

Qu
es
tio
n	4

:	
Pr
ov
e	t
he
	fo
llo
wi
ng
	

(a
)			
Th
e	s
um

	of
	an
y	t
hr
ee
	co
ns
ec
ut
ive
	in
teg
er
s	i
s	d
ivi
sib
le	
by
	3.
	

(b
)			
Th
e	s
um

	of
	an
y	t
hr
ee
	co
ns
ec
ut
ive
	ev
en
	nu

mb
er
s	i
s	a
lw
ay
s	a
	m
ult
ipl
e	o
f	6
.	

(c)
			T
he
	su
m	
of	
tw
o	c
on
se
cu
tiv
e	o
dd
	nu

mb
er
s	i
s	e
ve
n.	
	

(d
)			
Th
e	s
um

	of
	th
re
e	c
on
se
cu
tiv
e	o
dd
	nu

mb
er
s	i
s	a
lw
ay
s	a
	m
ult
ipl
e	o
f	3
.	

(e
)			
Th
e	s
um

	of
	fo
ur
	co
ns
ec
ut
ive
	od
d	n

um
be
rs	
is	
alw

ay
s	a
	m
ult
ipl
e	o
f	8
.	

(f)
			T
he
	su
m	
of	
tw
o	c
on
se
cu
tiv
e	i
nt
eg
er
s	i
s	a
lw
ay
s	o
dd
.	

(g
)			
Th
e	s
um

	of
	fo
ur
	co
ns
ec
ut
ive
	in
teg
er
s	i
s	n
ot
	a	
mu

lti
ple
	of
	4	

Ex
am

ple
s

W
or
ko
ut

(n
+

7)
2

−
(n

+
1)

2
=

12
(n

+
4)

(n
+

1)
2

−
(n

−
3)

2
=

8(
n

−
1)

(n
+

1)
2

+
(n

+
5)

2
−

(n
+

9)
2

=
(n

+
5)

(n
−

11
)

(n
+

4)
2

−
(n

+
2)

2

(n
+

10
)2

−
(n

+
2)

2

(2
n

+
3)

3
−

(2
n

+
1)

(5
n

+
2)

2
−

(5
n

−
1)

2

(2
n

+
9)

2
−

(2
n

+
5)

2

(n
+

2)
2

−
(n

−
2)

2
+

3

©
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O
R
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TT

M
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H
S 
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19

Cli
ck
	he
re
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�
   

   
   

   
   
�

!
Al
ge
br
aic
	Pr
oo
f	

Vi
de
o	3
65
	on
	Co
rb
ett
ma

th
s

Qu
es
tio
n	5

:	
Pr
ov
e	t
he
	fo
llo
wi
ng
	

(a
)			
Pr
ov
e	t
he
	pr
od
uc
t	o
f	t
wo
	od
d	n

um
be
rs	
is	
alw

ay
s	o
dd
.	

(b
)			
Pr
ov
e	t
he
	pr
od
uc
t	o
f	t
wo
	ev
en
	co
ns
ec
ut
ive
	nu

mb
er
s	i
s	a
lw
ay
s	a
	m
ult
ipl
e	o
f	4
.	

(c)
			T
he
	di
ffe
re
nc
e	b
etw

ee
n	t
he
	sq
ua
re
s	o
f	a
ny
	tw

o	c
on
se
cu
tiv
e	i
nt
eg
er
s	i
s	e
qu
al	
to
	th
e	s
um

	of
				

				
				
	th
e	t
wo
	in
teg
er
s.	

(d
)			
Pr
ov
e	t
he
	su
m	
of	
th
e	s
qu
ar
es
	of
	an
y	t
wo
	co
ns
ec
ut
ive
	ev
en
	nu

mb
er
s	i
s	a
lw
ay
s	a
	m
ult
ipl
e	o
f			

				
				
	4.
	

(e
)		P

ro
ve
	th
at	
wh
en
	an
y	o
dd
	in
teg
er
	is
	sq
ua
re
d,	
th
e	r
es
ult
	is
	al
wa
ys
	on
e	m

or
e	t
ha
n	a
	m
ult
ipl
e		
		

				
				
of	
8.	

�
	

Qu
es
tio
n	1

:	
Th
e	O
irs
t	O
ive
	te
rm
s	o
f	a
	lin

ea
r	s
eq
ue
nc
e	a
re
		2
,	7
,	1
2,	
17
,	2
2	

	
	

(a
)		F

ind
	th
e	n
th
	te
rm
	of
	th
e	s
eq
ue
nc
e	

	
	

A	n
ew
	se
qu
en
ce
	is
	ge
ne
ra
ted

	by
	sq
ua
rin
g	e
ac
h	t
er
m	
of	
th
e	l
ine

ar
	se
qu
en
ce
	an
d	

	
	

th
en
	ad
din

g	1
.	

	
	

(b
)		P

ro
ve
	th
at	
all
	te
rm
s	i
n	t
he
	ne
w	
se
qu
en
ce
	ar
e	d
ivi
sib
le	
by
	5.
	

Qu
es
tio
n	2

:	
Th
e	O
irs
t	t
wo
	te
rm
s	o
f	a
	Oib

on
ac
ci	
se
qu
en
ce
	ar
e	a
	an
d	b

.	

	
	

(a
)		S

ho
w	
th
e	4
th
	te
rm
	of
	th
e	s
eq
ue
nc
e	i
s	a
+2
b	

	
	

(b
)		P

ro
ve
	th
at	
th
e	s
um

	of
	th
e	O
irs
t	1
0	t
er
ms
	is
	eq
ua
l	to

	11
	tim

es
	th
e	7
th
	te
rm
.	

Qu
es
tio
n	3

:	
Ca
ra
	w
rit
es
	do
wn

	a	
3-
dig

it	n
um

be
r	w

he
re
	th
e	O
irs
t	d
igi
t	is
	gr
ea
ter
	th
an
		

	
	

	
th
e	l
as
t.	e
.g.
	68

1	
	

	
Sh
e	t
he
n	r
ev
er
se
s	t
he
	nu

mb
er
	to
	gi
ve
	18

6.	
	

	
Ca
ra
	th
en
	su
bt
ra
cts
	th
is	
nu
mb

er
	fr
om

	he
r	s
tar
tin
g	n
um

be
r.		
68
1	−

	18
6	=

	49
5	

	
	

Sh
e	t
he
n	r
ev
er
se
s	h
er
	an
sw
er
	to
	gi
ve
	59

4.	
	

	
Ca
ra
	th
en
	ad
ds
	th
es
e	n
um

be
r	4
95
	+	
59
4	=

	10
89
.	

	 	
	

Ca
ra
	re
pe
ats
	th
is	
se
ve
ra
l	ti
me

s	a
nd
	al
wa
ys
	ge
ts	
10
89
	as
	he
r	a
ns
we
r.	

	
	

Pr
ov
e	a
lge
br
aic
all
y	t
ha
t	t
he
	an
sw
er
	is
	al
wa
ys
	10

89
.	

�
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Equating Coefficients in Identities 

 𝑎 =    

 𝑎 =   

 𝑎 =   

 𝑎 =   

 𝑎 =   

 𝑎 =   

 𝑎 =  𝑏 =  

 𝑎 =   

 𝑎 =  𝑏 =  

 𝑎 =  𝑏 =  

 



Fluency Practice

Page 192

Algebraic Proof  
(a) (b) (c) 

Show that 
3𝑥(𝑥 + 5) + 2𝑥(𝑥 − 5) ≡ 5𝑥(𝑥 + 1) 

Show that 
(𝑥 + 6)(𝑥 − 2) + 12 ≡ 𝑥(𝑥 + 4) 

Show that  
(𝑥 − 4)2 + 6𝑥 − 16 ≡ 𝑥(𝑥 − 2) 

(d) (e) (f) 

Show that 
3(8 − 𝑥) + 2(5𝑥 − 6) ≡ 𝑎𝑥 + 𝑏 

where 𝑎 and 𝑏 are integers to be found 

Show that 
(𝑥 + 5)(𝑥 − 3) − 𝑥(𝑥 − 8) ≡ 𝑎𝑥 + 𝑏 
where 𝑎 and 𝑏 are integers to be found 

Show that  
(𝑥 + 6)2 + 4(𝑥 − 9) ≡ 𝑥(𝑥 + 𝑎) 
where 𝑎 is an integer to be found 

(g) (h) (i) 

Show that 
(2𝑥 + 5)(𝑥 − 1) + 3(5 − 𝑥) = 𝑎𝑥2 + 𝑏 
where 𝑎 and 𝑏 are integers to be found 

Show that 
(𝑥 + 4)2 + (𝑥 + 2)(𝑥 − 8) = 𝑎𝑥(𝑥 + 𝑏) 
where 𝑎 and 𝑏 are integers to be found 

Show that 
(3𝑥 + 4)2 − (5𝑥 + 8)(𝑥 + 2) ≡ 𝑎𝑥(𝑏𝑥 + 𝑐) 

where 𝑎 and 𝑏 are integers to be found 
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Eq
u

at
in

g
 C

o
ef

fi
ci

en
ts

 i
n

 I
d

en
ti

ti
es

 
 1.

 
2(
3𝑥

+
8)

+
6(
𝑥
−
5)

≡
𝑎𝑥

+
𝑏 

2.
 
10
𝑥(
𝑥
−
3)

−
3𝑥

( 2
𝑥
−
2)

≡
𝑐𝑥

2
+
𝑑𝑥

 

3.
 
6(
2𝑥

+
1)

+
2(
4𝑥

−
1)

+
10

≡
𝑒𝑥

+
𝑓 

4.
 
6(
𝑥
+
3)

+
𝑔(
2𝑥

+
10
)
≡
14
𝑥
+
ℎ 

5.
 
( 𝑥

+
7)
( 𝑥

−
6)

+
3
≡
𝑥2

+
𝑗𝑥

+
𝑘 

6.
 
( 𝑥

+
3)
( 𝑥

+
𝑛)

+
𝑚
𝑥2

+
5𝑥

≡
4𝑥

2
+
16
𝑥
+
𝑝 

7.
 
( 𝑥

+
5)
( 𝑥

−
2)

+
𝑞𝑥
( 2
𝑥
+
8)

≡
9𝑥

2
+
35
𝑥
−
10

 

8.
 
( 𝑥

+
𝑟)
( 𝑥

−
𝑠)

+
2𝑥

+
15

≡
𝑥2

+
8𝑥

−
25

 

 A
n

sw
er

s 

𝑎 
𝑏 

𝑐 
𝑑 

𝑒 
𝑓 

𝑔 
ℎ 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

 
 

𝑗 
𝑘 

𝑚
 

𝑛 
𝑝 

𝑞 
𝑟 

𝑠 
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Eq
u
at

in
g
 C

o
ef

fi
ci

en
ts

 i
n
 I
d
en
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ti
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Find the value of each letter in the identities below. Circle the answers at the bottom as you find them.

8 "# + 2 ≡ 24# + 16

" =

5 2# + , ≡ 10# + 45

, =

c 9# + 0 ≡ 18# + 26

1 = , 0 =

2 2 + 3# ≡ 24# − 8

2 = , 3 =

6 3# + 5 + 6 ≡ 18# + 44

6 =

4 5# − 3 + ℎ# ≡ 13# − 12

ℎ =

8 8# − 3 ≡ 4# + 9

8 = , 9 =

12 6# + : − ;# ≡ 71# + 4

: = , ; =

# + = # − 2 ≡ #! + 5# − 14

= =

# + 4 # − 7 ≡ #! + ># − 28

> =

# + ? # + 20 ≡ #! + @# − 160

? = , @ =

2# + 1 # − 5 ≡ 2#! + A# + B

B = , A =

# − C ! + 10 ≡ #! − 10# + 35

C =

# + 3 ! − 3 ≡ #! + D# + D

D =

# + E ! − F ≡ #! + 22# + 71

E = , F =

#! − 5# + 6 ≡ # + G ! − H

G = , H =

I# − 8
4# + J ≡ 4

I = , J =

#! + K# + 44
# + 11 ≡ # + L

K = , L =

# +5 ! # − 2 ≡ #" +M#! +5# + N

M = , N =

# − O # + 8 ≡ # + P ! − 81

O = , P =

Answers (One of the questions has multiple solutions. Which one? What are the other possible solutions?)

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

−1 −2 −3 −4 −5 −6 −7 −8 −9 !
"

!
#

!
$ −1 !" −2 !" −50 50
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Find the value of each letter in the identities below. Circle the answers at the bottom as you find them.

!" + 12
4" + 6 ≡ 2

! =

7" + +
21" − 12 ≡

3" + 5
9" + 15

+ =

0" − 10
18" − 12 ≡

35" − 5
42" + 3

0 = , 3 =

12 − 9"
6" + 4 ≡ 5

4 = , 5 =

"
3 −

"
6 ≡

"
12

6 =

" + 1
7 − "2 ≡

ℎ" + 20
140

ℎ =

2" + 8
5 + " + 53 ≡ 9" + 22

15

8 = , 9 =

:" − 8
6 − 4" − 118 ≡ ;

12

: = , ; =

"! +<"
"! + 7" + 10 ≡

"
" + 2

< =

"! − " − 12
"! − 9" + 20 ≡

" + 3
" + =

= =

" + 4
"! − > ≡

?
" − 4

> = , ? =

"! + @" + A
"! + " − 20 ≡

"! + 3" − 18
"! + 11" + 30

@ = , A =

3"! − B" − 5
" − 5 ≡ 3" + 1

B =

3"! + C"
2"! − 18 ≡

3"
2" − 6

C =

"! + D" − 18
2"! − " − 6 ≡ " + 9

E" + 3

D = , E =

F"! + 12" − 1
26"! + 11" − 1 ≡

11"! + G" − 1
22"! + 9" − 1

F = , G =

5
" + 3 −

4
" + H =

" − 27
"! + I

H = , I =

J
" + 4 −

" − 44
"! − 16 ≡

K
10" − 40

J = , K =

6L
5 − " +

3
" + 7 ≡

29 − "
14M − 2" − "!

M = , L =

1
" +

1
" + 1 +

N
" + 2 ≡

12O" + 2
"" + 3"! + 2"

N = , O =

Answers
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16

−1 −2 −3 −4 −5 −6 −7 −8 −9 #
!

#
"

#
$ −1 #! −2 #! −50 50
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 P

ro
ve

 it
! 

                    
 

Sh
ow

 t
ha

t 
5a

 +
 2

a 
+ 

4 
+ 

3 
is

 
al

wa
ys

 a
 m

ul
ti

pl
e 

of
 7

 

 

n 
– 

1 
+ 

n 
+ 

1 
wi

ll 
be

 e
ve

n.
 W

hy
? 

Fo
r 

an
y 

th
re

e 
co

ns
ec

ut
iv

e 
nu

m
be

rs
, t

he
 

di
ff

er
en

ce
 b

et
we

en
 t

he
 s

qu
ar

e 
of

 t
he

 m
id

dl
e 

nu
m

be
r 

an
d 

th
e 

pr
od

uc
t 

of
 t

he
 la

rg
es

t 
an

d 
sm

al
le

st
 is

 a
lw

ay
s 

1 

Th
e 

su
m

 o
f 

th
re

e 
co

ns
ec

ut
iv

e 
nu

m
be

rs
 is

 3
 t

im
es

 
th

e 
m

id
dl

e 
nu

m
be

r 

(h
in

t 
– 

ca
ll 

yo
ur

 f
ir

st
 n

um
be

r 
a,

 y
ou

r 
se

co
nd

 n
um

be
r 

a 
+ 

1)
 

 

Pr
ov

e 
th

at
 (a

 +
 b

)2  is
 n

ot
 

eq
ua

l t
o 

a2 
+ 

b2 

 

Sh
ow

 t
ha

t 
5(

2x
 +

 5
) +

 1
1(

x 
– 

2)
 =

 3
(7

x 
+ 

1)
 

Th
e 

su
m

 o
f 

tw
o 

co
ns

ec
ut

iv
e 

od
d 

nu
m

be
rs

 is
 

al
wa

ys
 e

ve
n 
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Number and Algebra Proof Revision 
(a) (b) (c) (d) 

Show that 8 1
2
− 3 2

3
= 4 5

6
 Show that √80 can be written 

in the form 𝑘√5 where 𝑘 is an 
integer to be found 

Show that 0. 7̇5̇ = 25
33

 Show that 3 5
8
÷ 1 5

6
= 1 43

44
 

(e) (f) (g) (h) 

Show that 0.31̇ = 14
45

 Show that 0.42̇7̇ = 47
110

 Show that 

 (7 − 5√3)
2
= 𝑎 + 𝑏√3 

where 𝑎 and 𝑏 are integers to 
be found 

Show that the product of an 
even number and an odd 
number is always even. 

(i) (j) (k) 

Show that the sum of three consecutive 
odd numbers is always a multiple of 3 Show that 

3√12
2−√3

 can be written in the form 

𝑐 + 𝑑√3, where 𝑐 and 𝑑 are integers to 
be found. 

Show that  
(3𝑛 + 4)(𝑛 − 3) + 𝑛(𝑛 − 3) 

is a multiple of 4 for all integer values of 𝑛 
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Vectors and Coordinates 

(a) (c) (e) 

𝐴𝐵𝐶𝐷 is a parallelogram. 

𝐴𝐵⃗⃗⃗⃗  ⃗ = (−2
3 ) and 𝐴𝐷⃗⃗ ⃗⃗  ⃗ = (35)  

Given that the coordinates of 𝐴 are (3, 1), 
find the coordinates of points 𝐵, 𝐶 and 𝐷. 

 

𝐴𝐵𝐶𝐷 is a parallelogram. 𝐵𝐶⃗⃗⃗⃗  ⃗ = (32) 

The coordinates of 𝐴 are (2, 7) and of 𝐵 
are (8, 3). Find the coordinates of 𝐶 and 

𝐷, and the vector 𝐷𝐶⃗⃗⃗⃗  ⃗. 
 

 

𝐴𝐵𝐶𝐷 is a trapezium. 𝐴𝐵⃗⃗⃗⃗  ⃗ = 2𝐷𝐶⃗⃗⃗⃗  ⃗. 
 𝐷𝐶⃗⃗⃗⃗  ⃗ = (31) and 𝐵𝐶⃗⃗⃗⃗  ⃗ = (−3

4 ) 

The coordinates of 𝐷 are (2, 8). Find the 

coordinates of 𝐴, and the vector 𝐴𝐷⃗⃗ ⃗⃗  ⃗. 
 
 
 
 

 (b) (d) (f) 

𝐴𝐵𝐶𝐷 is a parallelogram. 

𝐴𝐷⃗⃗ ⃗⃗  ⃗ = (61) and 𝐷𝐶⃗⃗⃗⃗  ⃗ = (24)  
Given that the coordinates of 𝐴 are (0, 1), 
find the coordinates of points 𝐵, 𝐶 and 𝐷. 
 

 

𝐴𝐵𝐶𝐷 is a rhombus. 𝐶𝐵⃗⃗⃗⃗  ⃗ = (−3
−4) 

The coordinates of 𝐴 are (−1, 4) and of 𝐵 
are (3, 1). Find the coordinates of 𝐶 and 

𝐷, and the vector 𝐷𝐶⃗⃗⃗⃗  ⃗. 
 
 
 
 
 

𝐴𝐵𝐶𝐷𝐸𝐹 is a regular hexagon. 

𝐴𝐵⃗⃗⃗⃗  ⃗ = (40) and 𝐹𝐸⃗⃗⃗⃗  ⃗ = ( 2
2√3)  

𝐹𝐶⃗⃗⃗⃗  ⃗ = 2𝐴𝐵⃗⃗⃗⃗  ⃗. The coordinates of 𝐴 are 
(5, 2). Find the coordinates of 𝐵, 𝐶 and 𝐷. 
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Le
ct

ur
e

N
ot

es
Ve

ct
or

s
1

pa
ge

4

Pr
ac

tic
e

Pr
ob

le
m

s

1.
B

as
ed

on
th

e
pi

ct
ur

e,
de

te
rm

in
e

w
he

th
er

ea
ch

of
th

e
gi

ve
n

st
at

em
en

ts
is

tru
e

or
fa

ls
e.

a)
v
=

a
+
b

b)
v
=

z
+
x

c)
v
=

x
�
z

d)
c
=

d
�
u
+
v

e)
a
=

z

f)
w
+
x
+
u
=

d

g)
d
+
u
=

x
+
w

h)
w
�
c
=

x
�
v

i)
a
+
b
+
z
+
x
=

0

j)
a
+
b
+
c
+
w
+
x
=

0

k)
x
+
w
+
v
=

�
c

l)
v
+
c
+
d
=

�
u

m
)
a
+
z
=

0

n)
a
�
b
=

�
v

o)
z
�
w

=
c

2.
G

iv
en

th
e

ve
ct

or
s
u

,
v

an
d
w

,
dr

aw
ea

ch
of

th
e

fo
llo

w
in

g
ve

ct
or

s.

a)
u
+
v

b)
v
�
w

c)
2u

�
v
+
w

3.
G

iv
en

th
e

ve
ct

or
s
a

,b
an

d
c
,d

ra
w

ea
ch

of
th

e
fo

llo
w

in
g

ve
ct

or
s.

a)
a
+
b

b)
3b

c)
b
�
a

d)
a
+
b
+
c

e)
a
�
2b

+
c

f)
�
2c

g)
�
2a

+
3b

�
c

La
st

re
vi

se
d:

O
ct

ob
er

3,
20

21
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Lecture Notes Vectors 1 page 5

4. Suppose that M is the midpoint of line segment AB. Let O be a point in the plane of AB. Let a denote the vector
pointing from O to A, let b denote the vector pointing from O to B, and m denote the vector pointing from O to

M . Prove that m =
a+ b

2
. (Hint: Let x be the vector pointing from A to M . Express first x in tems of a and b.

m = a+ x).

Answers - Practice Problems

1. a) true b) false c) false d) true e) false f) true g) false h) false i) true j) true k) true l) false
m) true n) false o) true

2. a) u+ v b) v � w c) 2u� v + w

3. a) a+ b b) 3b c) b� a

Last revised: October 3, 2021
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Defining Vectors 

(a) (b) (c) 

The diagram is made up of nine congruent 
rhombuses. 

 𝑂𝐴⃗⃗⃗⃗  ⃗ = 𝒂 and 𝑂𝐵⃗⃗ ⃗⃗  ⃗ = 𝒃.   

The diagram is made up of twelve 
congruent parallelograms. 
𝑂𝐴⃗⃗⃗⃗  ⃗ = 2𝒄 and 𝑂𝐷⃗⃗⃗⃗⃗⃗ = 𝒅.   

 

 

The diagram is made up of nine congruent 
equilateral triangles. 
𝑂𝐵⃗⃗ ⃗⃗  ⃗ = 𝒙 and 𝑂𝐷⃗⃗⃗⃗⃗⃗ = 𝒚.   

 

 

Define the following vectors in terms of 𝒂 
and 𝒃. 

Define the following vectors in terms of 𝒄 
and 𝒅. 

Define the following vectors in terms of 𝒙 
and 𝒚. 

(a)  𝑂𝐸⃗⃗⃗⃗  ⃗ (g)  𝑂𝐻⃗⃗⃗⃗⃗⃗  (a)  𝐸𝐺⃗⃗⃗⃗  ⃗ (g)  𝑀𝐽⃗⃗⃗⃗  ⃗ (a)  𝐹𝐷⃗⃗⃗⃗  ⃗ (g)  𝐹𝑂⃗⃗⃗⃗  ⃗ 

(b)  𝑂𝐹⃗⃗⃗⃗  ⃗ (h)  𝐷𝑃⃗⃗ ⃗⃗  ⃗ (b)  𝐵𝑆⃗⃗⃗⃗  ⃗ (h)  𝑄𝐹⃗⃗⃗⃗  ⃗ (b)  𝐻𝐴⃗⃗⃗⃗⃗⃗  (h)  𝐶𝐸⃗⃗⃗⃗  ⃗ 

(c)  𝐺𝐽⃗⃗⃗⃗  (i)  𝐼𝑀⃗⃗⃗⃗  ⃗ (c)  𝐾𝐽⃗⃗⃗⃗  (i)  𝐼𝐿⃗⃗  ⃗ (c)  𝐺𝐻⃗⃗⃗⃗⃗⃗  (i)  𝐻𝐼⃗⃗⃗⃗  

(d)  𝑀𝑃⃗⃗⃗⃗ ⃗⃗  (j)  𝑀𝐷⃗⃗ ⃗⃗ ⃗⃗   (d)  𝑅𝐸⃗⃗⃗⃗  ⃗ (j)  𝐻𝐵⃗⃗⃗⃗⃗⃗  (d)  𝑂𝐶⃗⃗⃗⃗  ⃗ (j)  𝐵𝐺⃗⃗⃗⃗  ⃗ 

(e)  𝐴𝑂⃗⃗⃗⃗  ⃗ (k)  𝐶𝐵⃗⃗⃗⃗  ⃗ (e)  𝑂𝐹⃗⃗⃗⃗  ⃗ (k)  𝑇𝐸⃗⃗⃗⃗  ⃗ (e)  𝐷𝐵⃗⃗⃗⃗⃗⃗  (k)  𝐻𝐷⃗⃗⃗⃗⃗⃗  

(f)  𝐿𝐷⃗⃗⃗⃗  ⃗ (l)  𝑁𝑂⃗⃗⃗⃗⃗⃗  (f)  𝐽𝑇⃗⃗⃗⃗  (l)  𝐾𝐷⃗⃗⃗⃗⃗⃗  (f)  𝑂𝐸⃗⃗⃗⃗  ⃗ (l)  𝐼𝐹⃗⃗⃗⃗  
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Vectors and Midpoints 

(a) (b) 

In the triangle 𝑂𝐴𝐵, 𝑂𝐴⃗⃗⃗⃗  ⃗ = 2𝒂 and 

𝑂𝐵⃗⃗ ⃗⃗  ⃗ = 4𝒃. 𝐶 is the midpoint of the 
line 𝐴𝐵. 
 
Express the following in terms of 
𝒂 and 𝒃: 

𝑂𝐴𝐵𝐶 is a trapezium, where 𝑂𝐴⃗⃗⃗⃗  ⃗ = 𝒂 
and 𝐴𝐵⃗⃗⃗⃗  ⃗ = 𝒃. 𝐷 is the midpoint of 𝐵𝐶 

and 𝑂𝐶⃗⃗⃗⃗  ⃗ = 2𝐴𝐵⃗⃗⃗⃗  ⃗. 
 
Express the following in terms of 
𝒂 and 𝒃: 

(a) 𝐴𝐵⃗⃗⃗⃗  ⃗ (b) 𝐵𝐴⃗⃗⃗⃗  ⃗ (a) 𝑂𝐶⃗⃗⃗⃗  ⃗ (b) 𝐶𝐵⃗⃗⃗⃗  ⃗ 

(c) 𝐴𝐶⃗⃗⃗⃗  ⃗ (d) 𝐵𝐶⃗⃗⃗⃗  ⃗ (c) 𝐵𝐶⃗⃗⃗⃗  ⃗ (d) 𝐵𝐷⃗⃗⃗⃗⃗⃗  

(e) 𝑂𝐶⃗⃗⃗⃗  ⃗ (f) 𝐶𝑂⃗⃗⃗⃗  ⃗ (e) 𝐴𝐷⃗⃗ ⃗⃗  ⃗ (f) 𝐷𝑂⃗⃗⃗⃗⃗⃗  

 (c) (d) 

In the parallelogram 𝑂𝐴𝐵𝐶, 𝑂𝐴⃗⃗⃗⃗  ⃗ = 𝒂 
and 𝑂𝐶⃗⃗⃗⃗  ⃗ = 𝒄. 
𝑋 is the midpoint of the line 𝑂𝐵. 
 
Express the following in terms of 
𝒂 and 𝒄: 

𝑂𝐴𝐵𝐶 is a quadrilateral.  

𝑂𝑋⃗⃗ ⃗⃗  ⃗ = 𝒂,  𝑂𝐶⃗⃗⃗⃗  ⃗ = 𝒄 and 𝐶𝐵⃗⃗⃗⃗  ⃗ = 𝒃. 
𝑋 is the midpoint of 𝑂𝐴 and 𝑌 is the 
midpoint of 𝐴𝐵.  
 
Express the following in terms of 
𝒂, 𝒃 and 𝒄: 

(a) 𝐶𝐵⃗⃗⃗⃗  ⃗ (b) 𝐵𝐴⃗⃗⃗⃗  ⃗ (a) 𝑂𝐴⃗⃗⃗⃗  ⃗ (b) 𝑂𝐵⃗⃗ ⃗⃗  ⃗ 

(c) 𝑂𝐵⃗⃗ ⃗⃗  ⃗ (d) 𝑋𝐵⃗⃗⃗⃗  ⃗ (c) 𝐶𝐴⃗⃗⃗⃗  ⃗ (d) 𝐴𝐵⃗⃗⃗⃗  ⃗ 

(e) 𝑋𝐶⃗⃗⃗⃗  ⃗ (f) 𝐴𝑋⃗⃗⃗⃗  ⃗ (e) 𝐴𝑌⃗⃗⃗⃗  ⃗ (f) 𝑋𝑌⃗⃗⃗⃗  ⃗ 
What do the answers to (e) and (f) tell us about the points 𝐶, 𝑋 
and 𝐴? 

What do the answers to (b) and (f) tell us about vectors 𝑂𝐵⃗⃗ ⃗⃗  ⃗ and 

𝑋𝑌⃗⃗⃗⃗  ⃗? 
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Vectors 
The diagram shows the quadrilateral ABCD.   
The point E is the midpoint of A and B.  The point F is the midpoint of B and C.   
The point G is the midpoint of C and D.  The point H is the midpoint of D and A.   

 

𝐴𝐵⃗⃗⃗⃗  ⃗ = 𝒂        𝐵𝐶⃗⃗⃗⃗  ⃗ = 𝒃        𝐶𝐷⃗⃗⃗⃗  ⃗ = 𝒄 
 
1. Express in terms of 𝒂, 𝒃 and/or 𝒄: 
 
𝐷𝐶⃗⃗⃗⃗  ⃗ =  
 
𝐴𝐷⃗⃗ ⃗⃗  ⃗ =  
 
2. Express in terms of 𝒂, 𝒃 and/or 𝒄: 
 
𝐻𝐸⃗⃗⃗⃗⃗⃗ =  
 
𝐺𝐹⃗⃗⃗⃗  ⃗ =  
 
What do you notice? 

 
 

Vectors 
The diagram shows the quadrilateral ABCD.   
The point E is the midpoint of A and B.  The point F is the midpoint of B and C.   
The point G is the midpoint of C and D.  The point H is the midpoint of D and A.   

 

𝐴𝐵⃗⃗⃗⃗  ⃗ = 𝒂        𝐵𝐶⃗⃗⃗⃗  ⃗ = 𝒃        𝐶𝐷⃗⃗⃗⃗  ⃗ = 𝒄 
 
1. Express in terms of 𝒂, 𝒃 and/or 𝒄: 
 
𝐷𝐶⃗⃗⃗⃗  ⃗ =  
 
𝐴𝐷⃗⃗ ⃗⃗  ⃗ =  
 
2. Express in terms of 𝒂, 𝒃 and/or 𝒄: 
 
𝐻𝐸⃗⃗⃗⃗⃗⃗ =  
 
𝐺𝐹⃗⃗⃗⃗  ⃗ =  
 
What do you notice? 
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Vectors and Ratio 

(a) (b) 

In the triangle 𝑂𝐴𝐵, 𝑂𝐴⃗⃗⃗⃗  ⃗ = 3𝒂 and 

𝐴𝐵⃗⃗⃗⃗  ⃗ = 6𝒃. The point 𝐶 divides the line 
𝑂𝐵 in the ratio 2 ∶  1. 
 
Express the following in terms of 
𝒂 and 𝒃: 

𝑂𝐴𝐵𝐶 is a trapezium, where 𝑂𝐴⃗⃗⃗⃗  ⃗ =
2𝒂 and 𝐴𝐵⃗⃗⃗⃗  ⃗ = 2𝒃. 𝑂𝐶⃗⃗⃗⃗  ⃗ = 2𝐴𝐵⃗⃗⃗⃗  ⃗ and 𝐷 
splits the line 𝐵𝐶 in the ratio 1 ∶  3. 
 
Express the following in terms of 
𝒂 and 𝒃:  

(a) 𝑂𝐵⃗⃗ ⃗⃗  ⃗ (b) 𝑂𝐶⃗⃗⃗⃗  ⃗ (a) 𝐵𝑂⃗⃗ ⃗⃗  ⃗ (b) 𝐵𝐶⃗⃗⃗⃗  ⃗ 

(c) 𝐵𝐶⃗⃗⃗⃗  ⃗ (d) 𝐴𝐶⃗⃗⃗⃗  ⃗ (c) 𝐵𝐷⃗⃗⃗⃗⃗⃗  (d) 𝐷𝑂⃗⃗⃗⃗⃗⃗  

 (c) (d) 

In the parallelogram 𝑂𝐴𝐵𝐶, 𝑂𝐴⃗⃗⃗⃗  ⃗ = 𝒂 
and 𝑂𝐶⃗⃗⃗⃗  ⃗ = 𝒃. The point 𝑋 divides the 
line 𝑂𝐵 in the ratio 3 ∶  2. 
 
Express the following in terms of 
𝒂 and 𝒃: 

𝑂𝐴𝐵𝐶 is a quadrilateral.  

𝑂𝐴⃗⃗⃗⃗  ⃗ = 𝒂,  𝑂𝐶⃗⃗⃗⃗  ⃗ = 𝒃 and 𝐶𝐵⃗⃗⃗⃗  ⃗ = 𝒄. 
The point 𝑋 divides the line 𝑂𝐶 in 
the ratio 2 ∶  1. The point 𝑌 
divides the line 𝐴𝐵 in the ratio 
3 ∶  1. 
 
 
Express the following in terms of 𝒂, 𝒃 and 𝒄:  

(a) 𝐴𝐵⃗⃗⃗⃗  ⃗ (b) 𝑂𝐵⃗⃗ ⃗⃗  ⃗ (a) 𝑂𝑋⃗⃗ ⃗⃗  ⃗ (b) 𝑋𝐶⃗⃗⃗⃗  ⃗ 

(c) 𝑂𝑋⃗⃗ ⃗⃗  ⃗ (d) 𝐵𝑋⃗⃗⃗⃗  ⃗ (c) 𝐴𝐵⃗⃗⃗⃗  ⃗ (d) 𝐴𝑌⃗⃗⃗⃗  ⃗ 

(e) 𝐴𝑋⃗⃗⃗⃗  ⃗ (f) 𝑋𝐶⃗⃗⃗⃗  ⃗ (e) 𝐴𝑋⃗⃗⃗⃗  ⃗ (f) 𝑋𝑌⃗⃗⃗⃗  ⃗ 
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Vectors Around Shapes

M is the midpoint of line XY.

𝑌𝑋 =

a

bO

X

Y

𝑌𝑀 =

𝑂𝑀 =

N is the midpoint of line OM.

𝑂𝑁 =

a
b

M is the midpoint of line XY.
N divides the line ZY in the ratio 1:2 𝑋𝑀 =

𝑍𝑁 =

𝑍𝑀 =

Express using a, b & c.

𝑀𝑁 =
c

O

X

Y

Z

2a

3b

O

X Y

Z

OZ = 2XY
M divides the line XZ in the ratio 1:2
N divides the line YZ in the ratio 1:2

𝑋𝑍 =

𝑋𝑀 =

𝑌𝑍 =

𝑌𝑁 =

𝑀𝑁 =

What statements can you make about 
the magnitude & direction of lines XY & MN?

1) 3)

4)

X

MO

6b2a

M divides the line OY in the ratio 2:3

𝑀𝑌 =

𝑂𝑀 =

𝑌𝑋 =

2)

𝑂𝑌 =

𝑌𝑀 =



Purposeful Practice

Page 236

Vector Proofs M is the midpoint of the line.

Prove 𝐴𝑀 = 𝒂 + 𝒃

M
2a

2bO

A

B

Prove 𝐴𝑀 = ଷ
ଶ
𝒂 + ଵ

ଶ
𝒃

M
3a

bO

A

B

Prove 𝐴𝑀 = ଷ
ଶ
𝒃 − 2𝒂

M
4a

3bO

A

B

Prove 𝐴𝑋 = 2.5𝒃 − 1.5𝒂

3a

5bO

A

B

Prove 𝐴𝑋 = 𝒂 + 2𝒃

X
3a

6b
O

A

B

𝐴𝑋:𝑋𝐵 = 1: 2

Prove 𝑂𝑋 = −𝒂 − 6𝒃

X

3a

9b
O

A

B

𝐴𝑋:𝑋𝐵 = 2: 1

Prove 𝐴𝑋 = 1.8𝒃 − 1.2𝒂

X

2a

3b
O

A

B

𝐴𝑋:𝑋𝐵 = 3: 2

Prove 𝐴𝑋 = ଵ
ଷ
𝒂 + ଶ

ଷ
𝒃

X
a

2b
O

A

B

𝐴𝑋:𝐴𝐵 = 1: 3

𝐴𝑋: 𝐴𝐵 = 1: 2

X

Prove 𝐴𝑀ଶ =
ଵ
ସ
𝒃 − ଵ

ସ
𝒂

M1
a

b
O

A

B

M2

X
2a

3b
O

A

B

Y

𝐴𝑋:𝑋𝐵 = 2: 1
𝑂𝑌: 𝑌𝑋 = 2: 1

Prove 𝑂𝑌 = ସ
ଷ
𝒃 − ସ

ଽ
𝒂

1. 2. 3.
4.

5. 6. 7. 8.

9. 10.
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b
a

A

B C

D

EF

BC =  

CD = 

AD = 2BC =  

AE = 

a regular hexagon

c

2dB C

DA

CD =  

DB =  

BD =  

CA =  

a parallelogram

a

b

A

B

C

D E F

G

H

a parallelogram

A is the mid-point of CG B is the mid-point of CD

BA =  

HC =  

CF =  

?   = 2a – b 

2a

4a

2bM N

A B

C
D

a trapezium

M is the mid-point of AC

N is the mid-point of DB

AD =  

MC =  

AC =  

MN =  

vector questions (i)

R

P

M

k

t

Q

PQ =  

RM =  

PM =  

QM =  

a triangle
M is the midpoint of PQ
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b

a

A

B C

D

F

BD =  

CD = 

AD = 2BC =  

BA = 

a regular hexagon

2c 3d

B C

DA

DC =  

AC =  

BC =  

CA =  

a parallelogram

E

a
b

A

B

C

D E F

G

H

a parallelogram A is the mid-point of CG
B is the mid-point of CD

CA =  

CH =  

DF =  

?  = 2b – a 

vector questions (ii)

R

P
M

k

t

Q

PQ =  

RM =  

PM =  

QM =  

a triangle
M divides PQ in the 
ratio 1 : 2

a

2a

bM

N

A B

C
D

a trapezium
M is the mid-point of AC

N is the mid-point of CD

AD =  CM =  

CA =  MN =  
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vector questions (iii)
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AB = b

AC = c

AF =  

DK =  

BH =  

GH =  

JC =  

HC =  

BH =  

DE =  

a tangram puzzle

vector questions (iv)
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(a
) H

EC
 

 
(b

) F
DE

 
 

(c
) M

KI
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HN
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 A
GN
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 ra
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(a
) A

L:
LP

 
 

(b
) K

G:
GB

  
(c

) F
I:I

J 
 

(d
) K

L:
LJ

 

(e
) K

E:
EC

 
 

(f)
 M

K:
KC
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an
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B 
so
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 X
DN

 is
 a
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ht
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tio
 A

X:
XB
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Vector Proof – Parallel Lines 

(a) (b) 

𝑂𝐴𝐶𝐵 is a parallelogram. 𝑂𝐴⃗⃗⃗⃗  ⃗ = 𝒂 and 

𝑂𝐵⃗⃗ ⃗⃗  ⃗ = 𝒃. 𝑋 is the midpoint of 𝐴𝐶 and 
𝑌 is the midpoint of 𝐵𝐶. Show that 𝑋𝑌 
and 𝐴𝐵 are parallel. 

𝑂𝐴𝐶𝐵 is a trapezium. 𝑂𝐴⃗⃗⃗⃗  ⃗ = 2𝒂 and 𝐴𝐵⃗⃗⃗⃗  ⃗ = 2𝒃. 𝑂𝐶⃗⃗⃗⃗  ⃗ = 2𝐴𝐵⃗⃗⃗⃗  ⃗ and 
𝐷 is the midpoint of 𝑂𝐵. Show that 𝐴𝐷 is parallel to 𝐵𝐶. 
 

 (c) (d) 

 In the triangle 𝑂𝐴𝐵, 𝑂𝐵⃗⃗ ⃗⃗  ⃗ = 𝒃 and 

𝑂𝐴⃗⃗⃗⃗  ⃗ = 3𝒂. The point 𝐶 divides the 
line 𝑂𝐴 in the ratio 2 ∶  1 and the 
point 𝐷 divides the line 𝐴𝐵 in the 
ratio 1 ∶  2. Show that 𝐶𝐷 is 
parallel to 𝑂𝐵. 

 In the triangle 𝑂𝐴𝐵, 𝑂𝐵⃗⃗ ⃗⃗  ⃗ = 𝒃 and 𝑂𝐴⃗⃗⃗⃗  ⃗ = 𝒂. Point 𝐵 is the 
midpoint of the line 𝑂𝐶 and 𝑋 is the midpoint of 𝐴𝐵. The point 𝑌 
divides the line 𝑂𝐴 in the ratio 3 ∶  1. Show that 𝑌𝑋 is parallel to 
𝐴𝐶. 
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Vector Proof – Collinear Points 

(a) (b) 

𝑂𝐴𝐶𝐵 is a parallelogram. 𝑂𝐴⃗⃗⃗⃗  ⃗ = 3𝒂 
and 𝐴𝐶⃗⃗⃗⃗  ⃗ = 3𝒃. 𝑌 is the midpoint of 
𝑂𝐵 and 𝑋 divides the line 𝑂𝐶 in the 
ratio 1 ∶  2.  Show that the points 
𝐴, 𝑋 and 𝑌 are collinear. 
 

𝑂𝐴𝐶𝐵 is a trapezium. 𝑂𝐴⃗⃗⃗⃗  ⃗ = 𝒂 and 𝐴𝐵⃗⃗⃗⃗  ⃗ = 𝒃. 𝑂𝐶⃗⃗⃗⃗  ⃗ = 3𝐴𝐵⃗⃗⃗⃗  ⃗ and 𝑋 
divides the line 𝑂𝐵 in the ratio 3 ∶  1. Show that the points 𝐴, 𝑋 
and 𝐶 are collinear. 
 

 (c) (d) 

 In the triangle 𝑂𝐴𝐵, 𝑂𝑋⃗⃗ ⃗⃗  ⃗ = 𝒂 and 𝐴𝐵⃗⃗⃗⃗  ⃗ = 𝒃. 𝑋 is the midpoint of 
OA and the point 𝑌 divides the line 𝐴𝐵 in the ratio 2 ∶  1. 

 𝑂𝐵⃗⃗ ⃗⃗  ⃗ = 𝐵𝐶⃗⃗⃗⃗  ⃗. Show that the points 
𝑋, 𝑌 and 𝐶 are collinear.  

𝑂𝐴⃗⃗⃗⃗  ⃗ = 4𝒂 − 𝒃, 𝐴𝐵⃗⃗⃗⃗  ⃗ = 𝒂 + 2𝒃 and 𝑂𝐶⃗⃗⃗⃗  ⃗ = 𝒂 + 𝒃. 𝐴𝐵⃗⃗⃗⃗  ⃗ = 𝐵𝐷⃗⃗⃗⃗⃗⃗ .  
The point 𝑋 divides the line 𝐴𝐶 in the ratio 6 ∶  1. Show that 𝑂,𝑋 
and 𝐷 are collinear. 
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1) Prove 𝐴𝐵 is parallel to 𝐶𝐷

3b

A

Vectors: Proving Parallel & Straight Lines

2a
– b – 2a

B

C D

2) Prove 𝐶𝐷 is parallel to 𝐴𝐵
a + bA

2a – b 2b – a

B

C D

3) Prove 𝐴𝐵 is parallel to 𝐶𝐷

3a – 3b

A

3a – 2b 3b – 4a

B

C D

4) Prove 𝐴𝐵𝐶 is a straight line.
O

CBA

3a
3b

2a + 5b

5) Prove 𝐴𝐵𝐶 is a straight line.
O

CBA

5b – 4a
3a – 2b

2a – 3b

6) Prove 𝐴𝐵𝐶 is a straight line.
O

CBA

2b – 3a

a – 4b

8) Prove 𝐴𝐵𝐶 is a straight line.
O

CBA

b – 1.5aa + 6b

2b – a

7b – 3a

7) Prove ABCD is a parallelogram.

D

BA2a + b

3a 
C

F

E
a – 2b

a + 3b

b – 2a



Purposeful Practice

Page 265

Eq
u

at
in

g
 C

oe
ff

ic
ie

n
ts

 in
 V

ec
to

rs
 

 Fi
nd

 t
he

 v
al

ue
s 

of
 𝜆

 a
nd

 𝜇
 b

y 
eq

ua
tin

g 

co
ef

fic
ie

nt
s 

of
 𝒂

 a
nd

 𝒃
. 

(a
) 
4𝒂

+
𝜆𝒃

=
𝜇𝒂

+
6𝒃

 
(b

) 
𝜆𝒂

−
5𝒃

=
−
2𝒂

+
𝜇𝒃

 
(c

) 
𝜆𝒂

+
𝜇𝒃

=
2𝒂

+
6𝒃

+
3𝒂

−
3𝒃

 
(d

) 
−
3𝒂

+
𝜆𝒃

=
2𝒂

−
𝒃
+
𝜇𝒂

+
5𝒃

 
(e

) 
2(
2𝒂

−
𝜇𝒃
) +

3𝒂
+
10
𝒃
=
𝜆𝒂

+
6𝒃

 
 In

 t
he

 v
ec

to
r 

di
ag

ra
m

s 
sh

ow
n,

 f
in

d 
th

e 
va

lu
es

 o
f 
𝜆 

an
d 
𝜇.

  
(a

) 
      (b

) 
        In

 t
he

 v
ec

to
r 

di
ag

ra
m

s 
sh

ow
n,

 f
in

d 
th

e 
va

lu
es

 o
f 
𝜆 

an
d 
𝜇.

  
(a

) 
      (b

) 
  

Eq
u

at
in

g
 C

oe
ff

ic
ie

n
ts

 in
 V

ec
to

rs
 

 Fi
nd

 t
he

 v
al

ue
s 

of
 𝜆

 a
nd

 𝜇
 b

y 
eq

ua
tin

g 

co
ef

fic
ie

nt
s 

of
 𝒂

 a
nd

 𝒃
. 

(a
) 
4𝒂

+
𝜆𝒃

=
𝜇𝒂

+
6𝒃

 
(b

) 
𝜆𝒂

−
5𝒃

=
−
2𝒂

+
𝜇𝒃

 
(c

) 
𝜆𝒂

+
𝜇𝒃

=
2𝒂

+
6𝒃

+
3𝒂

−
3𝒃

 
(d

) 
−
3𝒂

+
𝜆𝒃

=
2𝒂

−
𝒃
+
𝜇𝒂

+
5𝒃

 
(e

) 
2(
2𝒂

−
𝜇𝒃
) +

3𝒂
+
10
𝒃
=
𝜆𝒂

+
6𝒃

 
 In

 t
he

 v
ec

to
r 

di
ag

ra
m

s 
sh

ow
n,

 f
in

d 
th

e 
va

lu
es

 o
f 
𝜆 

an
d 
𝜇.

  
(a

) 
      (b

) 
        In

 t
he

 v
ec

to
r 

di
ag

ra
m

s 
sh

ow
n,

 f
in

d 
th

e 
va

lu
es

 o
f 
𝜆 

an
d 
𝜇.

  
(a

) 
      (b

) 
  



Purposeful Practice

Page 267

Vector Proof – Equating Coefficients 

(a) (b) (c) 

𝑂𝐴𝐵𝐶 is a quadrilateral, where 𝑂𝐶⃗⃗⃗⃗  ⃗ = 3𝒂,
𝑂𝐴⃗⃗⃗⃗  ⃗ = 𝒂 + 2𝒃 and 𝐴𝐵⃗⃗⃗⃗  ⃗ = 2𝒂 − 1

2
𝒃. The 

point 𝐷 is on 𝑂𝐵 and 𝐴𝐶 such that 
𝑂𝐷 ∶  𝑂𝐵 = 𝜆:  1 and 𝐴𝐷 ∶  𝐴𝐶 = 𝜇:  1. 
By finding two ways to express the vector 

𝑂𝐷⃗⃗⃗⃗⃗⃗  ⃗, find the values of 𝜆 and 𝜇.  
 

 

𝑂𝐴𝐵𝐶 is a trapezium, where 𝑂𝐶⃗⃗⃗⃗  ⃗ = 10𝒂,
𝑂𝐴⃗⃗⃗⃗  ⃗ = 𝒂 − 4𝒃 and 𝐴𝐵⃗⃗⃗⃗  ⃗ = 5𝒂. 𝑀 is the 
midpoint of the line 𝐵𝐶. The point 𝑋 is on 
𝑂𝐵 and 𝐴𝑀 such that 
𝑂𝑋 ∶  𝑂𝐵 = 𝜆:  1 and 𝐴𝑋 ∶  𝐴𝑀 = 𝜇:  1. 
Find the values of 𝜆 and 𝜇 and the vector 

𝑂𝑋⃗⃗ ⃗⃗  ⃗ in terms of 𝒂 and 𝒃. 
 

In the triangle 𝑂𝐴𝐵, 𝑂𝐵⃗⃗ ⃗⃗  ⃗ = 5𝒃 and 𝑂𝑀⃗⃗ ⃗⃗ ⃗⃗  =
2𝒂 + 2𝒃, where 𝑀 is the midpoint of 𝑂𝐴. 

𝑂𝐶 is the line 𝑂𝐵 produced and 𝑂𝐵⃗⃗ ⃗⃗  ⃗ = 𝐵𝐶⃗⃗⃗⃗  ⃗. 
The point 𝑋 is on the line 𝐴𝐵 such that 
𝐴𝑋 ∶ 𝐴𝐵 = 𝜆 ∶ 1. Given that 𝑀𝑋𝐶 is a 
straight line, find the value of 𝜆  and the 

vector 𝑀𝑋⃗⃗⃗⃗ ⃗⃗   in terms of 𝒂 and 𝒃. 

 
 

 and 
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b

a

A

B C

D

EF

AP is twice AC   

a regular hexagon

2e

2d

B C

DA

CE is twice CD  

a parallelogram (ABCD)

2a

4a

2bM

A B

D C

M is the mid-point of AD

BN is twice BM

vector proofs (i)

E

establish that 
ABDE is a 
parallelogram

R

P M

2b

2a

Q
a triangle (PQR)
M is the midpoint of PQ
N is the midpoint of QR 

N
prove that MN is 
parallel to PR 
and half the 
length of it

P

establish that EDP 
is a straight line

you can assume that AD = 2BC

prove that CDN is a straight line

N

(1) (2)

(3) a trapezium (ABCD)(4)
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k

mB
C

DA

E is the mid-point of CD  

a parallelogram (ABCD)

vector proofs (ii)

E

BF : FE = 2 : 1

F

establish that F is ⅔ of 
the way along AC

B

C

D

A

a parallelogram (ABCD)

AD =  

AB =  

find DM where M is the 
mid-point of DB 

establish that M is also 
the mid-point of AC

M

3
– 2 

5
6 

any quadrilateral (OABC) B
C

O

A

a

c

b
any quadrilateral (OABC) is drawn and the 
mid-points of the four sides are joined

establish that the resulting 
shape is a parallelogram

(4)

(6)

(5)
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 c 
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3.
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(i)
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 d
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 p
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 p
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 b
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 c
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nd

 q
 

(a
) 

 
   

(b
) 

 
  

(c
) 

 
  

(T
ot

al
 4

 m
ar

ks
) 

9.
 

Th
e 

di
ag

ra
m

 s
ho

w
s 

tw
o 

se
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