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Answer ALL questions. Write your answers in the spaces provided.

1. (1) The set G = {1,3,4,9,10,12} forms a group under the operation of multiplication
modulo 13

(a) Complete the Cayley table below, Table 1, for this group.
3

(b) Find a subgroup of (G, x,,) of order 3
¢))

(c) Explain why there can be no subgroup of (G, x,) of order 4
¢Y)

(1) Determine whether the set {1,3,6,9,12} under the operation of multiplication
modulo 15 forms a group.

3)

13

10 10

12 3

Table 1

A spare table can be found on page 3 if you need to rewrite your Cayley table.
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Question 1 continued

Only use this grid if you need to rewrite the Cayley table.

X 1 3 + 9 10 12

13

10

12

(Total for Question 1 is 8 marks)
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2. The two sequences x, and y, satisfy the recurrence relations

X = 2 Xns1 = an —Va
yl =1 yn+1 = 3xn + yn
(a) Find the value of x,

These recurrence relations can be written in matrix form as

()6 Cr)=as)

5 -1
where A =
3 1

(b) Find
(1) the eigenvalues of A,

(1) the corresponding eigenvectors of A.

S)

(¢) Hence write down matrices P and D such that P"'AP = D, where D is a diagonal matrix.

(2)

New sequences #, and v, can be formed from x and y, using the transformation

u, _ P—l Xn
v,)
un+l un
(d) Show that =D
vn+1 vn

(e) Hence find closed form expressions for the original sequences x and y,
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Question 2 continued
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Question 2 continued
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Question 2 continued

(Total for Question 2 is 16 marks)
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3. (a) Sketch, on an Argand diagram, the arc given by the locus of points z in the complex

plane satisfying
z 1z
arg - | =
z — 251 12

(2)
The centre of the circle containing this arc is x + yi where
25
X = —?(2 + \/5)
(b) Find the radius of this circle, giving your answer to 3 decimal places.
4)

In a game, players take turns to roll balls along a horizontal surface from a fixed starting
position to a fixed target point 25 metres away.

The game can be modelled in the complex plane, with the starting position at the origin
and the target at the point 251, where the units are metres.

In a particular game, the first player’s ball has come to rest with its centre at 0.5 + 23.251
The second player’s ball is following the path sketched in part (a).

Given that the radius of each ball is approximately 5 centimetres,

“4)

(c) use this model to determine whether the second player’s ball will hit the first player’s ball.
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Question 3 continued
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Question 3 continued
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Question 3 continued

(Total for Question 3 is 10 marks)
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4. A positive integer » satisfies the inequality 99 < n < 1000
The integer » is written as a three digit number abc such that

n=100a + 10b + ¢
where the digits a, b, and ¢ are each integers between 0 and 9 inclusive, a # 0
The integer » has the following three properties:

e n 1s divisible by 11
e the sum of the digits of » is odd
e n=5 (mod9)

Use this information to find all possible values for #, making your reasoning clear.

(6)
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Question 4 continued
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Question 4 continued
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Question 4 continued

(Total for Question 4 is 6 marks)

TOTAL FOR PAPER IS 40 MARKS
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