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Fluency Practice
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Fluency Practice
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Fluency Practice
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Fluency Practice
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Fluency Practice
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Purposeful Practice
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Fluency Practice

1) Write down the centre and radius of the circle with equation x% + y2 = 36
2) Acircle has the equation x2? + y2 = 36. Work out its circumference.
3) Thecircle x? + y? = 25 touches each side of the square as shown. Work out the total shaded area.
." A
"f
., 0 , £
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Purposeful Practice
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Fluency Practice

A A A A A A
(10,5) (8,2) (20,4)

VA RGYARUYA

-
-
-

What is the gradient
between A and the origin?

What is the gradient of the
tangent?

What is the equation of the
tangent (so far)?

Substitute the co-ordinate
to find the value of ¢

Final Answer:
The equation of the tangent
is...
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Fluency Practice

A A A A A A
(4,8) (6,18) (5,25)

- >

[
p
4
p

What is the gradient
between A and the origin?

What is the gradient of the
tangent?

What is the equation of the
tangent (so far)?

Substitute the co-ordinate
to find the value of ¢

Final Answer:
The equation of the tangent
is...
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Fluency Practice

v

(21,-7)

(—4,-8)

N

\4

What is the gradient
between A and the origin?

What is the gradient of the
tangent?

What is the equation of the
tangent (so far)?

Substitute the co-ordinate
to find the value of ¢

Final Answer:
The equation of the tangent
is...

Page 21




Fluency Practice

\

v

_ A
(12:4 3) (—12,-72)

v

What is the gradient
between A and the origin?

What is the gradient of the
tangent?

What is the equation of the
tangent (so far)?

Substitute the co-ordinate
to find the value of ¢

Final Answer:
The equation of the tangent
is...
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Fluency Practice

A
(7,14)

-

-

What is the gradient
between A and the origin?

What is the gradient of the
tangent?

What is the equation of the
tangent (so far)?

Substitute the co-ordinate
to find the value of ¢

Final Answer:
The equation of the tangent
is...
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Fluency Practice

Rad. Grad. = 2

(4, 8)

Rad. Grad. =

Tan. Grad !
an.Grad.= =3

Tan. Grad. =

Rad. Grad. = Tan. Grad. =

J (3,9

Rad. Grad. =

Tan. Grad. =

1
Rad. Grad. = 2 Tan. Grad. =

>
>

Rad. Grad. = Tan. Grad. =

>

Rad. Grad.= —4 Tan. Grad. =

(312)1

Rad. Grad. = Tan. Grad. =
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Purposeful Practice

The graph x?+y? =18

y

is on the grid.

g

B N Wk

=3

> W N B

a

Draw & label the line that is parallel to y = 6 —x & touches the circle at one point.

Lines around Circles
Mark point A on the circle at (3, 3), y
then draw line OA from
the origin (O) to point A. 6
What is the 1]
equation of line OA? 4
2
x Plottheline y =6 —x {
LB -bla-B2-n 1
How are the gradients of T
these graphs related? 2
i i
y=6—xis 6

a to the circle.

@\
The graph x?+ y? =20 is on the grid.

Mark point B on the circle at (2, 4),
& draw line OB from the origin.

What is the gradient of the line OB?

What is the gradient of
a line perpendicular to OB?

Plot & label line CD - the line that
is perpendicular to OB &
passes through B.

Draw & label the line that is
parallel to CD & touches the circle at
one point.

Where on the circle will a tangent have a gradient of 2?

Vo ox2+y2=26

(2}

N

\

BN W s d

=

n B W N R

(2]

Sketch the line OD.

Y x2+y2=40

Find the equation of @
the tangent at (6, -2)

Find the equation of
x the tangent at (-2, 6)

Find the gradient of this radius, o]

is it positive or negative?. 5

/ 4

The tangent to the circle at D has 3

5

a gradient of % and passes f

through (-1, 5). { i
t65-4-3Dp-1 1711

We can express this as: =

1 2

=—=-x+c 3

y 5 3

N\ 4

N 5

Plot the tangent & 5
calculate its y-intercept. B
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Purposeful Practice
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Fluency Practice

Gradient of | Gradient of
Question Radius Sketch radius at tangent at Equation of tangent at point
point point
T
Example: Find the equation of the c ‘ J 3 4 4 25
0 g - - = = —=x+—=
tangent to x2 + y% = 25 at (4,3) ] 5 4 3 V 3 3

1. Find the equation of the tangent to
x?+vy?=5at(2,1)

2. Find the equation of the tangent to
x% +y? =100 at the point on the
circumference with x-coordinate 6

and a positive y-coordinate

3. Find the equation of the tangent to
x%2 +y? =45 at (—6,3)
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Fluency Practice

4. Find the equation of the tangent to
x2+y%—20=0 at (—4,-2)

5. Find the equation of the tangent to
x? +y? = 13 at the point on the
circumference with x-coordinate 3

and a negative y-coordinate

6. Find the equation of the tangent to
the circle with centre (0,0) and
diameter v/32 at the point (2,2)

7. Find the equation of the tangent to
x% +y? =25 at the point (5,0)
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Purposeful Practice

1| The diagram shows the circle with
equation x? + y2? = 25. What is the
equation of the tangent at the
following points?

C(-3,4)

B(4,3)

The tangent to the above circle at the point A(5,12) intersects
the x axis at the point B.

n Find the equation of the ianieni to ihe circle at the point A.

b| Find the area of triangle OAB.

The line [ is tangent at the point P(x, ) to the circle with

equation x? + y? = 1. The gradient of [ is — % Determine the
point P(x,y).
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Purposeful Practice
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Purposeful Practice
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Purposeful Practice
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Purposeful Practice
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2 Advanced Simultaneous Equations
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Intelligent Practice

Solve the following pairs of simultaneous equations:

1. xy =12 5. xy =12 9. 4xy =12
y=x+1 y=2x+5 y=x—2
2. xy =12 6. xy =12 10. 4xy = 12
y=x-—1 y=2x—5 y=x+2
3. xy=12 7. xy=12
y=x—4 2y =x+5
4., xy =12 g. xy=12

y=x+4 2y=x—5
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Intelligent Practice

Solve the following pairs of simultaneous equations:

x*+y% =25
y=x+5
x? +y?% =25
y=x—15
x? +vy? =25
y=2x+5
x? +y2 =25
y=2x-—5

5. x? +y% =17
y=x+5

6. x> +vy%=17
y=x-—25

7. 2x%+y% =17
y=x+5

g 2x° +y2 =17
y=x—>5
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Intelligent Practice

Solve the following pairs of simultaneous equations:

y =x%+4+5x —2 5. y=x%—3x—2
y=x+3 y=2x—8
. y=x2—3x—2 6. y=x2—3
y=x+3 y=x—3
y=x?—5x—2 7. y=2x2-3
y=-x+3 y=x+3

. y=x%+3x—2

y=—x+3
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Fluency Practice

@ Solve: @ Solve: (3 Solve: (@ Ssolve:
y=x*+3x—-1 y=x2+5x-7 xy =3 xy = —8
y=2x+1 y=3x+8 y=x-—2 y=x+6

@ Solve: @ Solve: @ Solve: Solve:
x2+y? =13 x2+y2=17 x2+y? =45 x> +y*=5

y=x+5 y=x-—3 y=x-—9 y=2x+3
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Purposeful Practice

G+xg=4A

G=,A+,x (2
c+x=4«

6= A+x (a4
L=4£L+Xx

GZ = N\ﬂ+ X (e)

‘suoljenba snoaueyNWis asayl aA|0S

c—xz =4
V—xg=4 (0)
0z = A+ x¢

X7 =4 (q)
=47 +x

cT =48+ ,x  (e)

‘suoijenba snoaueyNWIs asay)l aA|0S

IT+xg=4
mlx+NxNHA (2)
0T +xz =4
XG+,x=4 (q)
X =4«
y—,x=4 (e)

‘suollenba snoaueyNWIs 9sayl 9A|0S
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Purposeful Practice

*U0I13199S421Ul JO sjulod ayl JO S3eUIpPI00D

X
syl pul4 .oHHH+A+xucmm+xH\m
J0 sydeub ayy smoys wedbelp ayl

9—x7 =4
Ax + 4 = 4 — ,x aAl0S (2)
y=4+x
9T = Ax — A + ,x aA10s ()
Ay = x

07 = Ax + -X Ajjeoleagable anj0s (e)

X + W = A  Ajeoieagebje anjos (9)
8+d4y =x
7 — m = A  Ajeoieiqgabje ar|0s (q)
m = A  Ajediesgable aAjos (e)
Az —27=x

0 =171+ Ax  Ajjeoieagable anjos (2)

g— = Ax  Ajeoieigable anjos (q)

¥ = Ax  Ajjeojeigable anjos (e)
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Fluency Practice

Solve the following simultaneous equations.

r+y=3
a2 4y2=5
r—4dy =2
" 3=5r—2y
2v+y=1
24y =2
r+2y=1
2422 =3
3y =9
5, =2
e —y =1
3y =2
6. o W7
y?— =4
20 +y=23
C 4?4 y?=5
20 — 3y =2
3r+y=1"
r+2y=3
S 31?2+ 4y =6
0. 2oy=4
x?+ 292 =17
3y="7
1. Y

24+r+y=21
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Fluency Practice

Solving Non-Linear Simultaneous Equations

(a) (b) (c) (d)
Solve Solve Solve Solve
y=x%+2 y = x? y =5+ x? y=x2+9x—6
y =3x y=10—-3x y=x+11 y=5x+6
(e) (f) (9) (h)
Solve Solve Solve Solve
y=x%—4 y = 6x — x? y=2x%2-1 y =x — 3x?
x+y=28 y+5x =24 x+y=5 X—y=
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Fluency Practice

Q Solve the simultaneous equations: Answers
1 7x+2y=29andy =2x —2

2 y=x2—x—2andy =2x—2

3 x?2+y2=25andy =2x—2

4 7x —2y =—20andy =x+5

5 y=x2+x+1landy=x+5

6 x2+y2=13andy=x+5

7 3x+4y=11landy = 3x + 14

8 y=2x2+4+3x—4andy =3x + 14

9 x2+y2=34andy =3x+ 14

10 3x—2y=—5andy=%x—%

11 y=—2x2—5x+1andy=%x—%

12 (x—1)2+(y+3)2=17andy=%x—%
13 ax+by=candy =dx+e

14 y=ax’+bx+candy=dx+e

15 x’+y?=candy=dx+e
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Fluency Practice

Al Solve A2 Solve A3 Solve A4 Solve
y=x' y=n’ y=3x y+7x=15
y=11x—10 y+3x:4 y=5X+8 y=2x“
B1 Solve B2 Solve B3 Solve B4 Solve
x*+y*=29 x*+y =41 x> +y' =17 Sx=d—y
y=3x+1 y=2x-3 y+2x=17 x"+y =8
C1 Solve C2 Solve C3 Solve C4 Solve
y=(x+1) y=x"+T7x+3 x+y=11 xy=6
y=5x-1 y=9x+2 xy =30 2x+y=7
D1 Solve D2 Solve D3 Solve D4 Solve
3x—y=4 x*—-y*=8 2x* - xy=12 3y* +2x* =21
x'+y* =34 3x=y+8 x=4+y y=2x=-7
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Fluency Practice

1T =4Ax - X
Z-X=£

X=A
£-Xp-,X=4
€T = A+ £Xp - X

0=T+4y-X

Hﬁuzlxolmm
G =£+Xg

p- =Lz +X
9- = Ax

G=A+X
maﬂ~>+Nx

7-X-,Xe=4
Z+XG+ X-=4

2+X7-X=4
1-Xz=4

)]

)

(D

)]

)

)]

)

0=T1+AZ+x¥
L-X+,X=£

c+x=4
07 = A+ X

0T =,4+,xz (p)

=£+x7 (e)

5

suonenba snoauejnuuls SUIMO[[0] 9} IA[OS  :E UOISINY

1T HN.\A+NxN
G=A+Xx7

T=4z +X
T =4+ X

0=A+X+/
@NHN>+Nx

01 = AX
L=K+X

0=7+A4A-X%g
E+xIT+X6=£  ([)

6€ - x0T =4
c+xg-,x=£ (3

7-X+,x=4
0=v+4-xz (p)

T-XE+,X=4
y=£A+x (e)
=

=

suonenba snoauelnwIs UIMO[[0] 93 A0S  :Z UONISANY

L-XG - X=K
T+X+,X7=K

G-x=4
PTL-X+ ,X=4

6+X£=4
T+X6+xg=4 (p)

7-%XG+,X=4K
c+x=£ (¥)

W.M

=]

suonenba snoauejnuwIs SUIMO[[0] Y3 SA[0S  :T UONSINY
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Purposeful Practice
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Purposeful Practice

solving simultaneous equations: one linear, one quadratic (i)
find the coordinates of the points of intersection

(1) x2+y2=5 (5) . 4x2 +y2=4
K X—=y= \< 2)C+3y=2

-
N
;2/

y_x=; (6) 2x2+xy+1=0
y—x =4
—_ y2+412=25
(3) ATy
| / X ty=1 (7) 4x2+y2=37
U

(4) x2+)?=2 (8) 2x2+)2=6 :
x+3y=2 x+2y=5 ;\

factorise any quadratic equations ...
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Purposeful Practice

solving simultaneous equations: one linear, one quadratic (ii)

find the coordinates of the points of intersection

(1) y=3x2—-14x-5 (5)
y=4x—-32

(2) x*+8y=13 (6)
2 +x=2

(B) 4x2+y2=10 (7)
2x—y =4

(4) 2x2+32=57 (8)
2y +x=6

2)2 + x2 =48
y+x=8

x2+)?2+2x—-4y =8
xX+y=6

x2+)2+6x—-4y=4
y=3x+4

2x?2—y?+xy=14
4x+5y =0
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Problem Solving

N
\V

Suggest possible equations for the line and the parabola.
Justify your answer.

Generalise your answer.
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Fluency Practice

. . . . . . Estimate solutions to each pair of simultaneous equations.
Solving Linear & Non-Linear Simultaneous Equations Graphically P a

Substitute the linear equation into the non-linear equation to

y x?+y*=16 express a quadratic equation in the general form: ax? + bx + ¢ = 0
a)
y = 2x
o y x2+y?=16
A 1 b)
s 5 y=x+1
3 T
:h T T “3‘
48 T T x “2‘
'5:‘ :'3:‘2 :']._iit _Z:Z{Z:V l;'? 1 1T
1 T N
'2 | il ‘: g ‘E:It g e
= 5432101
TR - 4
A H
-5 N 11J\ 55
=
-5
d x2+y?=25
y x2+y?2=9 ) y 3’3 ;
= 3x —
°) x+y=1 y
3
& i
e 1
x +— X
-6l - 1 12304+ 6
T :/
H
_5 H
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Fluency Practice

x?+y?>=18 Y Each grid shows 3 simultaneous equations involving 1 linear graph & 1 non-linear graph.
Calculate exact solutions for each. Can you substitute & simplify the equations?
X
2 2 y
x“+y“ =9
Y A
> X
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Problem Solving

Find the coordinates of the points A, B,C, D, E, F, Gand H

A

y=x +4x-12

%
«V"’

When you finish the task on the
left, look at the diagram below.
Suggest possible equations for the
line and parabola. Justify your
answer. Generalise your answer.
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Purposeful Practice

@) Max wants to spend £100 on plants.
But each plant costs £5 more than expected, so
Max has to buy 10 less than planned.

How many plants did Max plan to buy?

@

A rectangle has an area of 84 m2.
The length is increased by 1 metre.
The width is increased by 1 metre.

The new area is 104 m2.

What was the width of the original rectangle?

@

Hae wants to spend £90 on plant pots.
But each pot costs £3 more than expected, so
Hae has to buy 5 less than planned.

How many pots did Hae plan to buy?

A rectangle has an area of 60 m2.
The length is decreased by 2 metres.
The width is increased by 3 metres.
The new area is 72 m2,

What was the length of the original rectangle?

®

Jia wants to spend £160 on calculators.
But each calculator costs £2 more than expected, so
Jia can afford 4 less than they planned.

How many calculators can Jia now buy?

®
With £360 a shop can buy g t-shirts.
With a price decrease of £8, the shop can
now buy 12 more t-shirts.

How many t-shirts can the shop now buy?
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Purposeful Practice

Tim runs 300 metres in t seconds.
By increasing their speed (s) by 1 m/s,
Tim runs the 300 metres 10 seconds faster.

What was Tim'’s original 300 m time?

Original: st =300

New: (s +1)(t—10) =300

Jan runs 200 metres in t seconds.
By increasing their speed by 3 m/s,
Jan runs the 200 metres 15 seconds faster.

What was Jan’s original 200 m time?

A cyclist travels 1 km in t seconds.
Their speed decreases by 5 m/s and they
travel the next kilometre 10 seconds slower.

How long did it take the cyclist to cover the 2 km?
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Fluency Practice

Harder Simultaneous Equations

(a) (b) (c) (d)
Solve 2x+4+3y—18=0 Solve 3x+4y =8 Solve y=x%2—2x+6 Solve x?+7y? =150
x=y+4 6—x =2y y=x+4 y=x—8
(e) (f) (9) (h)
Solve x2—5x=y—75 Solve x2 + 2y2 =22 Solve x?%+y?+xy =12 Solve y=x%+4+3x—-75
2x+y=5 3x =2y X=6-2y xoy=4
(i) €)) (k) m
Find the coordinates of the Solve xy =16 Solve x+2y=5 Find the length of the line

points where the curve
y = 2x? — 3x — 4 intersects
with the liney = 2x — 1

x+y=10

(x—1)2+(y—2)2=20

joining the points of
intersection of y = g + 1 and

x2+yt=xy+4
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Fluency Practice

More Quadratic Equations and Inequalities Revision

(a) (b) (c) (d)
Solve Solve, by completing the Solve Solve
x2+x—-20=0 square, (x+3)(x—=5)>0 3x2—-11x—7
x>+6x+3=0 giving your answers to 3
giving answers in surd form significant figures
(e) () (9) (h)
Solve Solve Solve Solve
x2 <25 5x2+18x =8 y=x+1 2x2—13x+10<0
y=x%+5x—11
(i) 6)) (k)
The area of a triangle with base (x + 9) A rectangle has a length of (x — 6) cm Solve
cm and height (2x + 1) cm is 21 cm?. and a width of 4x cm. The area of the x+2y=7
Find the value of x. rectangle is less than 13 cm?. Find the x*+y* =10

range of possible values of x.
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3 Advanced Sequences
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Fluency Practice

¢£,8INJ WIB}-0)-WId} INoA Jno ainbyy Jeuped noA ue) “sousnbas Uumo JNoA dn axepy

UOISUSTX3

i ‘L1+2)21 L+3)S ‘e+3) g T2
i ‘ero-6 ‘9-gre ‘erz-e ‘2 b
i '09- ‘gror ‘or- ‘grg
iereere e 9

& QINLE Y SL, p

i eereIre,e, D
i ‘gL gret 9 er q

Maﬁ N\/N aN am\/c

$,@ousnbas ay} Ul Jaquunu }xau 8y} aq ||IM 1BYAA
¢,8INJ WIB}-0)-WI8) 8Y} INO YJOM NOA ued ‘seousnbas asay) je %001

étXouU S8W0D +oym :S30USNbas [PUOHDI

Page 97



Fluency Practice

geometric series: what are the constant ratios?

(1)

(6)

294,912

(2)

(7)

21

189

5,103

27

729

)

(8)

80

1280

(4)

what are the first terms (a) and the ratios (r) of these geometric series?

(10)

35

21,875

(11)

441

1,058,841

(12)

1221

1,625,151

(13)

324

26,244

2,125,764

4,782,969

177,147

200

0.00125

)

(10)

(14)
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Fluency Practice

geometric series: what are the missing terms?

(1) 24 2 = @) - 4 - )

— 30 — — 8
54 — 72 1200 —
— 480 — — —_
32 1875 1
(6) 25 7)) = ®) — 9) 192 (10) 250

— 9.9 150 — -
102.4 11.979 216 81 54

what are ‘a’ and ‘r’ for these geometric series?

(10) ar=4 (11) ar?=144 (12) ar®=1792 (13) ar2=1728 (14) ar=1.6
ar* = 4000 ar® =729 ar® = 917504 ar® =729 ar’ =0.0001024
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Purposeful Practice

geometric series: find possible values of n and the corresponding constant ratios

(1)

(6)

(11)

n-—1
2n
3n+9

n-2
2n -2
3n+6

n+1
2n+7
3n-3

(2)

(7)

(12)

n-2
2n
3n+18

n-—1
n+1
3n-1

2n-3
2-3n
3n+8

3)

(8)

(13)

6

| 235 W
S
|

n+1
2n -1
5h-7

3n-2
4n -2
5n -1

(4)

(9)

(14)

n-2
2n + 2
3n+ 88

2n + 2
3n-1
4n -3

n-—4
3n-4
10n -4

®)

(10)

(19)

10 +n
35+ 2n

n-2
2n
3n+20

3n-2
3n+3
4n
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Fluency Practice
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Fluency Practice

Geometric Sequences

(a)

(b)

(c)

(d)

Find the next two terms in the
sequence 7,14, 28, 56, ...

Find the next two terms in the
sequence 40, 20, 10,5, ...

Find the first four terms of the
sequence with first term 2 and
common ratio 3

Find the first term and common
ratio for the sequence:

3,15,75,375, ...

(e)

(f)

(9)

(h)

Find the first term and common
ratio for the sequence:

160, 80,40, 20, ...

Find the next two terms in the
sequence 2,—4,8,—16, ....

Find the first four terms of the
sequence with first term 120
and common ratio 0.5

Find the first term and common
ratio for the sequence:
4,-8,16,—32, ...

()

6))

(k)

)

Find the first four terms of the
sequence with first term 5 and
common ratio —2

Find the first four terms of the
sequence with nth term

6 x 371

Find the nth term of the
sequence with first term 10 and
common ratio 4

Find the nth term of the
sequence with first term 250
and common ratio 0.2

(m)

(n)

(p)

Find the first four terms of the
sequence with nth term

400 x (%)n_1

Find the nth term of the
sequence with first term 8 and
common ratio —5

A tree starts with four branches. Every month each branch splits
into two. How many branches will the tree have after 5 months?

Find a formula for the number of branches b after n months.
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Fluency Practice

Q | Find the value(s) of x where... Answers

1 [x—1,2x + 5, and 4x + 8 are three consecutive terms of an arithmetic sequence

2 |x—1,2x + 5, and 4x + 8 are three consecutive terms of a geometric sequence

3 |x—4,x+ 2and3x + 1 are three consecutive terms of an arithmetic sequence

4 | x—4,x+ 2and3x + 1 are three consecutive terms of a geometric sequence

5 |x—3,x+ 1and 4x — 2 are three consecutive terms of an arithmetic sequence

6 |x—3,x+ 1and4x — 2 are three consecutive terms of a geometric sequence
x—1,x+4,2x + 7 are three consecutive terms of an arithmetic sequence
x—1,x 4+ 4,2x + 7 are three consecutive terms of a geometric sequence

9 | /x —1,1and+/x + 1 are three consecutive terms of an arithmetic sequence

10 | /x — 1,1 and v/x + 1 are three consecutive terms of a geometric sequence
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Fluency Practice
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Fluency Practice
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Fluency Practice
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Fluency Practice
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Fluency Practice

find the next two terms in these quadratic sequences

m 6,7,10,15,22,31, 7,7

@ M1,15,21,29,39,561,7,7

® -18,-14,-8,0,10,22, 7,7

@ -7,-8,-7,-4,1,8,7,7

¢ -10,-13,-14,-13 ,-10,-5,7?7, 7

Page 117




Purposeful Practice

two of the terms in these quadratic sequences are wrong

(1)

(4)

()

5,0,-1,-4,-1,0,5,12 ,21 ,40

10,6 ,4,4,6,12,16 , 24 , 32 , 46

5,1,-1,-3,-1,5,1,19, 29 , 41

7,117,3,-1,-3,-3,-1,3, 11,17

-26 ,-22,-20,-14 , -6 ,4 , 14 , 30, 46
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Purposeful Practice

fit a quadratic rule to these sequences

1 1
2
2) 1
3
3) 1
3
“4) 1
6
5) 1
1

11

18

11

18

27

11

18

27

38

27

11

38

51

27

38

18

51

66

....... n (6)
....... n (7)
....... n (8)
....... n ©)
....... n (10)

31

24

48

3

31

69

18

4 5
48 69
4 5
94 123
4 5
31 48
4 5
9 18
4 5
3 4
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Purposeful Practice

find a rule for the numbers of dots/circles in these quadratic sequences

1) centred hexagonal numbers 5) corner hexagonal numbers

ooooo

e A ey \ . . .. oy
< » « o s LK . . . < o s . . . :o. .o:
o’ . ‘._‘ ’ . — ’ LN . . . . . * o®
- - —ed 4 . .’ o,
2) centred pentagonal numbers 6) corner pentagonal numbers
¢ . ¢ . ¢ . ...
3) centred heptagonal numbers 7) corner heptagonal numbers

o SURIEAN

4) centred octagonal numbers
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Purposeful Practice

The nth term of a sequence is in the form an? + bn Finding the nth Term of a Quadratic Sequence )
The 2" term in the sequence is 14.
The 4'" term in the sequence is 44. @ The nth term of a sequence is in the form an? + bn

Finda & b.

1) Form two equations . .
) 9 2) Solve the simultaneous equations.

The 2"d term in the sequence is 18.
The 4th term in the sequence is 52.

ina &b. Find a & b.
a(2)?+b(2) =14 16a + 4b = 44 4(2)+2b =14
4a+2b =14 —22 8a + 4b = 28 2b=6
— b=3
a(4)?2+ b(4) = 44 8a = ;6
a=
16a + 4b = 44
nthterm= 2n%2+ 3n
How can we
check our answer?
@ A sequence is in the form an? + bn @ A sequence is in the form an? + bn @ The 4t term in a sequence is 64.
The 3" term in the sequence is 30. The 2" term in the sequence is 22. The 5t term in a sequence is 105.
The 6t term in the sequence is 114. The 3" term in the sequence is 45. Find the 3 term in the sequence.

Find the nth term

Find the nth term
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Purposeful Practice

(a) A quadratic sequence begins 3, 15, | 51, 75,...
What is the the third term?

(b) The quadratic sequence beginning -3, 3, 11, 21, 33...
has nth term n2 + 3n — 7.
Find the nth term of the quadratic sequence that begins
3, 11, 21, 33...

(¢c) The first term of a quadratic sequence is 10, the fifth term is 25,
and the ninth term 45. Find the thirteenth term of the sequence.
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Fluency Practice

Q Answers
1 | The nth term of a quadratic sequence is n? + n — 20. Work out which term has a value of 52.

2 | The nth term of a quadratic sequence is n? + n — 20. Work out the value of the 52" term.

3 | The nt" term of a quadratic sequence is n? + 2n — 5. Work out which term has a value of 58.

4 | The nt" term of a quadratic sequence is n? + 2n — 5. Work out the value of the 58th term.

5 | The nth term of a quadratic sequence is n?> — 6n + 7. Work out which term has a value of 23.

6 | The nth term of a quadratic sequence is n? — 6n + 7. Work out the value of the 23 term.

7 | The nth term of a quadratic sequence is 2n? — 6n + 7. Work out which term has a value of 7.

8 | The nth term of a quadratic sequence is 2n? — 6n + 7. Work out the value of the 7t term.

9 | The nt" term of a quadratic sequence is 3n? — 29n + 75. Work out which term has a value of 7.

10 | The nth term of a quadratic sequence is 3n? — 29n + 75. Work out the value of the 7th term.

11 | The nth term of a quadratic sequence is an? + bn + c. Work out which term has a value of 25a + 5b + c.
12 | The nth term of a quadratic sequence is an? + bn + c. Work out the value of the 10t term
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Fluency Practice

Using the Nth Term of Quadratic Sequences

u, =n?+3n-5 u, =3n*—n+1 U, =n?—2n u, =n?’+an—>
(a) (a) (a) (a)
Find the value of u, Find the value of ug. Find the 9t" term of the Find the value of us in terms of
sequence. a and b.
(b) (b) (b) (b)
Find the difference between the Find the sum of the 9" term Find an expression for the Find the value of u, in terms of
6" term and the 7" term. and the 10" term. (n + 1) term. a and b.
(c) (c) (c) (o)

A term of the sequence is 65
Find the value of n.

A term of the sequence is 103
Find the value of n.

Find an expression for the
difference between the n*" and
the (n + 1) term.

Given that ug = 25 and
u, = 70, find the values of a
and b.
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Fluency Practice

Using the Nth Term of Sequences

6n 4n+3 10 — 3n 4n?
U, = u, = u, = ——— =
Ton+7 " o on+1 " 24n YTz 18
(a) (a) (a) (a)
Find the value of ug as a Find the value of ug. Find the 6" term. Find the value of ug as a mixed
fraction in its simplest form. number.
(b) (b) (b) (b)

11
A term of the sequence is >

Find the value of n.

15
A term of the sequence is "y

Find the value of n.

7
A term of the sequence is -3

Find the value of n.

Find the term in the sequence
closest to 3.8

() (c) (c) (c)

Find the difference between the | Find the sum of the 4" term Find 2uyo — Uge Find the difference between the
5t" term and the 9" term. and the 14" term. 8" term and the 10" term.

(d) (d) (d) (d)

Find the first term in the
sequence that is greater than 4

Find the first term in the
sequence that is greater than
3.9

Find the first term in the
sequence that is negative.

Find the smallest value of n for
7
which u, > >
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4 Algebraic Proof
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Fluency Practice

Prove It!
a) 2n+4(n+1)+4 b) 2(n+1)+4(n+2) c) 5(n+3)—-3(n—1) d 42n—-3)—-32n-1)
. ) . . A number (n)
is always even is always even is always even is always odd
An even number 2(n)
An odd number 2(n) + 1
e) (n+1)2—-n?2+1 f) (n+2)2—n? g) n*+ (n+1)2 h) n?2+ (n—3)2 i) 2n+1)2+3
is always even is always even is always odd is always odd is divisible by 4
) (m+ 12+ (n+2)? kf (n+3)2—(n+1)? ) (n—4)2—(n—2)>?
is always odd is divisible by 4 is even
m) (2n+1)3 n) (4n+1)2— (4n— 1)2 o) 2n—-1)?-3(n—-2)2-2(n—-10)
is always odd is divisible by 8 is a square number
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Fluency Practice

expanding quadratic brackets (n is a positive integer)

proofs (1) prove that (n + 6)(n + 3) is always 10 greater than (n+ 8)(n + 1)
(2) prove that (n + 1)(n + 2) —n(n + 3) is always 2
(3) prove that n(n + 1) + (n + 1)(n + 2) is double a square number
(4) prove that (n — 3)(n — 2) is always 2 greater than (n —4)(n-1)
(5) prove that (3n—1)(3n + 1) + 1 is 9 x a square number

(6) prove that (2n + 1)(2n + 3) + 1 is an even square number

(7) prove that (3n + 2)? is always 1 more than (3n + 1)(3n + 3)
(8) prove that (3n + 1)(3n + 2) — 3n(3n + 3) is always 2

(9) prove that (2n + 1)2 + (n + 3)? is always a multiple of 5
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Fluency Practice

Algebraic Proof with Multiples

(a)

(b)

()

Show that 4(x +3) + x — 2
is always a multiple of 5

Show that 3(7 + 2x) — 9
is always a multiple of 6

Show that 4(x + 7) + 2(1 — x)
is always a multiple of 2

(d)

(e)

(f)

Show that 7(2x — 1) — 5(x — 2)
is always a multiple of 3

Show that (x + 7)(x —2) —x2 —1
is always a multiple of 5

Show that (x +8)(x + 1) — x(x + 5)
is always a multiple of 4

(9)

(h)

(i)

Show that (x + 5)% + (x — 3)?
is always a multiple of 2

Show that
Bx+52x—-1D)+2x+1D(x+1)
is always a multiple of 4

Show that
Bx+2)?2—(x+4)Bx—2)+4(x—3)
is always a multiple of 6
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Fluency Practice

Answers. Even 2n/2k Odd 2n +
1/2k+ 1

Q | Prove algebraically that:

1 |the product of two consecutive integers is always even

2 |the sum of two consecutive integers is always odd

3 |the difference between two even numbers is even

4 |the difference between two odd numbers is even

5 | the sum of the squares of any two even numbers is a multiple of 4

6 | the sum of the squares of any two odd numbers is 2 more than a multiple of 4

7 |the sum of three consecutive even integers is even

8 |the sum of three consecutive odd integers is odd

g | the product of three consecutive even integers is even

10 | the product of three consecutive odd integers is odd

11 | the sum of the squares of any three consecutive even numbers is always 4 less than a multiple of 12
12 | the sum of the squares of any three consecutive odd numbers is always 11 more than a multiple of 12
13 |(@2n+ 1)2 — (2n + 1) is an even number for all positive integer values of n

14 | Bn+ 2)?2 — (n —1)? is an odd number for all positive integer values of n

15 n? — 2 — (n — 2)? is always an even number for all positive integer values of n greater than 1

16 n? — 1 — (n — 4)?% is always an odd number for all positive integer values of n greater than 1
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Purposeful Practice

triangular number proofs

(1) 1+3=4
3+6=9
6+10=16

general rule? proof?

2) 3-1=2
6 — 3
1 =

® 4o

4

general rule? proof?

(3) 1x3=3x1
2x6 =4x3
3x10 =5x6

general rule? proof?

4) 8x1+1=3x3
8x3+1=5x5
8x6+1=7x7

general rule? proof?

(6)

(7)

3-2x1=1
10-2x3=4
21-2x6=9

general rule? proof?

3x3+1=10
3x6+3=21
3x10+6 =36

general rule? proof?

3x3+6=15
3x6+10=28
3x10+15=45

general rule? proof?

9x1+1=10
9x3+1=28
9x6+1=55

general rule? proof?

©)

(10)

12+32=10
32+ 62 = 45
62 + 102 = 136

general rule? proof?

32_12=8
62-32=27
102 - 62 = 64

general rule? proof?

Th="%n(n+1)

—
O WOoONOOAWN-=-S

NN DNDNDNDNDNDDNDNDN -2 2
QO NP, WN L0000 NOOODOPE WN -~

Tn

10
15
21
28
36
45
55
66
78
91
105
120
136
153
171
190
210
231
253
276
300
325
351
378
406
435
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Purposeful Practice

consecutive numbers — setting up and using an equations to solve a problem

find three consecutive numbers that add up to 45
any number is n; the

find four consecutive numbers that add up to 38 next numberis n + 1

find five consecutive numbers that add up to 60

. find three consecutive even numbers that add up to 42
any even number is

2n; the next even find four consecutive even numbers that add up to 60

number is 2n + 2 etc ] find five consecutive even numbers that add up to 60

find three consecutive odd numbers that add up to 57 any odd number is

find four consecutive odd numbers that add up to 48 2n + 1; the next odd
number is 2n + 3 etc

find even numbers of consecutive odd numbers that add up to 72

i ) find three consecutive multiples of 3 that add up to 63
any multiple of 4 is

4n; the next multiple find four consecutive multiples of 5 that add up to 150

of 4is 4n + 4 etc find five consecutive multiples of 2 that add up to 94
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Purposeful Practice
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Fluency Practice

T+ X2+ X
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Fluency Practice
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Purposeful Practice
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Fluency Practice

8(ax +2) = 24x + 16

5(2x + a) = 10x + 45

39x+1)=27x+a

6(5-x)=30—ax

4(7x +2)+a =28x+ 10

5(3x +4) + ax = 19x + 20

2x+9+4+ax-b=10x+ 6

a(7x-3) = 35x — 15

2(ax+5)+3(2x+b) =18x + 13

9(ax +b) +4(x — 2) = 13x + 37
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Fluency Practice

Algebraic Proof

(a) (b) (c)
Show that Show that Show that
3x(x+5)+2x(x —5)=5x(x+1) x+6)(x—2)+12=x(x+4) (x—4)2+6x—16 = x(x —2)
(d) (e) (f)

Show that
38—x)+2(5x—6)=ax+b
where a and b are integers to be found

Show that
(x+5)x-3)—x(x—8)=ax+b
where a and b are integers to be found

Show that
(x+6)?>+4(x—-9) =x(x+a)
where a is an integer to be found

(9)

(h)

()

Show that
2x+5x -1 +3(5-x)=ax?+b
where a and b are integers to be found

Show that
(x+4)%+ (x+2)(x —8) = ax(x + b)
where a and b are integers to be found

Show that
(3x + 4)? — (5x + 8)(x + 2) = ax(bx + ¢)
where a and b are integers to be found

Page 166




Fluency Practice

P 2 q v

slamsuy

GZ—X8+ X=GT+x2+(S—x)(4+x) | g

0T — XSE+ X6 = (8+x)xb+ (2 —x)(S+ %) |2

a+xoﬁ+Nﬁ\mxm+N§:+A:+me+xv ‘9

A+x[+x=¢+(O-0)(L+X) |5

Y+ x24T = (0T +x2)0+ (E+%)9 | v

J+xa=0T+ (T —-x¥)Z+ (T +x2)9 | ¢

Xp + ;%0 = (7 — x2)x€ — (€ — X)X07T | 2

q+x0=(S—%)9+(@B+x£)T | L
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Fluency Practice

)

2+ xLE+ xpy = (€ +x2)xv + (9 + x€)(T + X5)T

0l

)

C+X

]—-XxX=—F———
q— X+ ,XD

L.

24+ ,(IT+x)g=¢+x0+ ,X§

L.

8+ x77= (9 + x0)S+ (v + x¢)¥

L)

0T — X2+ ,xZ = xp + (9 —x)(S + xp)

8—x12= (9 + x9) — (I + xp)¢

8+ XIT+ ,X5=q+ O+ x)(T + xp)

S Q

24 ,(q+x)0 =6 — X7 + ;X2

K}

0+xq + 0+ X=(T-X)F+)(T+%)

)

2+ xq+ ,x0 = £+ (S —X)(€+ x27)
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Fluency Practice

Find the value of each letter in the identities below. Circle the answers at the bottom as you find them.

8(ax +2) = 24x + 16

-0

5(2x + b) = 10x + 45

b=

c(9x +d) = 18x + 26

c=|:|,d=|:|

e(2+ fx)=24x-8

e=[1r=[]

6(3x+5)+g=18x+ 44

g=[]

4(5x —3) + hx = 13x — 12

h-

iBx—3)=4x+]j

i=[]j=L]

12(6x + k) —lx = 71x + 4

k= |1=[]

(x+m)(x—2)=x%+5x—14

m=]

(x+4)(x—-7)=x%+nx—-28

n-0J

(x+ 0)(x + 20) = x% + px — 160

o=[1r=[]

Rx+1D(x—-5)=2x2+rx+q

q=[1r=[]

(x—5)2+10=x2-10x + 35

5=

(x+3)2-3=x?+tx+t

-0

x+wl—-v=x2+22x+71

w=v=-]

x2=5x+6=(x+w)il—-y

w=[1]y=[]

ax — 8
=4
4x+p

a=[]p=[]

X%+ yx + 44
e x4
x+ 11

y=[1]s=[]

(x+52%(x—2)=x3+ex?+5x+¢

e=[1¢=[]

(x—-mkx+8)=(x+6)?*-81

n=[1e=[]

Answers (One of the questions has multiple solutions. Which one? What are the other possible solutions?)

1

2 3 4

5

6 7 8

9 10 11 12

13 14 15 16

-1

-2 -3 —4

-5

-6 =7 -8

-9

N
Wik
e

=50 50
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Fluency Practice

Find the value of each letter in the identities below. Circle the answers at the bottom as you find them.
ax+12_2 7x+b _ 3x+5 cx—10 35x-5 12-9x _
4x+6 21x— 12 9x + 15 18x—12 42x+d xre )

»-01

c=|:|,d=|:|

e=[1r=[]

g=[]

v-0

r_x_Xx x+1 x_hx+20 2x+i+x+5_jx+22 kx—-8 4x—-11_ 1
3 g 12 7 2 140 5 3 15 6 8 12

x?4+mx  _ x
x2+7x+10 x+2

m=[]

x2—x—12 _x+3
x2—-9x+20 x+n

o=[1r=[]

x2+qx+r _ x*+3x—18
x2+x—20" x24+11x+30

q=[1r=[]

3x2—sx—5
—_—=3x+1

x+ux—18 _ x+9
2x2—x—6  wvx+3

wx?+12x—1 _ 11x*+yx—1
26x2+11x—1" 22x2+9x—1

x+3_x+a_x2+ﬁ

a=[1p=]

X+4 x2—16 10x —40

y=[1s=[]

5—x x+75146—2x—x2

e=[1]¢=[1

x—5 2x2—-18 2x—6
s=[] e=[] w=]v=[] w=[]y=[]
5 4 x =27 y x — 44 & 6{ 3 29 —x 1 1 n 126x + 2
= = + —+—t =
x x+1 x+2 x3+3x%2+2x

n=[1o=[]

Answers
1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16
-1 -2 -3 —4 -5 -6 -7 -8 -9 : : = —1= —22 -50 50
2 3 4 2 2
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Fluency Practice

versions

find the values of the letters in these (equivalent) ‘families’ of quadratic expressions

(1)

(4)

(x +2)(x + 6) + 3
(x+7)(x+a)+b
(x+cp2—d

(x +1)(x + 15) — ex

(x +Hx +9)

(x—3)(x—-5)-35
(x—1)x+a)+b
(x—c)2—d

X2 —4(2x +e)

(x +Hx-g)

(2)

®)

(x = 8)(x + 1)+ 14
(x-2)(x—a)-b
(x —4)(x —c)—d
(x—3)(x—2)—ex

(x-f)x—-g)

(2x + 3)(x + 8) + 11
(2x+ 7)(x +a)—b
(x+9)(2x +c)+d
(x-5)2x—7) +ex

(2x + f)(x + g)

)

(x = 2)(x — 10) + 15
(x+3)(x—a)+b
(x—cp—d

(x +5)(x +7) — ex

(x—f)(x—-9)

@2x + 1)(x +2)— 14
2x—1)(x+a)—b
(x +6)(2x—c) +d

2(x—3)(x +2) + ex

(2x —f)(x +g)
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Purposeful Practice

(1+x2)€ =(2-X)11 + (G + X2)G 40y} Mmoys
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pup 4s2buo| 2y4 Jo Jonpoud 2y4 pup Jagquinu
2|pp!W 2yt Jo 2Jonbs 2y} uaamiaqg 20uaJa4Ip
2Y4 'Su2quinu 2A11N22SU02 224y} Aup Jo4

U2A2 SADM|D
SI SU2qWNU PPO 2A14N22SU0D OM} JO WINS Y|

(1 + D y2gqWNU puU0o22s UNOA ‘D U2qWINU }SJ1} JNOA [|DD - July)

Jaquinu 2|ppiw 2y}
Sa2Wl4 € SI SUaqUiNU 2A1LNJ2SU0D 22JY) JO WNS 2y

AYM ‘U2A2 2 M T +U+T - U

/ 40 2|dijjnw o sAom|p
SI € + ¢ + D2 + DG DY} Moys

,g +,0 04 |onba
$ou st (g + D) 4Dyl 2A0U4

i} anoud
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Purposeful Practice

from exercises in algebra part three by HF Browne (1936)

solve the equations find two numbers such that
: the sum of their squares is
2,3 _4 five times their sum
X Y : and
5 6 the difference of their squares
~ B 7 is nine times their difference
the perimeter of a i the area of the \
right-angled triangle is 40 cm :  right trapezium
and the area is 60 cm?  is4 n
find the lengths of the sides i findn
‘ ] [
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Fluency Practice

Number and Algebra Proof Revision

(a) (b) (c) (d)

Show that 8% — 3% = 42 Show that V80 can be written Show that 0.75 = 2 Show that 35 = 12 = 1%

33
in the form kv/5 where k is an
integer to be found

(e) () (9) (h)
Show that 0.31 = ﬁ Show that 0.427 = % Shov;/ that st\évnt:itmtl?:rzrr?g;cnt g;dan
(7 - 5\/5) =a+bv3 number is always even.
where a and b are integers to
be found

(i) ) (k)

Show that the sum of three consecutive sh that 312 b itten in the f Show that

odd numbers is always a multiple of 3 ow that 7~z can be written in the form Bn+4)(n—3)+n(n-3)

c+ d\/§, where ¢ and d are integers to | is a multiple of 4 for all integer values of n

be found.
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5 Advanced Vectors
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Fluency Practice

1. ABC is a triangle. Find, in terms T

2

ofxand y : A

(a) BA (b) CB
(c) AC (d) CA

2. ABCD is a rectangle. Find, in terms

Y |

ofxand y : A

(a) DA (b) AC
(¢c) CA (d) BD

r Y

3. ABCD is a trapezium. Find, in terms
ofxand y :

(a) AC (b) DB
(¢) 4D (d) DA D
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Fluency Practice

State the value of each vector. A B n p % Y
b
" 2b
D >5a &

Q 0 T o

a.
b.
c.
d.

N

b. a.
C. b.
d. "
a= b= c =y
d.
d = P f =
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Purposeful Practice

Vectors and Coordinates

(a)

(c)

(e)

ABCD is a parallelogram.
= _ (—2 = _ (3
4B = (") and 4D = (})
Given that the coordinates of 4 are (3,1),

find the coordinates of points B, C and D.

ABCD is a parallelogram. BC = (3)

The coordinates of A are (2,7) and of B
are (8, 3). Find the coordinates of C and

D, and the vector DC.

ABCD is a trapezium. AB = 2DC.

= _ (3 =72 _ (-3
DC = (3)ana BC = (7°)
The coordinates of D are (2,8). Find the

coordinates of 4, and the vector AD.

A " A A
D D D :
B ; ) B
o > 0 s 0 - >
(b) (d) ()
fC‘D iséa paraHil)ograr;. ABCD is a rhombus. CB = (:i) fCDEj is a I'(E:Har heéagon.
AD = (1) and DC = (4) The coordinates of A are (—1,4) and of B | AB = (0) and FE = (2\/§>

Given that the coordinates of A are (0, 1),
find the coordinates of points B, C and D.

A

v

are (3,1). Find the coordinates of C and
D, and the vector DC.

A

D

A7

FC = 24B. The coordinates of A are
(5,2). Find the coordinates of B, C and D.

A

v
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Fluency Practice

1. Based on the picture, determine whether each of the given statements is true or false.

Ql

N

IS

bt

N

hS|
Il
S|

gl

3l

|

|
2l

~

<

>
Sl |‘ Ql
I I Il
N
< 3 2|
Slog
= ~~ ~
E = ©
=l
|
Il
ol 8l
S
g + + 3l
TN
o T ot
SIS
+ +
sl o
~~
= =2 a5
2
=
S
3
3| 4
ke
g 8
s 3
STRIS
2| [<B-<
+ g 8
5 =
w3 o S
| | o 2
al s oW g 8 S
[
Il Il Il o O +
ST ST~ 4 5 3l
—_ ~ — ] ~
o © o O o <
~

3. Given the vectors a, b and ¢, draw each of the following vectors.

=l

3|

b) 3b

SI

=l

Q

u]

Ql
|

S|
o

Ql

—2¢

f)

a+3b—c

g —2
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Purposeful Practice

4. Suppose that M is the midpoint of line segment AB. Let O be a point in the plane of AB. Let a denote the vector

pointing from O to A, let b denote the vector pointing from O to B, and m denote the vector pointing from O to

b
M. Prove that m = QT—i__. (Hint: Let z be the vector pointing from A to M. Express first x in tems of ¢ and b.

m=a+ x).
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Purposeful Practice

[fHL=aand GD=Db
how many other
vectors can you define
in terms of a and b?
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Fluency Practice

1. ABC is a triangle. M is the midpoint
of AC. Find, in terms
ofaand b :

(a) AC (b)CA
(c) AM (d) BM

2. ABCD is a trapezium. M is the midpoint
of AD. Find, in terms
ofaand b :

() DA (b) DM
(c) AD (d) MC

3. ABCD is a parallelogram. Find, in terms
ofaand b :

(a) OC (b) AC
(c) 4B (d) AD
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Fluency Practice

Defining Vectors

(a)

(b)

(c)

The diagram is made up of nine congruent
rhombuses.

0A =aand OB = b.

Define the following vectors in terms of a

and b.
(a) OF (g) OH
(b) OF (h) DP
() G (i M
(d) MP () MD
(e) AO (k) CB
(f) LD () NO

The diagram is made up of twelve
congruent parallelograms.

0A =2cand 0D = d.

Define the following vectors in terms of €

and d.
(a) EG (9) Mj
(b) BS (h) QF
(c) KJ () 1L

(d) RE 4) HB
(e) OF (k) TE
) JT () KD

The diagram is made up of nine congruent
equilateral triangles.

m?)=xandm))=y.

Define the following vectors in terms of x

and y.
(a) FD (g) FO
(b) HA (hy CE
() GH Gy Hi
(d) OC G) BG
(e) DB (k) HD
(f) O () IF
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Purposeful Practice

Vectors and Midpoints

(a) (b)

In the triangle OAB, 04 = 2a and A OABC is a trapezium, where 0A=a p b B

OB = 4b. C is the midpoint of the 2a c and AB = b. D is the midpoint of BC D

line AB. 0 and OC = 24B. a

Express the following in terms of 4b B Express the following in terms of ¢
a and b: aand b: 0

(a) AB (b) BA (a) OC (b) CB

(c) AC (d) BC (c) BC (d) BD

(e) OC (f) CO (e) AD (f) DO

(c) (d)

In the parallelogram OABC, 0A=a
and OC = c.
X is the midpoint of the line OB.

Express the following in terms of
aand c:

(a) CB (b) BA
(c) OB (d) XB
(e) XC (f) AX

What do the answers to (e) and (f) tell us about the points C, X
and A?

OABC is a quadrilateral.

W=a, O0C=cand CB = b.

X is the midpoint of OA and Y is the
midpoint of AB.

Express the following in terms of
a,b and c:

(a) 04 (b) OB
(c) CA (d) AB
(e) AY (f) XY

What do the answers to (b) and (f) tell us about vectors O_B) and
XY?
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Fluency Practice

Vectors Around Shapes

EEN ErR rEE EEE O Ene
ErE ERE BERE BRE BRE

Page 201
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Purposeful Practice

The diagram shows the quadrilateral ABCD.

The point E is the midpoint of A and B. The point F is the midpoint of B and C.
The point G is the midpoint of Cand D. The point H is the midpoint of D and A.

B

AB=a BC=b CD=c

1. Express in terms of a, b and/or c:

DC

AD

2. Express in terms of a, b and/or c:

What do you notice?
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Purposeful Practice

Vectors and Ratio

(a) (b)
In the triangle OAB, 04 = 3a and A OABC is a trapezium, where 04 =
AB = 6b. The point C divides the line 2a and AB = 2b. OC = 24B and D
OB in the ratio 2 : 1. 3a 6b splits the line BC in the ratio 1 : 3. 2a
Express the following in terms of B Express the following in terms of
a and b: 2 a and b:

0 0
(a) OB (b) OC (a) BO (b) BC
(c) BC (d) AC (c) BD (d) DO
(c) (d)
In the parallelogram OABC, OA = a B %BC is a quadrilateral.
and OC = b. The point X divides the OA=a, OC=band CB =c.
line OB in the ratio 3 : 2. The point X divides the line OC in a

the ratio 2 : 1. The pointY
Express the following in terms of divides the line AB in the ratio
a and b: 3: 1. 0
Express the following in terms of a, b and c:

(a) AB (b) OB (a) 0X (b) XC
(c) 0X (d) BX (c) AB (d) AY
(e) AX (f) XC (e) AX f) XY
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Purposeful Practice

A B A
as a 2
X X
& G +
O b @) b
What is the ratio of OX: XB and AX:AC
A B A B
N
aa
N art X
X
> G S
@) b 9) b C

N is the midpoint of BC
What is the ratio of OX: XN and AX:AC

Ratio of BN:NC is 1:3

A
aa X
>
O b N

Ratio of ON:OC is 4:5
What fraction of AN is AX?
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Purposeful Practice

-

~
1) Vectors Around Shapes 3) Mis the midpoint of line XY.
M is the midpoint of line XY. N divides the line ZY in the ratio 1:2 XM =
ﬁ =
X X N
. y ZN =
YM =
a
. Express usinga, b & c.
oM =
a —_—
ZM =
N is the midpoint of line OM. 0
N c N
ON = Z  MN-=
(o} b Y
2) 4) 0zZ=2XY .
o ) ) ) OM = M divides the line XZ in the ratio 1:2 XZ =
M divides the line OY in the ratio 2:3 N divides the line YZ in the ratio 1:2
0Y = XM =
3b y
W = X Y—Z) =
X
YM = 2a YN =
’a 6b
YX = MN =
0 Z
o M What statements can you make about
9 the magnitude & direction of lines XY & MN? )
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Purposeful Practice

Vector Proofs M is the midpoint of the line.

1. A 2. A 3. A
2a 3a 4a
M M M
B B B
0 2b 0 b 0 3b

Prove AM = a + b Provem=%a+%b

Prove AM = ;b —2a

4, A
%
X
o Sb ®
AX:AB = 1:2
Prove AX = 2.5b — 1.5a

5. A 6. A 7. A 8. A
a 3a 3a
X X 2a
X X
0 B (6} B (0] B ) B
2b 6b 9b 3b

AX:AB =1:3 AX:XB =1:2 AX:XB =2:1 AX:XB = 3:2
Prove AX = %a + %b Prove AX = a + 2b Prove OX = —a — 6b Prove AX = 1.8b — 1.2a
—_— 1 1 b~ 4 4
9. Prove AM, =-b—-a 10. A ProveOY =-b —-a
A 4 4 3 9
2a
a M,
0
0 B 3b
b AX:XB =2:1
oYy:YxX =2:1
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Purposeful Practice

vector questions (i)

a parallelogram

B 2d

A

a regular hexagon

a triangle
M is the midpoint of PQ

P

32,2121 84

a parallelogram

_>

CDh= D F —>

e % % BA=

BD = —

> B CF =

DB = H

—> b HC =

CA= | '_; 2 b

G ¢ =Za-—
C a A

—> Ais the mid-point of CG B is the mid-point of CD

BC =

—> —>
AD = 2BC =

- a trapezium 2a

— A £a
EE) - M is the mid-point of AC > B
AE = N is the mid-point of DB T
N o 2b
C >

SISy 8v B
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Purposeful Practice

vector questions (ii)

a parallelogram a trapezium
C DC-= M is the mid-point of AC A E > B
—> N is the mid-point of CD
BC =
2c 3d NG
AC = M b
N b
CA=
A D N
E C . >
2a D
a parallelogram A'is the mid-point of CG — —
B is the mid-point of CD AD = CM =
MN

o

=

=N

~\

SV Q4
!
I

c A a triangle
M divides PQ in the
a regular hexagon ratio 1:2 P

o)

I
»
ov
1]

2,848+ 8

2,212 34
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Purposeful Practice

vector questions (iii)

ACDB is a parallelogram

F is the midpoint of CD.

work out the vectors:

DC = ?
DF = ?
AD =7
CB=7?
BF =2
2,
2b
C > D
3a >
find, in terms of a and b, the vectors:
1) CA
2)CB
3) DA

FEDCBA is a regular hexagon

write down, in terms of a and b, the vectors
()AB (i) FC

what fact can you deduce about AB and F_C’?
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Purposeful Practice

vector questions (iv)

a tangram puzzle

>

vy}
I

o

A
Py 5y 2 5¢ 2v 2 e By
1
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Purposeful Practice

gx:xyv oneil
9Y3 puld "aul| 1ySieJis e S| NAX 18Yl 0S g pue ¥ usamiaq s! X Juiod ay |

NN (3) 23: 3 (3)
[ () f1:14 (9) g9:9) (q) d17v (B)

sjuaw8as aul| ay1 Jo syi8ua| ay3 Jo o11ed 3Y1 1IN0 YO\

NOV (4) NHg (3)
dig (p) IMIA (9) 3a4 (q) J3H (e)

‘'SJ9Mmsue JnoA anoud ¢saull y3ieals uo 31| syuiod 3sayl 40 YdIymn

- ~ — 4
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Purposeful Practice

A . .
a X Xis apoint such
that AX: XB = 1: 4
b B ) P

—_—

a. AB
b. AX
c. 0X
d. BX

(0]

=

[June 2009 2H Q23]

a) Find AB in terms of @ and b.
?

¢ Yisa pomtsuch N
a that VB = 247 b) P is on AB s_uc):h tI;\at AP:PB = 3: 2.
. Show that OP = < (2a + 3b)
b
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Purposeful Practice

[Nov 2010 1H Q27] M is the
midpoint of OP.

OACB is a parallelogram. R
is a point such that

AR:RB = 2:3. S is a point
such that BS: SC = 1: 3.

o

o

0 a r

RN B
a) Express OM in terms of a and b. H "m

X M M is the midpoint of
CD,BP:PM = 2:1
N

b) Express TM in terms of aand b
giving your answer in its simplest
form.

JEEEEER

©
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Purposeful Practice

™ ™ 0 QN SN

a 0o oo
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Purposeful Practice

Vector Proof — Parallel Lines

(a)

(b)

OACB is a parallelogram. 04 = a and

OB = b. X is the midpoint of AC and
Y is the midpoint of BC. Show that XY
and AB are parallel.

OACRB is a trapezium. 04 = 2a and AB = 2b. OC = 24B and
D is the midpoint of OB. Show that AD is parallel to BC.

2b B
A

2a

(c)

(d)

In the triangle OAB, OB = b and

0A = 3a. The point C divides the

line OAintheratio2: 1 andthe O
point D divides the line AB in the

ratio 1 : 2. Show that CD is

parallel to OB.

3a C

In the triangle OAB, OB = b and 04 = a. Point B is the
midpoint of the line OC and X is the midpoint of AB. The point Y
divides the line OA in the ratio 3 : 1. Show that YX is parallel to
AC.
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Purposeful Practice

V4 - Ad onelay} pury

G'I1=84X X0 o
&NH% o
QH% .
m“% °

“urexderp ayj uy

T

‘[orTered are Ad pue % jel) Moyg
x0xs=4o -
F:I1=dX XV o
QH% .
E=YO o

exderp ayj uy
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Purposeful Practice

axenbs e st 7OV o

“urexderp ay3 uj

v
70 10124 34} pury

€ 1=VX:-XO

L1:T=dA A0 o

D4 jo yurodprw ayy sty e

q= % o

e = % o

2renbs e ST (7OgY e
“wrexderp ay3 uj
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Purposeful Practice

‘U PUR 144 JO SULID) Ul Iomsue oA Surard \% 103094 3} purLy

%XSH% °
%XEH% °

D4 o yurodprur oy STy e
9=40 «

GH% .
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Purposeful Practice

Vector Proof — Collinear Points

(a)

(b)

OACB is a parallelogram. 04 =3a
and AC = 3b. Y is the midpoint of

OACB is a trapezium. OA=aand AB = b. OC = 34B and X
divides the line OB in the ratio 3 : 1. Show that the points 4, X

OB and X divides the line OC in the and C are collinear. b B
ratio 1 : 2. Show that the points A
A,X and Y are collinear.
a
c
0
(c) (d)

In the triangle OAB, 0X = aand AB = b. X is the midpoint of
OA and the point Y divides the line AB in the ratio 2 : 1.

ﬁ’) = ﬁ Show that the points
X,Y and C are collinear.

0—A)=4a—b,ﬁ=a+2b and OC = a+ b. AB = BD.
The point X divides the line AC in the ratio 6 : 1. Show that 0, X
and D are collinear.
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Purposeful Practice

M
0 0 : " B
T is the point on AB such that M is the midpoint of OA. N is the
AT:TB = 5: 1. Show that OT is midpoint of OB. Prove that AB is
parallel to the vector a + 2b. parallel to MN.
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Purposeful Practice

y
a—/b/
g F
ACEF is a parallelogram. B is the CD=a,DE =bandFC =a—b

midpoint of AC. M is the midpoint of BE.

i) Express CE in terms of @ and b.
Show that AMD is a straight line.

ii) Prove that FEis parallel to CD.

iii) X is the point on FM such that such that
FX:XM = 4:1. Prove that C, X and E lie on the
same straight line.
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Purposeful Practice

; | o
6a
- 3a
o} | g c
6¢

OABC is a parallelogram. P is the point on 0A =3aand AQ =aand OB = band

AC such that AP = gAC. BC = %b. Mis the midpoint of QB. Prove
that AMC is a straight line.

i) Find the vector OP. Give your answer in
terms of a and c.

ii) Given that the midpoint of CB is M,
prove that OPM is a straight line.

Page 233




Purposeful Practice

1) Prove AB is parallel to cD
A
2a
-b-2a
¢ 3b

4) Prove ABC is a straight line.

0
2a+5b
a
3b
B C

3
A

O

7) Prove ABCD is a parallelogram.

B
2a+b A
b-2a a—-2b
E
C
D F
3a

a+3b

Vectors: Proving Parallel & Straight Lines
2) Prove CDis parallel to AB

Aa+bB

2a-b 2b-a

5) Prove ABC is a straight line.
o}

5b -4a
3a-2b

2a-3b

3) Prove AB is parallel to cD
A B

3a—2b 3b-4a

3a-3b

6) Prove ABC is a straight line.

8) Prove ABC is a straight line.

a+6b

o]

b-1.5a

2b-a
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Purposeful Practice

(@)

(e)
‘71 pue y Jo sanjeA
29Ul pul} ‘umoys swedbelp 10399A 3y} Ul

qc — g

q qz + vy—
qn + vy
14 (q)

qr + oy

q +vg =y

4 (e)
‘71 pue y Jo sanjeA
33 pull ‘umoys sweibelp 10309A 3yl Ul

q9 + vy = qQ1 + vg + (q11 —vZ)Z (3)

qs + o1+ q —vZ = qY + Dg— (P)
qs — g+ q9 + vz = qri + ny (9)
qr +vz— = q5 — vy (9)

q9 + v = qy + vy ()

"q pue D JO SjudId1}}90d

Bunnenbs Aq 1 pue y Jo sanjeA ayj puld
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Purposeful Practice

Vector Proof — Equating Coefficients

(a)

(b)

(c)

OABC is a quadrilateral, where 0C = 3a,
OA=a+2band AB = Za—%b.The
point D is on OB and AC such that

OD: OB=A: 1land AD : AC = u: 1.
By finding two ways to express the vector

OD, find the values of A and (.

OABC is a trapezium, where 0C = 10a,

OA = a—4b and AB = 5a. M is the
midpoint of the line BC. The point X is on
OB and AM such that

OX: 0OB=A: 1and AX: AM = u: 1.
Find the values of A and u and the vector
0X in terms of a and b.

5a B

o

a—4b

10a

In the triangle OAB, OB = 5b and OM =
2a + 2b, where M is the midpoint of OA.
OC is the line OB produced and OB = BC.
The point X is on the line AB such that
AX : AB = A : 1. Given that MXC is a
straight line, find the value of A and the
vector MX in terms of a and b.

A

2a+2b B
5b
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Purposeful Practice

vector proofs

(1) a parallelogram (ABCD) (2) a parallelogram (ABCD)
2b
Cc e
B e B — C
a
BM:MD=1:1
AD:DE=k:1 CE:ED=1:1
G
A D
ME =3c—%a find the value of k show that AF : FC =21
; (4)
(3) a trapezium (ABCD)
DC:AB =2:1
A 2a > B
AM:MD=1:1 I
....... ob
A D
C 3a
AX: XC=1:2
show that CDN is a straight line DX:DB=k:1 find the value of k
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Purposeful Practice

vector proofs

(1) (2)

B
a\=4a
CB=4b
A
D
C E F
CM:MA=1:1 CA:AB=1:2
AB:BD=1:1 ED:DB=1:3 show that ADF is
a straight line
CN = kb find the value of k CE:EF=1:2

3) choose some other ratios to explore
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Purposeful Practice

vector proofs (i)

(1) a parallelogram (ABCD)

2d
5 7c  CE is twice CD
2% establish that
= ABDE is a
parallelogram
A
E

(3) aregular hexagon

you can assume that AD = 2BC

1Y

AP is twice AC

establish that EDP
is a straight line

(2) a triangle (PQR)
M is the midpoint of PQ Q
N is the midpoint of QR

P

prove that MN is 2
parallel to PR

a
and half the 2b
length of it -
R

(4) atrapezium (ABCD)

A %_a 3
M is the mid-point of AD -
e
.................. 29
o
D >
4a C

v

prove that CDN is a straight line
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Purposeful Practice

vector proofs (ii)

(4) a parallelogram (ABCD)

(5) a parallelogram (ABCD)

1=

find Iﬁ\?l where M is the
mid-point of DB

A

E is the mid-point of CD
BF:FE=2:1

(6) any quadrilateral (OABC)

any quadrilateral (OABC) is drawn and the
mid-points of the four sides are joined

establish that the resulting
shape is a parallelogram

establish that M is also
the mid-point of AC

establish that F is %5 of
the way along AC
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Purposeful Practice

prove the general result

2 -10

-2

AB:BC=1:1

ED:DC=1:3

AE:EF =2:1
c

B

prove
BD:DF=1:1
D
F

10

-2

Page 247




Exam Questions

uameIp £[2emooe
ION weIserq

(syJew ¢ s| uonsanp .oj [ejol)

‘NI 0} [8][eJed S| gy 1eu} moys
u= NO
<«
w = S<0
T
"g0 10 Juodpiw 8y} st N

"YO 40 uiodpiw ayy st yy
"8|buewy e sl gyo

(@

Lo

Page 248



Exam Questions

(sytew g si uonysanb Joj [ejo])

1Y) 8A0Id
= XD

—

XD

«—

o

Z 1 =gx:XV ey} yons gy uo jujod sy} si X

a-vs=4q
aoumm
eE =y

‘lelsje|upenb e st gAYO

20

Page 249



Exam Questions

(s)4ew ¢ = uonsanb Joy |ejO])

qe + B/ 10}09A 8y} 0} [9]jesed S| 1o ey} moys
T

L 1Z =dA S AV 18U} 4ONS 4 Uo julod 8y SI A

q—-epy=dg
<
ar = g0
<
€9 = VO
<

‘lessjejupenb e s| Ydgo

umerp AjajeIndoe
LON weiserq | sizeer™ €9

‘€0

Page 250



Exam Questions

(s)sew ¢ = uonsanb Joy |ejo])

"J4 0} |9]jeded s Od 1By} 8A04d 0} poylaW JOJOBA B 8SN

q=34 pue &=(J4d
<« <«

"3 j0 juiodpiw 8y} s1 O
‘g4 40 Julodpiw ayy sl o

Qi

‘a|buewy e s 430

‘PO

Page 251



Exam Questions

O 0y [o[[ered st Ly yey) or01d  (q)
YO Jo yurodprwr oYy St { pue Ay Jo yutodprur oty st ¥

‘( PUB © JO SWId) Ul Ay J0102A d pury  (B)

"YO 30 yurodprur oy st A7 pue G Jo yurodprur oy st jy7

W=y0  ®=0d  4T=dO

4O 01 [911RIed Og ynm winizaden € St yOJO

N
y \ 0
umerp £Jajemode \
LON weIserq 0 d
W
T
"J puB B JO SWId) Ul DY SsaIdxg
"1:€ = XXV ey yons gy uo jurod oy st y
D0T=4V
2=20 = }0
gy 0 [o[[ered st DO
‘wnizoden e st DGyO
it 0
1
q b% v

Page 254



Exam Questions

-oul| JySrens e st 4O 1eyroaoid  (q)
A ST gD Jo yutodprur oy .

‘3 PUE B JO SULIY) UT JOMSUR JNOA JAID) * JO 10109A o) pur  (®)

%9=00 "®9= F0

¢

.Dv\M = JV yey) yons D uo jutod oy St 4
‘weigopered € St DGFO

2 2

d
umeIp A[9jeInode €9
LON weiderq
q 4

‘00 01 9[[ered st gy 1eyy moys (1) b pue d jo suweyur 5O pury (1)

cu@]@w%au%

"Od 30 yutodprw o st ¢
"dO Jo yutodprur ayy sty
"9[3ueln e St OJO

o b 0

umelIp A[oreIndoe
LON weigerq

Page 255



Exam Questions

q Io/pue ® Jo swd) ur ssaxdxy  (®)
a9 = g0 €9 = VO

‘O ANV YNIM JFJDGY uo3exay Jen3al e smoys WeideIp ay [,

a q

umelp A[9ieInode
LON weiserq

"ouI] WYSrens swes Ay} uo A1 7 pue x O ey ool  (p)
T 1§ =JAX : X Yey) yons jy,7 uo jutod oyy st x
'q pue ® JO sud Ul A ssaxdxg  (9)
"4 Jo yurodprwr oy st jy
‘@D 01 1o[1ered st 7,7 yey) 9A01d  (q)

"( pue e Jo swid ul 7)) ssaidxg  (e)

‘q-e =), PUEq=FJ ‘®= gD Y [exe[upenb e s1 /770

q A

Page 256



Exam Questions

“WI0J 3S9dwIS $I1 Ul JOMSUR JNOA JALD)
‘q pue ejoswry ul 7O ssaxdxyg  (q)

*Od 103 uorssardxa ue ‘q pue B JO SULId) UL ‘UMOP AUIA,  (B)

a= 00 pw e = 4o
'1:C=0L :.Id YoM 10J Od uo yutod oyp st 1
d[duewn € St OJO

AR

0

umelp A[ojeinooe L
LON weiderq

"QuI[ JYSIenS dWes AY) U0 [ £ pue x ‘7 i1eyr Aol  (9)

T€ =44 : g¥ vey) yons ‘papuaixe gy uo jurod oy SI f

q Jo/pue ® Jo swd) ur x7 ssaidxg  (q)

"D Jo yutodprwi oy sty
dd (1)

ay

Page 257



Exam Questions

(s)iew g 2301 )

*Od 10} uoIssaidxa ue a0npap ‘asimIay3o 1o ‘aousHy (D)

‘wedbelp ayy uo O pue swuiod jo suonisod ayj [qe| pue meaq ()]

qz +e= 00 q-e= 4o
$10109A 93 Aq uanib aie d puey sjuiod jo suonisod ayl  (q)

(s)tew g |ejo))

or (m)
A q —
oy ()
14 a
q g ()
K[o1eInooe umeap weiserq
g 5 10} ‘q pue e jo sw.a) ul ‘suoissaidxa pul4  (e)

q-= mlv\ pue e = %
‘0 21ud yum uobexay Jenbai e si 43G9y €
(stew g |ejo))

"aul| yblens e uo 31| ¢ pued ¢ swiod jeyy Apesp moys ()

qa€ g qs

od ()

ar ()
‘siomsue unoA bulAydwis ‘q pue e jo swuay ul ‘puld  (e)

qv wu Or pueqg= yg ‘qs= 40

14

‘e = yd 'ep= JO welbepayiul g
(s)tew g |ejo))

q-eg ‘qpue ejoswizul yo sseudx3  (q)
0 "T1T=0¥ ¥ ¥eus yns Od uojulod e sty

qc + 8- 'q pue e Jo sw.ia) ul m|& ssaldx3  (e)

u ‘q-eg= 00 pueqs +ey—=do T

Page 258



Exam Questions

(s)sew ¢ |ejo))

¥d 40 uiod-piw ay3 os|e Sl 1eyl aroid 03 SI0BA 3s  (q)

0 1 pue d Jo swisy ul WO ssaudx3  (e)

d de
w
az
Iz = ¥0 pue dz = do
5 # ‘00 [euoBelp a3 Jo Jujod-piw 3y S

‘welbopojeted e s1 Y040 L

(s)i1ew 9 |e301)

"aul| ybrens e uo a1 ¥ pued ¢ sjuod ey Apuesp moys  (q)
od (1)

gy ()
‘s1amsue anoA BulAjidwis ‘q pue e jo swusy ul ‘puly  (e)
AJ[@31e4N20E UMBIP 10N

av mu O¥ pueqe= yg ‘q5= g0
‘e=yd ‘'ep= 4O welibelp sy ul ‘9

0

)
(sHew € |e301) !
» "WJoy 3s9|dwis )1 Ul JoMSUB INOA A1
"} pue S JO swLis} Ul gy puld
l= ,U|v~ pues = mn|v\
b p
AporeInone umep JoN g g = =wg 1eUl Yans Jg Uo 3l gy 9|bueln ul *g

¢ =

(s)11ew £ |e301)

*Jamsue InoA Ajasng
4 pue g ‘0 swiod ayl usamiaqg aJ4ayyy si diysuones |eorawoab jeymy  (2)

'q pue e Jo swJua) ul D J0309A SY} MM
"welbos|jeled e sl 7470 1eyy yons si4 julod 3yl (q)

7 . s gy (m)
q
\§ oo (n)
| Q/\ |
a

a
"Wy 3591dwis 419y} Ul SIaMSUR INOA AIS
"$10109A BuIMO||0) 33 ‘q pue e Jo swua) ul ‘ssaudxg  (e)

4= §0 pue o= rO
‘swelboejeled ale g3d0 pue gavo ‘dovo welbelpayiul '

Page 259



Exam Questions

(siew 9 |ejo))
*Jamsue JnoA uiejdx3
‘g puey ‘v syulod ay3 noge 1oe) duo umop a3M - (I1)

gy adeys a4y Jo swieu ayy umop a3M - (1)

DY 40 bua| 3y} 0} |enba Jou s g Jo Yibus| ayL
5 : - 1+s=ar ()

*WJoy 3so|dwis S)I Ul Jamsue InoA 2AI9
"} pue s joswiy ul iy pud  (e)

1= DV pues =gy

g 30 JuI0d-piw 343 Sty gl ajbuel up
(spewgeyoy) 7

&V Jo uonisod ayy Inoge noA 93 Siy} seop leym  (9)

q = Ng 12y} MOYS
"AVT=NV 319ym N/ 0} papuaixd sty (q)

ny (m)
g q va (1)
2 Q —
. q pue e Jo swJd) Ul S10109A buimoljoy ay3 ssaudxy  (e)
W
° q= g0 puee = y0
5 / g o juiod-piw ay3 s/ pue welboo|eled e sigIHvo
(sy1ew ¢ |e30))
q — B¢ Se Ua)IIM 99 ued jey) si0aA omy puld (D)
¥ > 0 L q pue e JO swid) Ul Q¥ 1003 3y AUM  (q)
q
I < q pue e Jo SwJa) ul Ad J0J9A 3y} M (e)
§dt = Nd pue Ods = ¥d
M < Yl n q = 54 10)03A pue e= Od J0J09A

*saul| [9]eJed Jo s19s om] smoys welbelp syl
(s)Hew ¢ |e301)

@Tm (@)
s @)
@Tm (e)

b pue d jo sw.a) ul s10109A BuiMO||04 BU3 JO Yoes ssaudx3

b= 7o pued =40
‘uobexay ayj Jo a1uad a3 SIO pue uobexay Jeinbai e s1/2/540d

T

‘0T

Page 260



Exam Questions

(sy1ew  s1 | uopsang) 1oj 810 1)

[ : ¥ WIOJ 9y} Ul JOMSUE INOK 9AID)
‘Ng - gy onelay) pul

aul] WSIens e st NWO
‘N 3utod o) 0 papuIXd SI g7 AUl oY,

T € =0 : g Yeur yons Dg uo jutod ayy st

3= D00 = VO
«— «—

0

AQ

‘weidofoqrered € St HFVO

I

Page 261



Exam Questions

(syaew § SI Z uonsan() J1oj [ej0])

[ 1y WIIOJ o) UI JOMSUE INOA 9AID)

"DV O ONel A} INO IO
“DOF 01 [9[ered st gO
«— <«

T: € =8N : NV yey yons jutod oyy st N/
S 11 =gN O ey yons g aul| 3y uo jutod ayy st
‘soul] Jy3rens are gNy pue DN

q=g90 e=7}0
A|

T

‘[exorejupenb e st HgrO

[4

Page 262



Exam Questions

(sy1ew § S1 € uonsan() J1oj [elo)

"u10§ 3SO[dwIsS $31 UI O13el B SB JOMSUR JNOK JALD
1 ;¢ oneI Jy} N0 YIOM

p1l + vy = gy 10}09A YT
A|

§ 1 €=gD DO Yeys yons aur JySrens e st goO
€ 1 T=QV : DY ¥ey) yons @y dulf ayy uo jurod oy st )

p+e=do = V0O
«— «—

0

‘9[8ueLn e St JyO

Page 263



Exam Questions

(syIew G SI $ uonsan() .10J [e)0])

VN : NO Ouel o) purf
€1 ¥ =Wd : dO vey) yons jutod oy st 7
‘soul] y3rens a1 NJdg pue Wdo

"gy Jo yutodprw o Sty

q= 490 €= VO0O
“«— “—

‘9[SueLn € st gro

Page 264



Exam Questions

(sy1ew ¢ sI ¢ uonsang) J10j [ejo)

"S1039JUI Ik ¢ PUE P IdYM G © D WLIOJ S} Ul JOMSUR INOA JAID)
OS : Sd One1 dy) pur{

¥ € =0y : OL yeyp yons jutod oy st 7

€ =d¥ : 4O ey yons O uo jutod oy sty

‘sout] Jy3rens a1e O 1y pue 70

b= 0o d= 40
«— «—

9[3ueLy e st OJO

Page 265



Exam Questions

(sy1ew G s1 9 uonsang) J10j [8)01)

gN : NO O1el oy} 10 YI0A
C:S=Wd 'dO

9= g0 ®=V0
- <

gy Jo yutodprur oy St
‘soul] JySrens are NJy¥ pue Wdo

o

d[3ueLn e st gyO

Page 266



Exam Questions

(syrew G S1 £ uonsang) .10j [ejo 1)

gd : ¥ 01l oy} Ino Iom ‘oul] JYS1ens e st NJ/ eyl USALD

4= g0 €=J0
— “—

VO Jo yutodprur oy st jy

"dOT=Ng

‘saul] 1ysSrens are g4 pue O ‘NIO

4 N

Page 267



Exam Questions

(syaew G s1 g uonsang) .10j 10 ])

Ol : Id O1el 9y 1no 3Iom ‘ul] 3y3rens e s /) 7§ 1ey) USAID)

aumo Qu%
<« «

8:6=00:S0
v:i€=0Nd:dO

‘soul] Jysrens are J1d pue OSO ‘1dO

n

Page 268



Exam Questions

(Syaew G SI ¢ uonsan() .I0j [810])

") JO onJeA aY) N0 SO

dul] yStens e st 7x0
[ 1Y =NX : X Yot yons N7 uo jutod ouy sty
m“Nnmz”252225mQSE_&oemE

‘q-€= DJ PU® q=7J ‘€= QD
«— <« «—

A

‘[e1oye[LIpeND © ST 77D

Page 269



Exam Questions

(syaew g ST uonsang) .10y [ejoL)

€ 1 T OLRI OY) UL D SOPIAIP 1o} MOYS

'soul] Jy3rens are OJW pue DJ¥
€:1=00 : O onelay) ut Dg sepIAIp O

VO Jo yurodpru oy sty
P=D00 ‘®= V0
«— «—
0
W
4

QrenbsesIDgFO 01

Page 270



Exam Questions

(syaeur 9 SI [T uonsang 10y [e3o])

"uI0J 3so[dwIs )1 Ul JoMSUE IN0K 9AID
gy - YO ohel sy} pulq

§:7=g0 : O oneray ut goy sepiap § yurod oy,
¥ €=¥d : dV ONRIdY) Ul Y} SIPIAIP g Jutod oy,

‘sout] JY31ens a1e yJF pue 0dO

4= g0 e= 70
«— «—

d 10)

‘913ueLy e S1 gFO

I

Page 271



