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=
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=
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 p
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S
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rd
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nd

 𝑑𝑦 𝑑𝑥
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nd
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2
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) 

𝑦
=
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+
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−
3 
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) 

 
𝑦
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+
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+
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−
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) 

𝑦
=
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 p
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er

en
tia

tin
g 

fo
r 

a 
se

co
nd

 t
im

e,
 e

st
ab

lis
h 

w
he

th
er

 t
he

se
 p

oi
nt

s 
ar

e 
m

ax
im

um
s 

 o
r 

m
in

im
um

s.
 

(a
) 

𝑦
=
4𝑥

2
−
8𝑥

 
 

 
 

(b
) 

𝑦
=
5
+
2𝑥

−
𝑥2

 

(c
) 

𝑦
=
(8

+
𝑥)
(2

−
𝑥)

 
 

 

(d
) 

𝑦
=
𝑥4

−
8𝑥

2  

(e
) 

𝑦
=
2𝑥

3
−
3𝑥

2
−
12
𝑥
+
5 

 

(f
) 

𝑦
=
𝑥
+

1 𝑥 
 

 (a
) 

Fi
nd

 t
he

 c
oo

rd
in

at
es

 o
f 
th

e 
st

at
io

na
ry

 
po

in
t 

on
 t

he
 c

ur
ve

  
  
  

  
  
  

  
  

  
  

  
  

  
  
  

 
𝑦
=
𝑥3

+
3𝑥

2
+
3𝑥

+
1.

  

(b
) 

B
y 

co
ns

id
er

in
g 

th
e 

gr
ad

ie
nt

 e
ith

er
 

si
de

 o
f 
th

e 
st

at
io

na
ry

 p
oi

nt
, 

sh
ow

 t
ha

t 
th

e 
st

at
io

na
ry

 p
oi

nt
 is

 a
 p

oi
nt

 o
f 
in

fle
ct

io
n.

 

 (a
) 

Fi
nd

 t
he

 c
oo

rd
in

at
es

 o
f 
th

e 
st

at
io

na
ry

 
po

in
t 

on
 t

he
 c

ur
ve

 𝑦
=
(2

−
𝑥)

3 .
  

(b
) 

B
y 

co
ns

id
er

in
g 

th
e 

gr
ad

ie
nt

 e
ith

er
 

si
de

 o
f 
th

e 
st

at
io

na
ry

 p
oi

nt
, 

sh
ow

 t
ha

t 
th

e 
st

at
io

na
ry

 p
oi

nt
 is

 a
 p

oi
nt

 o
f 
in

fle
ct

io
n.
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S
ta

ti
on

ar
y 

P
oi

n
ts

 
 (a

) 
Fi

nd
 t

he
 g

ra
di

en
t 

of
 t

he
 c

ur
ve

 

 𝑦
=
𝑥2

−
3𝑥

+
7 

at
 t

he
 p

oi
nt

 (
3,
7)

 
(b

) 
Fi

nd
 t

he
 g

ra
di

en
t 

of
 t

he
 c

ur
ve

 

 𝑦
=
𝑥3

+
4𝑥

2
−
9𝑥

 a
t 

th
e 

po
in

t 
(2
,6
) 

(c
) 

Fi
nd

 t
he

 g
ra

di
en

t 
of

 t
he

 c
ur

ve
 

 𝑦
=
𝑥
+

9 𝑥 a
t 

th
e 

po
in

t 
(3
,6
) 

  (a
) 

Fi
nd

 t
he

 c
oo

rd
in

at
es

 o
f 
th

e 
m

in
im

um
 

po
in

t 
on

 t
he

 c
ur

ve
 𝑦

=
𝑥2

−
4 

(b
) 

Fi
nd

 t
he

 c
oo

rd
in

at
es

 o
f 

th
e 

m
in

im
um

 

po
in

t 
on

 t
he

 c
ur

ve
 𝑦

=
𝑥2

+
8𝑥

+
15

 
(c

) 
Fi

nd
 t

he
 c

oo
rd

in
at

es
 o

f 
th

e 
m

ax
im

um
 

po
in

t 
on

 t
he

 c
ur

ve
 𝑦

=
7
−
6𝑥

−
𝑥2

 
(d

) 
Fi

nd
 t

he
 c

oo
rd

in
at

es
 o

f 
th

e 
m

ax
im

um
 

po
in

t 
on

 t
he

 c
ur

ve
 𝑦

=
2
+
5𝑥

−
𝑥2

 
  (a

) 
Fi

nd
 t

he
 c

oo
rd

in
at

es
 o

f 
th

e 
st

at
io

na
ry

 

po
in

ts
 o

n 
th

e 
cu

rv
e 
𝑦
=
𝑥3

−
3𝑥

2
+
4.

 

B
y 

sk
et

ch
in

g 
th

e 
gr

ap
h,

 d
et

er
m

in
e 

w
he

th
er

 e
ac

h 
po

in
t 

is
 a

 m
in

im
um

 p
oi

nt
 o

r 
a 

m
ax

im
um

 p
oi

nt
. 

(b
) 

Fi
nd

 t
he

 c
oo

rd
in

at
es

 o
f 

th
e 

st
at

io
na

ry
 

po
in

t 
on

 t
he

 c
ur

ve
 𝑦

=
3𝑥

+
12 𝑥2

. 
Is

 t
hi

s 

po
in

t 
a 

m
in

im
um

 p
oi

nt
 o

r 
a 

m
ax

im
um

 
po

in
t?

 
  (a

) 
Th

e 
cu

rv
e 

w
it
h 

eq
ua

ti
on

 

 𝑦
=
𝑥2

+
𝑎𝑥

+
𝑏 

ha
s 

a 
st

at
io

na
ry

 p
oi

nt
 

at
 (
−
4,
−
11

).
 F

in
d 

th
e 

va
lu

es
 o

f 
𝑎 

an
d 
𝑏.

 
(b

) 
Th

e 
cu

rv
e 

w
it
h 

eq
ua

ti
on

 

 𝑦
=
𝑐
+
𝑑𝑥

−
𝑥2

 h
as

 a
 s

ta
ti
on

ar
y 

po
in

t 

at
 (
3,
10

).
 F

in
d 

th
e 

va
lu

es
 o

f 
𝑐 

an
d 
𝑑.

 

   

S
ta

ti
on

ar
y 

P
oi

n
ts

 
 (a

) 
Fi

nd
 t

he
 g

ra
di

en
t 

of
 t

he
 c

ur
ve

 

 𝑦
=
𝑥2

−
3𝑥

+
7 

at
 t

he
 p

oi
nt

 (
3,
7)

 
(b

) 
Fi

nd
 t

he
 g

ra
di

en
t 

of
 t

he
 c

ur
ve

 

 𝑦
=
𝑥3

+
4𝑥

2
−
9𝑥

 a
t 

th
e 

po
in

t 
(2
,6
) 

(c
) 

Fi
nd

 t
he

 g
ra

di
en

t 
of

 t
he

 c
ur

ve
 

 𝑦
=
𝑥
+

9 𝑥 a
t 

th
e 

po
in

t 
(3
,6
) 

  (a
) 

Fi
nd

 t
he

 c
oo

rd
in

at
es

 o
f 
th

e 
m

in
im

um
 

po
in

t 
on

 t
he

 c
ur

ve
 𝑦

=
𝑥2

−
4 

(b
) 

Fi
nd

 t
he

 c
oo

rd
in

at
es

 o
f 

th
e 

m
in

im
um

 

po
in

t 
on

 t
he

 c
ur

ve
 𝑦

=
𝑥2

+
8𝑥

+
15

 
(c

) 
Fi

nd
 t

he
 c

oo
rd

in
at

es
 o

f 
th

e 
m

ax
im

um
 

po
in

t 
on

 t
he

 c
ur

ve
 𝑦

=
7
−
6𝑥

−
𝑥2

 
(d

) 
Fi

nd
 t

he
 c

oo
rd

in
at

es
 o

f 
th

e 
m

ax
im

um
 

po
in

t 
on

 t
he

 c
ur

ve
 𝑦

=
2
+
5𝑥

−
𝑥2

 
  (a

) 
Fi

nd
 t

he
 c

oo
rd

in
at

es
 o

f 
th

e 
st

at
io

na
ry

 

po
in

ts
 o

n 
th

e 
cu

rv
e 
𝑦
=
𝑥3

−
3𝑥

2
+
4.

 

B
y 

sk
et

ch
in

g 
th

e 
gr

ap
h,

 d
et

er
m

in
e 

w
he

th
er

 e
ac

h 
po

in
t 

is
 a

 m
in

im
um

 p
oi

nt
 o

r 
a 

m
ax

im
um

 p
oi

nt
. 

(b
) 

Fi
nd

 t
he

 c
oo

rd
in

at
es

 o
f 

th
e 

st
at

io
na

ry
 

po
in

t 
on

 t
he

 c
ur

ve
 𝑦

=
3𝑥

+
12 𝑥2

. 
Is

 t
hi

s 

po
in

t 
a 

m
in

im
um

 p
oi

nt
 o

r 
a 

m
ax

im
um

 
po

in
t?

 
  (a

) 
Th

e 
cu

rv
e 

w
it
h 

eq
ua

ti
on

 

 𝑦
=
𝑥2

+
𝑎𝑥

+
𝑏 

ha
s 

a 
st

at
io

na
ry

 p
oi

nt
 

at
 (
−
4,
−
11

).
 F

in
d 

th
e 

va
lu

es
 o

f 
𝑎 

an
d 
𝑏.

 
(b

) 
Th

e 
cu

rv
e 

w
it
h 

eq
ua

ti
on

 

 𝑦
=
𝑐
+
𝑑𝑥

−
𝑥2

 h
as

 a
 s

ta
ti
on

ar
y 

po
in

t 

at
 (
3,
10

).
 F

in
d 

th
e 

va
lu

es
 o

f 
𝑐 

an
d 
𝑑.
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A
pp

li
ed

 D
if

fe
re

n
ti

at
io

n
 P

ro
bl

em
s 

 (a
) 

A
 r

ec
ta

ng
le

 h
as

 a
 w

id
th

 𝑥
 c

m
 a

nd
 a

 

le
ng

th
 (

30
−

2𝑥
) c

m
. 

U
si

ng
 c

al
cu

lu
s,

 f
in

d 

th
e 

m
ax

im
um

 a
re

a 
of

 t
he

 r
ec

ta
ng

le
. 

(b
) 

A
 c

ar
 s

al
es

 c
om

pa
ny

 s
el

ls
 𝑥

 c
ar

s 
pe

r 

w
ee

k.
 I

ts
 r

ev
en

ue
 𝑅

 p
er

 w
ee

k 
is

 g
iv

en
 b

y 

th
e 

eq
ua

ti
on

 𝑅
=

0.
2𝑥

2
−

10
𝑥

+
17

50
. 

U
si

ng
 d

iff
er

en
ti
at

io
n,

 f
in

d 
th

e 
nu

m
be

r 
of

 
ca

rs
 w

hi
ch

 g
en

er
at

es
 t

he
 m

ax
im

um
 

re
ve

nu
e,

 a
nd

 t
he

 v
al

ue
 o

f 
th

is
 r

ev
en

ue
. 

  (a
) 

Th
e 

co
st

 𝐶
 o

f 
a 

ca
r 

jo
ur

ne
y 

w
he

n 
dr

iv
in

g 
at

 a
 s

pe
ed

 o
f 

x 
m

ph
 is

 g
iv

en
 b

y 

𝐶
=

72
0 𝑥

+
0.

2𝑥
+

6 
. 

U
si

ng
 

di
ff

er
en

ti
at

io
n,

 f
in

d 
th

e 
va

lu
e 

of
 𝑥

 t
ha

t 

m
in

im
is

es
 t

he
 c

os
t,

 a
nd

 t
he

 m
in

im
um

 

va
lu

e 
of

 𝐶
. 

(b
) 

Th
e 

vo
lu

m
e 

of
 a

 b
ox

 is
 g

iv
en

 b
y 

  
 

𝑉
=

𝑥(
5

−
𝑥)

2 .
 U

se
 c

al
cu

lu
s 

to
 f

in
d 

th
e 

m
ax

im
um

 v
ol

um
e 

of
 t

he
 b

ox
, 

an
d 

th
e 

va
lu

e 
of

 𝑥
 f

or
 w

hi
ch

 t
hi

s 
oc

cu
rs

. 

  (a
) 

A
 p

ic
tu

re
 f

ra
m

e 
ha

s 
a 

pe
ri
m

et
er

 o
f 

12
0 

cm
. 

If
 t

he
 w

id
th

 o
f 
th

e 
fr

am
e 

is
 𝑥

 c
m

, 

th
en

 s
ho

w
 t

ha
t 

th
e 

he
ig

ht
 o

f 
th

e 
fr

am
e 

is
 

(6
0

−
𝑥)

 c
m

. 
H

en
ce

 u
se

 c
al

cu
lu

s 
to

 f
in

d 

th
e 

va
lu

e 
of

 𝑥
 th

at
 g

iv
es

 a
 m

ax
im

um
 a

re
a 

fo
r 

th
e 

fr
am

e.
 C

al
cu

la
te

 t
hi

s 
m

ax
im

um
 

ar
ea

. 
(b

) 
A
 f

ar
m

er
 h

as
 e

no
ug

h 
st

on
e 

fo
r 

80
 m

 
of

 d
ry

 s
to

ne
 w

al
lin

g.
 H

e 
w

an
ts

 t
o 

cr
ea

te
 a

 
fie

ld
 w

it
h 

th
e 

la
rg

es
t 

ar
ea

 p
os

si
bl

e.
 F

in
d 

th
e 

di
m

en
si

on
s 

of
 t

he
 f

ie
ld

 t
ha

t 
gi

ve
s 

th
is

 
m

ax
im

um
 a

re
a.

 
   

A
pp

li
ed

 D
if

fe
re

n
ti

at
io

n
 P

ro
bl

em
s 

 (a
) 

A
 r

ec
ta

ng
le

 h
as

 a
 w

id
th

 𝑥
 c

m
 a

nd
 a

 

le
ng

th
 (

30
−

2𝑥
) c

m
. 

U
si

ng
 c

al
cu

lu
s,

 f
in

d 

th
e 

m
ax

im
um

 a
re

a 
of

 t
he

 r
ec

ta
ng

le
. 

(b
) 

A
 c

ar
 s

al
es

 c
om

pa
ny

 s
el

ls
 𝑥

 c
ar

s 
pe

r 

w
ee

k.
 I

ts
 r

ev
en

ue
 𝑅

 p
er

 w
ee

k 
is

 g
iv

en
 b

y 

th
e 

eq
ua

ti
on

 𝑅
=

0.
2𝑥

2
−

10
𝑥

+
17

50
. 

U
si

ng
 d

iff
er

en
ti
at

io
n,

 f
in

d 
th

e 
nu

m
be

r 
of

 
ca

rs
 w

hi
ch

 g
en

er
at

es
 t

he
 m

ax
im

um
 

re
ve

nu
e,

 a
nd

 t
he

 v
al

ue
 o

f 
th

is
 r

ev
en

ue
. 

  (a
) 

Th
e 

co
st

 𝐶
 o

f 
a 

ca
r 

jo
ur

ne
y 

w
he

n 
dr

iv
in

g 
at

 a
 s

pe
ed

 o
f 

x 
m

ph
 is

 g
iv

en
 b

y 

𝐶
=

72
0 𝑥

+
0.

2𝑥
+

6 
. 

U
si

ng
 

di
ff

er
en

ti
at

io
n,

 f
in

d 
th

e 
va

lu
e 

of
 𝑥

 t
ha

t 

m
in

im
is

es
 t

he
 c

os
t,

 a
nd

 t
he

 m
in

im
um

 

va
lu

e 
of

 𝐶
. 

(b
) 

Th
e 

vo
lu

m
e 

of
 a

 b
ox

 is
 g

iv
en

 b
y 

  
 

𝑉
=

𝑥(
5

−
𝑥)

2 .
 U

se
 c

al
cu

lu
s 

to
 f

in
d 

th
e 

m
ax

im
um

 v
ol

um
e 

of
 t

he
 b

ox
, 

an
d 

th
e 

va
lu

e 
of

 𝑥
 f

or
 w

hi
ch

 t
hi

s 
oc

cu
rs

. 

  (a
) 

A
 p

ic
tu

re
 f

ra
m

e 
ha

s 
a 

pe
ri
m

et
er

 o
f 

12
0 

cm
. 

If
 t

he
 w

id
th

 o
f 
th

e 
fr

am
e 

is
 𝑥

 c
m

, 

th
en

 s
ho

w
 t

ha
t 

th
e 

he
ig

ht
 o

f 
th

e 
fr

am
e 

is
 

(6
0

−
𝑥)

 c
m

. 
H

en
ce

 u
se

 c
al

cu
lu

s 
to

 f
in

d 

th
e 

va
lu

e 
of

 𝑥
 th

at
 g

iv
es

 a
 m

ax
im

um
 a

re
a 

fo
r 

th
e 

fr
am

e.
 C

al
cu

la
te

 t
hi

s 
m

ax
im

um
 

ar
ea

. 
(b

) 
A
 f

ar
m

er
 h

as
 e

no
ug

h 
st

on
e 

fo
r 

80
 m

 
of

 d
ry

 s
to

ne
 w

al
lin

g.
 H

e 
w

an
ts

 t
o 

cr
ea

te
 a

 
fie

ld
 w

it
h 

th
e 

la
rg

es
t 

ar
ea

 p
os

si
bl

e.
 F

in
d 

th
e 

di
m

en
si

on
s 

of
 t

he
 f

ie
ld

 t
ha

t 
gi

ve
s 

th
is

 
m

ax
im

um
 a

re
a.
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O
pt

im
is

at
io

n 
 

 

On
e o

f t
he

 m
os

t u
se

fu
l a

pp
lic

ati
on

s o
f 

dif
fer

en
tia

tio
n i

s o
pt

im
isa

tio
n. 

  
 It 

all
ow

s u
s t

o e
xa

ctl
y c

alc
ula

te 
th

e i
de

al 
siz

e 
for

 a 
tin

 or
 a 

bo
x t

o m
ini

mi
se

 su
rfa

ce
 ar

ea
, a

nd
 

th
er

efo
re

 m
ini

mi
se

 th
e c

os
t o

f p
ro

du
cti

on
.   

 
D

im
en

si
on

s 
     

Ba
ke

d B
ea

ns
: 

    
𝑅𝑎

𝑑𝑖
𝑢𝑠

=
3.
8𝑐
𝑚

  
    
𝐻
𝑒𝑖
𝑔𝑕

𝑡
=
11

𝑐𝑚
  

     
Tu

na
: 

    
𝑅𝑎

𝑑𝑖
𝑢𝑠

=
4.
3𝑐
𝑚

  
    
𝐻
𝑒𝑖
𝑔𝑕

𝑡
=
3.
5𝑐
𝑚

  
 

 1. 
Ca

lcu
lat

e t
he

 vo
lum

e a
nd

 su
rfa

ce
 ar

ea
 of

 th
e b

ak
ed

 be
an

s t
in,

 to
 2 

sig
nif

ica
nt

 fig
ur

es
.   

H
in

t: 
co

ns
id

er
 th

e 
ne

t o
f a

 cy
lin

de
r. 

  
  2. 

Fin
d a

n e
xp

re
ss

ion
 fo

r t
he

 su
rfa

ce
 ar

ea
 of

 a 
cy

lin
de

r o
f r

ad
ius

 𝑟 
an

d v
olu

me
 50

0𝑐
𝑚
3 . 

  
H

in
t: 

st
ar

t b
y 

w
ri

tin
g 

th
e 

he
ig

ht
 in

 te
rm

s o
f 𝑟

.   
  3. 

Us
e d

iff
er

en
tia

tio
n t

o f
ind

 th
e o

pt
im

al 
ra

diu
s a

nd
 th

e r
es

ult
ing

 m
ini

mu
m 

su
rfa

ce
 ar

ea
.   

H
in

t: 
st

at
io

na
ry

 p
oi

nt
s o

cc
ur

 w
he

n 
th

e 
de

ri
va

tiv
e 

eq
ua

ls 
0.

   
  4. 

Ca
lcu

lat
e t

he
 po

ten
tia

l s
av

ing
 in

 st
ee

l if
 tu

na
 w

er
e t

o b
e s

old
 in

 op
tim

al 
cy

lin
dr

ica
l ti

ns
 

(o
f t

he
 sa

me
 vo

lum
e)

 ra
th

er
 th

an
 us

ing
 cu

rre
nt

 di
me

ns
ion

s. 
  

H
in

t: 
us

e 
sc

al
e 

fa
ct

or
s t

o 
ge

ne
ra

lis
e 

th
e 

re
su

lt 
yo

u’
ve

 a
lr

ea
dy

 fo
un

d.
   

  Ex
te

ns
io

n:
  

Th
e m

ajo
rit

y o
f t

ins
 ar

e c
yli

nd
ric

al 
in 

sh
ap

e –
 an

 op
tim

al 
cir

cu
lar

 pr
ism

 (c
yli

nd
er

 w
ith

 
eq

ua
l d

iam
ete

r a
nd

 he
igh

t) 
ha

s a
 su

rfa
ce

 ar
ea

 al
mo

st 
8%

 sm
all

er
 th

an
 th

at 
of 

an
 op

tim
al 

re
cta

ng
ula

r-b
as

ed
 pr

ism
 (c

ub
e)

.  H
ow

ev
er

, e
ve

n a
mo

ng
 cy

lin
dr

ica
l p

ac
ka

gin
g, 

so
me

 ar
e 

far
 fr

om
 op

tim
al 

(e
g P

rin
gle

s t
ub

es
, s

pic
e j

ar
s, 

oli
ve

 oi
l b

ot
tle

s).
  W

hy
 is

 th
is?
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In
tr

od
u

ct
io

n
 t

o 
M

at
ri

ce
s 

 W
ri
te

 d
ow

n 
th

e 
or

de
r 

of
 t

he
se

 m
at

ri
ce

s.
 

(a
) 

(3 1)  
 

(b
) 

(0
3

2
−

2
4

1
) 

 (c
) 

( 3
2

6)
 

(d
) 

(0.
5

0
1.

5
1)  

  W
or

k 
ou

t:
 

(a
) 

(4 1)
+

(−
2 0

)  
(b

) 
(−

2 3
)

−
(

4 −
1)  

 (c
) 

(−
1

0
4

7)
+

(2
−

3
0

−
2)  

 (d
) 

(
5

0.
5

−
0.

5
3

)
−

(
2

1
−

4
0.

5)  

  W
or

k 
ou

t:
 

(a
) 

2
×

(
3 0 −
1) 

(b
) 

4
×

(
3

−
1

0.
5

6
)  

 (c
) 

−
3

×
(11 −

8)  
(d

) 
1 2

×
(4

−
6

2
0

3
8

) 

  G
iv

en
 t

ha
t 

𝐴
=

(−
2

3
0

5)
   

 𝐵
=

(
4

−
1

−
3

7
)  

   
𝐶

=
(−

2
0

8
−

3)  

 Fi
nd

: 
(a

) 
𝐴

+
𝐵

−
𝐶 

(b
) 

𝐶
−

𝐵
 

(c
) 

2𝐴
 

(d
) 

𝐴
+

2𝐵
 

(e
) 

3𝐶
+

𝐵
 

(f
) 

4𝐵
−

𝐴
 

(g
) 

2𝐴
+

3𝐶
 

(h
) 

−
4𝐵

+
𝐴

+
2𝐵

 
    

In
tr

od
u

ct
io

n
 t

o 
M

at
ri

ce
s 

 W
ri
te

 d
ow

n 
th

e 
or

de
r 

of
 t

he
se

 m
at

ri
ce

s.
 

(a
) 

(3 1)  
 

(b
) 

(0
3

2
−

2
4

1
) 

 (c
) 

( 3
2

6)
 

(d
) 

(0.
5

0
1.

5
1)  

  W
or

k 
ou

t:
 

(a
) 

(4 1)
+

(−
2 0

)  
(b

) 
(−

2 3
)

−
(

4 −
1)  

 (c
) 

(−
1

0
4

7)
+

(2
−

3
0

−
2)  

 (d
) 

(
5

0.
5

−
0.

5
3

)
−

(
2

1
−

4
0.

5)  

  W
or

k 
ou

t:
 

(a
) 

2
×

(
3 0 −
1) 

(b
) 

4
×

(
3

−
1

0.
5

6
)  

 (c
) 

−
3

×
(11 −

8)  
(d

) 
1 2

×
(4

−
6

2
0

3
8

) 

  G
iv

en
 t

ha
t 

𝐴
=

(−
2

3
0

5)
   

 𝐵
=

(
4

−
1

−
3

7
)  

   
𝐶

=
(−

2
0

8
−

3)  

 Fi
nd

: 
(a

) 
𝐴

+
𝐵

−
𝐶 

(b
) 

𝐶
−

𝐵
 

(c
) 

2𝐴
 

(d
) 

𝐴
+

2𝐵
 

(e
) 

3𝐶
+

𝐵
 

(f
) 

4𝐵
−

𝐴
 

(g
) 

2𝐴
+

3𝐶
 

(h
) 

−
4𝐵

+
𝐴

+
2𝐵
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M
at

ri
x 

M
ul

ti
pl

ic
at

io
n

 
 Is

 it
 p

os
si

bl
e 

to
 m

ul
ti
pl

y 
th

e 
m

at
ri
ce

s 
sh

ow
n?

 

(a
) 

(2 0 4)
×
(5

−
1

4
0
)  

 
 

 (b
) 

( −
7

4)
×
(2 6)

 

 (c
) 

(1
0

4
−
3)

×
(3

2
5

6
0

−
1)

 

  W
or

k 
ou

t:
 

(a
) 

(4 2)
×
( −

2
5)

 

 (b
) 

(0
3

2
5)

×
(−

1
3

0
6)

 

 (c
) 

( 4
7

−
2)

×
(0 1 5) 

 (d
) 

(1
−
2

3
7
)
×
(−

1
4

0
−
2)

 

 (e
) 

(
0

2
−
5

3)
×
(
1

6
−
3

0)
 

 (f
) 

(−
2

1
8

0)
×
(−

3
5

1
2)

 

  (a
) 

G
iv

en
 t

ha
t 

(−
2

𝑎
−
4

3)
(3 7)

=
(2
2 9
)  

 

w
or

k 
ou

t 
th

e 
va

lu
e 

of
 𝑎

. 
 (b

) 
M

at
ri
x 

P
 =

 (
2

3
𝑎

𝑏)
  

M
at

ri
x 

Q
 =

 (
1

1
0

1)
  

Yo
u 

ar
e 

gi
ve

n 
th

at
 P

Q
 =

 Q
P

. 
W

or
k 

ou
t 

th
e 

va
lu

es
 o

f 
𝑎 

an
d 
𝑏.

 

  

M
at

ri
x 

M
ul

ti
pl

ic
at

io
n

 
 Is

 it
 p

os
si

bl
e 

to
 m

ul
ti
pl

y 
th

e 
m

at
ri
ce

s 
sh

ow
n?

 

(a
) 

(2 0 4)
×
(5

−
1

4
0
)  

 
 

 (b
) 

( −
7

4)
×
(2 6)

 

 (c
) 

(1
0

4
−
3)

×
(3

2
5

6
0

−
1)

 

  W
or

k 
ou

t:
 

(a
) 

(4 2)
×
( −

2
5)

 

 (b
) 

(0
3

2
5)

×
(−

1
3

0
6)

 

 (c
) 

( 4
7

−
2)

×
(0 1 5) 

 (d
) 

(1
−
2

3
7
)
×
(−

1
4

0
−
2)

 

 (e
) 

(
0

2
−
5

3)
×
(
1

6
−
3

0)
 

 (f
) 

(−
2

1
8

0)
×
(−

3
5

1
2)

 

  (a
) 

G
iv

en
 t

ha
t 

(−
2

𝑎
−
4

3)
(3 7)

=
(2
2 9
)  

 

w
or

k 
ou

t 
th

e 
va

lu
e 

of
 𝑎

. 
 (b

) 
M

at
ri
x 

P
 =

 (
2

3
𝑎

𝑏)
  

M
at

ri
x 

Q
 =

 (
1

1
0

1)
  

Yo
u 

ar
e 

gi
ve

n 
th

at
 P

Q
 =

 Q
P

. 
W

or
k 

ou
t 

th
e 

va
lu

es
 o

f 
𝑎 

an
d 
𝑏.
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U
si

n
g

 t
h

e 
Id

en
ti

ty
 M

at
ri

x 
 𝐴

=
(−

1
3

2
−

2) 
    

𝐵
=

(−
2

0
4

5) 

(a
) 

G
iv

en
 t

ha
t 

𝐵
+

𝐶
=

𝐼,
 f
in

d 
𝐶 

 

(b
) 

G
iv

en
 t

ha
t 

𝐷
−

𝐴
=

𝐼,
 f
in

d 
𝐷

 

(c
) 

G
iv

en
 t

ha
t 

𝐵
+

2𝐼
=

𝐸
, 

fin
d 

𝐸 
 

  (a
) 

G
iv

en
 t

ha
t 

 

(
𝑥

−
2

−
7

𝑦
)(

3
2

7
5)

=
𝐼 

Fi
nd

 t
he

 v
al

ue
s 

of
 𝑥

 a
nd

 𝑦
. 

(b
) 

G
iv

en
 t

ha
t 

 

(
4

−
1

−
7

2
)(

2
𝑝

𝑞
4)

=
𝐼 

Fi
nd

 t
he

 v
al

ue
s 

of
 𝑝

 a
nd

 𝑞
. 

  (a
) 

Fi
nd

 𝐼
2  

(b
) 

G
iv

en
 t

ha
t 

2𝐴
+

𝐼2
=

(
6

−
4

−
1

5
) 

 

  
  

fin
d 

𝐴.
 

  (a
) 

G
iv

en
 t

ha
t 

(𝑎
𝑏

𝑐
𝑑)(

3
−

2
4

−
3)

=
𝐼 

  
  
 f

in
d 

th
e 

va
lu

es
 o

f 
𝑎,

𝑏,
𝑐 

an
d 

𝑑.
 

(b
) 

G
iv

en
 t

ha
t 

(−
5

3
3

−
2)(

𝑎
𝑏

𝑐
𝑑)

=
𝐼 

  
  
 f

in
d 

th
e 

va
lu

es
 o

f 
𝑎,

𝑏,
𝑐 

an
d 

𝑑.
 

(c
) 

G
iv

en
 t

ha
t 

(
𝑥

1 2
−

2
𝑦)

(
1

𝑧

−
2 3

−
4 9)

=
𝐼2  

  
  
 f

in
d 

th
e 

va
lu

es
 o

f 
𝑥,

𝑦,
 a

nd
 𝑧

. 

 

U
si

n
g

 t
h

e 
Id

en
ti

ty
 M

at
ri

x 
 𝐴

=
(−

1
3

2
−

2) 
    

𝐵
=

(−
2

0
4

5) 

(a
) 

G
iv

en
 t

ha
t 

𝐵
+

𝐶
=

𝐼,
 f
in

d 
𝐶 

 

(b
) 

G
iv

en
 t

ha
t 

𝐷
−

𝐴
=

𝐼,
 f
in

d 
𝐷

 

(c
) 

G
iv

en
 t

ha
t 

𝐵
+

2𝐼
=

𝐸,
 f
in

d 
𝐸 

 

  (a
) 

G
iv

en
 t

ha
t 

 

(
𝑥

−
2

−
7

𝑦
)(

3
2

7
5)

=
𝐼 

Fi
nd

 t
he

 v
al

ue
s 

of
 𝑥

 a
nd

 𝑦
. 

(b
) 

G
iv

en
 t

ha
t 

 

(
4

−
1

−
7

2
)(

2
𝑝

𝑞
4)

=
𝐼 

Fi
nd

 t
he

 v
al

ue
s 

of
 𝑝

 a
nd

 𝑞
. 

  (a
) 

Fi
nd

 𝐼
2  

(b
) 

G
iv

en
 t

ha
t 

2𝐴
+

𝐼2
=

(
6

−
4

−
1

5
) 

 

  
  

fin
d 

𝐴.
 

  (a
) 

G
iv

en
 t

ha
t 

(𝑎
𝑏

𝑐
𝑑)(

3
−

2
4

−
3)

=
𝐼 

  
  
 f

in
d 

th
e 

va
lu

es
 o

f 
𝑎,

𝑏,
𝑐 

an
d 

𝑑.
 

(b
) 

G
iv

en
 t

ha
t 

(−
5

3
3

−
2)(

𝑎
𝑏

𝑐
𝑑)

=
𝐼 

  
  
 f

in
d 

th
e 

va
lu

es
 o

f 
𝑎,

𝑏,
𝑐 

an
d 

𝑑.
 

(c
) 

G
iv

en
 t

ha
t 

(
𝑥

1 2
−

2
𝑦)

(
1

𝑧

−
2 3

−
4 9)

=
𝐼2  

  
  
 f

in
d 

th
e 

va
lu

es
 o

f 
𝑥,

𝑦,
 a

nd
 𝑧

. 
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Rotations Using Matrices 
(a) (b) (c) 
By considering the unit 
square, determine the 
matrix which describes 
a rotation 90° clockwise 

about the origin.  

Describe fully the single 
transformation 

represented by the 

matrix (0 −1
1 0 )  

By considering the unit 
square, determine the 
matrix which describes 
a rotation 180° about 

the origin. 

(d) (e) (f) 

The point (1,−6) is mapped onto the 
point (𝑎, 𝑏) when rotated 90° anti-

clockwise about the origin. Using matrix 
algebra, find the values of 𝑎 and 𝑏. 

The point (𝑐, 𝑑) is mapped onto the point 
(2, 4) when rotated 270° anti-clockwise 

about the origin. Using matrix algebra, find 
the values of 𝑐 and 𝑑. 

A triangle with vertices at (1, 1), (5, 2) 
and (4,−1) is rotated 180° about the 
origin. Use matrix algebra to find the 

coordinates of the vertices of the rotated 
triangle. 

(g) (h) (i) 
Use matrix algebra to show that a rotation 
of 90° clockwise about the origin, followed 

by a rotation of 180° is equivalent to a 
rotation of 90° anti-clockwise about the 

origin. 

The point (𝑎, 6) is mapped onto the point 
(𝑏,−4) following a rotation of 90° anti-
clockwise about the origin. Use matrix 
algebra to find the values of 𝑎 and 𝑏. 

The point (𝑥, 2𝑦 + 6) is mapped onto the 
point (2𝑥, 𝑦 − 7) following a rotation of 
90° clockwise about (0, 0) . Use matrix 
algebra to find the values of 𝑥 and 𝑦. 
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Reflections Using Matrices 
(a) (b) (c) 
By considering the unit 
square, determine the 
matrix which describes 
a reflection in the 𝑥-

axis.  

 Describe fully the 
single transformation 
represented by the 

matrix (0 1
1 0) 

By considering the unit 
square, determine the 
matrix which describes 
a reflection in the line 

𝑦 = −𝑥.  

(d) (e) (f) 

The point (−4, 2) is mapped onto the 
point (𝑎, 𝑏) when reflected in the 𝑥-axis. 
Using matrix algebra, find the coordinates 

(𝑎, 𝑏). 

The point (𝑐, 𝑑) is mapped onto the point 
(7,−5) when reflected in the line 𝑦 = −𝑥. 
Using matrix algebra, find the coordinates 

(𝑐, 𝑑). 

A triangle with vertices at (0, 5), (4, 3) 
and (1,−1) is reflected in the line 𝑦 = 𝑥. 
Use matrix algebra to find the coordinates 

of the vertices of the reflected triangle. 

(g) (h) (i) 

A triangle with vertices at (0, 1), (1, 0) 
and (3, 2) is reflected so its vertices map 
to (0,−1), (−1, 0) and (−2,−3). Find 
the transformation matrix and the line of 

reflection. 

The point (−2, 𝑎) is mapped onto the 
point (𝑏, 3) following a reflection in the 

line 𝑥 = 0. Use matrix algebra to find the 
values of 𝑎 and 𝑏. 

The point (𝑥, 3𝑥 − 7) is mapped onto the 
point (𝑦 + 3, 𝑦) following a reflection in 

the line 𝑦-axis. Use matrix algebra to find 
the values of 𝑥 and 𝑦. 
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R
ef

le
ct

io
n 

an
d 

R
ot

at
io

n 
M

at
ri

ce
s 

 A
 t

ri
an

gl
e 

w
it
h 

co
or

di
na

te
s 

(3
,2

),
 (

5,
2)

 
an

d 
(3

,6
) 

is
 t

ra
ns

fo
rm

ed
 b

y 
th

e 
m

at
ri
x 

(−
1

0
0

1)
. 

B
y 

pr
e-

m
ul

ti
pl

yi
ng

, 
fin

d 
th

e 

co
or

di
na

te
s 

of
 t

he
 t

ra
ns

fo
rm

ed
 t

ri
an

gl
e.

 
D

ra
w

 t
hi

s 
tr

an
sf

or
m

at
io

n 
on

 a
 g

ri
d 

an
d 

he
nc

e 
de

sc
ri
be

 it
 f

ul
ly

. 
  A
 t

ri
an

gl
e 

w
it
h 

co
or

di
na

te
s 

(-
3,

2)
, 

(-
5,

2)
 

an
d 

(-
3,

5)
 is

 t
ra

ns
fo

rm
ed

 b
y 

th
e 

m
at

ri
x 

(
0

1
−
1

0)
. 

B
y 

pr
e-

m
ul

ti
pl

yi
ng

, 
fin

d 
th

e 

co
or

di
na

te
s 

of
 t

he
 t

ra
ns

fo
rm

ed
 t

ri
an

gl
e.

 
D

ra
w

 t
hi

s 
tr

an
sf

or
m

at
io

n 
on

 a
 g

ri
d 

an
d 

he
nc

e 
de

sc
ri
be

 it
 f

ul
ly

. 
  A
 t

ri
an

gl
e 

w
it
h 

co
or

di
na

te
s 

(2
,3

),
 (

4,
3)

 
an

d 
(4

,7
) 

is
 t

ra
ns

fo
rm

ed
 b

y 
th

e 
m

at
ri
x 

(
0

−
1

−
1

0
) .

 B
y 

pr
e-

m
ul

ti
pl

yi
ng

, 
fin

d 
th

e 

co
or

di
na

te
s 

of
 t

he
 t

ra
ns

fo
rm

ed
 t

ri
an

gl
e.

 
D

ra
w

 t
hi

s 
tr

an
sf

or
m

at
io

n 
on

 a
 g

ri
d 

an
d 

he
nc

e 
de

sc
ri
be

 it
 f

ul
ly

. 
  A
 t

ri
an

gl
e 

w
it
h 

co
or

di
na

te
s 

(3
,1

),
 (

5,
1)

 
an

d 
(3

,5
) 

is
 t

ra
ns

fo
rm

ed
 b

y 
th

e 
m

at
ri
x 

(−
1

0
0

−
1)

. 
B
y 

pr
e-

m
ul

ti
pl

yi
ng

, 
fin

d 
th

e 

co
or

di
na

te
s 

of
 t

he
 t

ra
ns

fo
rm

ed
 t

ri
an

gl
e.

 
D

ra
w

 t
hi

s 
tr

an
sf

or
m

at
io

n 
on

 a
 g

ri
d 

an
d 

he
nc

e 
de

sc
ri
be

 it
 f

ul
ly

. 
  Th

e 
tr

an
sf

or
m

at
io

n 
m

at
ri
x 
(
𝑎

2
−
1

1)
 m

ap
s 

th
e 

po
in

t 
( 3
, 4

)  
on

to
 t

he
 p

oi
nt

 (
2,

  𝑏
) .

 W
or

k 
ou

t 
th

e 
va

lu
es

 o
f 𝑎

 a
nd

 𝑏
. 

     

R
ef

le
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Enlargements Using Matrices 
(a) (b) (c) 
By considering the unit 
square, determine the 
matrix which describes 
an enlargement about 
the origin with scale 

factor 3.  
 

 

Describe fully the single transformation 

represented by the matrix (
5
2

0

0 5
2

)  

 
 

Use matrix algebra to show that an 
enlargement of scale factor 2 about (0, 0), 
followed by an enlargement of scale factor 

1.5 about (0, 0) is equivalent to an 
enlargement of scale factor 3 about (0, 0). 

 
 

(d) (e) (f) 

The point (−5, 3) is mapped onto the 
point (𝑎, 𝑏) when enlarged by a scale 
factor 2 about the origin. Using matrix 

algebra, find the values of 𝑎 and 𝑏. 

The unit square OABC with coordinates 
O(0, 0), A(0, 1), B(1, 1) and C(1, 0) is 

mapped to OA’B’C’ under matrix (−5 0
0 −5). 

Use matrix algebra to find the coordinates 
of A’, B’ and C’. 

The point (𝑐, 𝑑) is mapped onto the point 
(−1, −4) when enlarged by a scale factor 
0.5 about the origin. Using matrix algebra, 

find the values of 𝑐 and 𝑑. 

(g) (h) (i) 
Use matrix algebra to show that an 

enlargement of scale factor 2 about (0, 0), 
followed by an enlargement of scale factor 

−0.5 about (0, 0) is the same as a 
rotation of 180° about the origin. 

The point (𝑎, 3) is mapped to the point 
(6, 2𝑎) when enlarged with scale factor 

𝑏 about the origin. Use matrix algebra to 
find the possible values of 𝑎 and 𝑏. 

The point (𝑥 − 4, 𝑦) is mapped to the 
point (2𝑦, 2𝑥 − 18.5) when transformed 

under the matrix (−5 0
0 −5). Find the 

values of 𝑥 and 𝑦. 
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Harder Transformations Using Matrices 
(a) (b) (c) 
Find the single matrix that represents an 
enlargement about the origin with scale 
factor 3, followed by a rotation of 90° 

clockwise about the origin. 

 Find the single matrix that represents a 
reflection in the y-axis, followed by a 

rotation of 180° about the origin. 

𝑃 = (3 1
0 −1)    𝑄 = (0 2

1 −1) 

Matrices P and Q represent different 
transformations. Find the single matrix 

that represents transformation P followed 
by transformation Q.   

(d) (e) (f) 

The point P (4, −2) is mapped to the point 
Q following a reflection in the line 𝑦 = 𝑥, 
then an enlargement with scale factor 2 

about the origin. Use matrix algebra to find 
the coordinates of point Q. 

The point (𝑎, 𝑏) is mapped to the point 
(−5, 1) following a rotation of 180° about 
the origin, then a reflection in the x-axis. 
Using matrix algebra, find the coordinates 

(𝑎, 𝑏). 

The matrix ( 0 𝑏
−2 4) maps the point 

(𝑎, −3) onto the point (−9, 5). Use matrix 
algebra to find the values of 𝑎 and 𝑏. 

(g) (h) (i) 

The transformation matrix ( 𝑎 2𝑏
−𝑎 3 ) 

maps the point (2, −1) to the point (6, 7). 
Find the values of 𝑎 and 𝑏. 

The transformation matrix (𝑏 2𝑎
𝑎 −𝑏) maps 

the point (6, 3) to the point (24, 𝑏). Find 
the values of 𝑎 and 𝑏. 

Point (𝑐, 4) is mapped to the point (−2, 𝑑) 

by the transformation matrix (𝑐 −3
2 −1). 

Use matrix algebra to find the two possible 
values of 𝑐 and 𝑑. 
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