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2.3 Functions

A hidden quadratic expression is one of the form

al f(X))*+b[f(x) ] +c

where f(x) is some function of x and a, b and c are constants

x*—13x% + 36 x —13y/x + 36
can be written as can be written as
(x%)? —13(x?) + 36 (Vx)? —13(/x) + 36
So f(x) = x? So f(x) =X

We can use index Recall that

(Vx)? = Vxxyx = x

laws to rewrite x*
as (x2)2
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Notes

. 2x __ X
Factorise x% — 13x2 + 36 Factorise 4X3 11x3 3
- Using the substitution y = 3*
Using the SuhbStI:t:ctlion y j X we can rewrite the hidden quadratic as:
we can rewrite the hidden quadratic as:
a 4y2—11y—3
y2—13y + 36 Recall, we need

two factors of We can now factorise by splitting the middle term:
+ 36 that sum to

We can now factorise: —13 4y2 — 12}’ ' y — 3 Since

axc = 4x—-3 = —12,

=909 = -3 +10-3) |
=@y + D0 -3
Finally, we can write the factorised ( y+ )(y ) ese are —12 and +1

expression in terms of x: Finally, we can write the factorised
expression in terms of x:

4x3%% —11%3* — 3 = (4x3* + 1)(3* — 3)

x*—13x2+36 = (x2 —9)(x* — 4)
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Worked Example

2 1

Solve 6x3 +5x3—4 =0
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Worked Example

Solve the equations
a) 2x24+2-21=0
X

b) 2x2-2=-3

Dr Frost 485c
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Worked Example

Solve the equations
a) 2 x 2%l =_15 x 2*¥ +4

b) 8 xXx4*—-9 x 2*+1=0

Dr Frost 485d and 485e
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Fill in the Gaps

Substitution | Quadratic in terms Factorise and Solve Solutions to Hidden
SRS N y=-- ofy Quadratic Quadratic
2 2
4 _ g2 _ .2 2 _ _ y=-4y-2)=0 X=4x°=2
x*—6x2+8=0 y=x y'—6y+8=0 y=4y=2 x=12,x=1V2
a®—28a*+27=0 y=a3

b+vb—-12=0

22X —5x2%44=0

4w* —13w2 +9=0

9x32-82%x3249=0

6t7/3—5t73—4=0
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Fill in the Gaps

Original Equation in x Substitution Quadraticin y Solutions for y Solutions for x
*—10x"+21m8 y=x Y -10y+21=0 y=7y=3 x = 4V7,4V3
x*=7x*+8 y=x’ y=8y=-1
x=3fx-10=0 x=25x=4
2% - 6x2*+8=0 y=2*
Vx + _ =2
X —
Vx
9T -28x3*+27=0
B 2
xVx-13x3+36=0 y=2x3

20
X 4+9%x+—=0
x

R
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Fluency Practice

1

Identify a suitable substitution of
the form y = f(x) for each of these
hidden quadratic expressions:

x®—6x>+8
x+5Vx + 4

2x1° —9x5 +10
(3%)2 +8(3%) + 7
4x2%% — 33%x2* + 8

2(x —3)’+5(x—-3)+3

Factorise fully:

(7] a* —9a2 + 20
() 32x—ax3r—21
() 248 + 1143 + 15

() s@x-72-3@x-7)-2

10X42% — 7x4% + 1

n Solve: —

B w-1wrr1s-0 [T

() x-9vx+20=0
26 — 2823 +27 = 0
() 4a*-17a2+4=0
a 6t+5Vt—4=0
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Fluency Practice

B (ocr c1 June 2006 qsil B (ocr c1 san 2008 Q10ii]
Solve the equation x* — 10x2 + 25 =0 Given that f(x) = 8x% + ia, solve the
x

S comon 0 - -
B [ocr c1 June 2010 Q5] —

Find the real roots of the equation

4x* +3x2-1=0
— [WJEC AS Level June 2018 Unit 1 Q17c]

Express 4* — 10x2* in terms of y,
Solve: where y = 2*. Hence solve the

equation 4* — 10x2* = —-16
0 -sevs-o KN
D -owsa-o [N
B -vxerrio=0 [ ) sove

9x9% — 28X3* +3 = 0 “

) [0cr A2 June 2018 P1 Q3] 0 - 171527 480
Find the two real roots of the equation

x* — 5 = 4x? Give the roots in an exact form. _
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Fluency Practice
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Exam Q AS 2019

2. Find, using algebra, all real solutions to the equation

(i) 16a>=2a

(ii) b* + 7> — 18 =0

4)

4)
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Your Turn

Find, using algebra, all real solutions to the equation

a*—2a*>—-80=0

(4)
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2.4 Quadratic Graphs

Determine the equation of a quadratic function from its graph only

There are some key features of quadratic graphs that we can use if

we want to sketch a quadratic rather than plot it.

[:] The shape of
the graph -
uorn

n Where the

graph crosses the
y-axis

[3 Where the

graph crosses the
x-axis

H_
==l =8
\;{
¥

E] The line of

symmetry of the
graph

L The turning
point of the
graph

(0,18)

(1,0) (6,0)

Start by considering where the

graph crosses the x-axis:

x=6andx =1

So, the factorised equation
must be:

y=a(x—6)(x—1)

To find the value of a, we use the

coordinate where the graph crosses
the y-axis:

y=a(x?—7x+6)

When x =0,y = 18
18 = ax6
a=3

y =3(x%?—-7x+6)

y=3x*-21x+18
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Fluency Practice

Find the equations of the quadratics from their sketches. n Given the sketch of the quadratic, find the equation of the line

of symmetry and the coordinates of the turning point.
8 b y
(0,6)
X
(-1,0) (4,0)
X
(3,0)

8 - (5] y
(—6,0) (12,0)
X
(2,0) (0,—8) (0,-12)

0.7)
X
(1,0)"(7,0)

[AQA IGCSE FM Practice Paper Set 1 P2 Q15] A
L8 The graph of a quadratic function passes through the point (—8,0)

The diagram shows a quadratic graph that and has a turning point at (—2,18).
intersects the x-axis when x = % and x = 5. Find the equation of the quadratic graph.
Work out the equation of the graph.

N =
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Worked Example

The graph of y = ax? + bx + ¢ has a minimum at (3, —5) and passes through (4, 0). Find the values of a, b and ¢
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Fluency Practice

£ £

(@) (e)

ydesn J19y3 wouy suonenbz onespend) uipuiy

I.302F Qs 2,3 P102.4 Qs 5+
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Exam Q

A2 2021 Paper 1 Quadratics

2. Given that
f(x)=x*—4x+5 xelR

(a) express f(x) in the form (x + a)* + b where a and b are integers to be found.

(2)

The curve with equation y = f(x)
* meets the y-axis at the point P

* has a minimum turning point at the point O
(b) Write down
(i) the coordinates of P

(i1) the coordinates of O

2)
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Your Turn

Given that
f(x)=x2—6x+7 xXER
(a) express f (x) in the form (x + a)* + b where a and b are integers to be found.
(2)
The curve with equation y = f (x)
e meets the y-axis at the point P
e has a minimum turning point at the point Q
(b) Write down
(1) the coordinates of P
(11) the coordinates of Q
(2)

(Total for Question 2 is 4 marks)
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2.5 The Discriminant

ax’+bx+c=0

The term ‘root’ refers

— A= to a solution of an
x = b i b 4ac equation in the form
2a f(x) =0, i.e. when

one side of the
equation is 0.

Reflecting on the quadratic formula you just used, what part
of the formula do you think distinguishes between when we
have 0 real roots, 1 distinct real root and 2 distinct real roots?

. t/O e R /El

When this was
negative, we couldn’t

When this was positive,
adding or subtracting
the square root gave

different, i.e. distinct,

solutions.

When this was zero,
adding or subtracting
had no effect, so the
solution was the same.

square root it, so there
were no real solutions.

# The discriminant A = b% — 4ac of a quadratic equation
ax? + bx + ¢ = 0 allows us to ‘discriminate’ between the
different number of roots/solutions:

Distinct real roots

y

A is capital delta in the Greek alphabet.
It is unrelatedly also used to mean
‘change in’, e.g. within the formula for
gradient:

Ay

mzAx
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Quadratic Graphs and the Discriminant

When solving ax? + bx + ¢ = 0, the solutions
correspond to the x-intercepts/roots of
the graph y = ax? + bx + ¢

Graph does not
Cross x-axis

y y
4 4 root
X
X
» X
/! "
root root
2 distinct real roots so: 1 distinct root so:

A>0 A=20

0 real roots so:

A<O

> X
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Using the Discriminant for Points of Intersection

If a line is tangent to a curve, then there will be 1 point

How would you normally determine of intersection, and therefore 1 distinct root to the
the points at which two lines, with equation obtained by substitution.

given equations, intersect?

the solutions to the system of equations:

The points of intersection correspond to \

b? —4ac=0

Similarly, if the line never meets the curve, then the

b? —4ac< 0

We could solve this by substitution:

The number of solutions to this equation
therefore corresponds to the number of
points of intersection.

We can use the discriminant to determine

this.

2x2—x=1
How many solutions would
equation obtained by

substitution of this line
and curve?

you expect there be to the

— x2
y=x
2y—x=1 O equation obtained by substitution will have no real roots.

There will be 2 points of
intersection, and therefore
2 distinct roots.

b? —4ac >0
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Notes
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Questions

Tip: Writeouta = ++-,b = -+, c = --- explicitly 2
before calculating the discriminant. A =b* —4ac

\
Number of distinct
real roots

x24+3x+4=0

x2—4x+1=0

x2—4x+4=0

2x2—6x—3=0

x—4—-3x%2=0

1—-x%2=0
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Fill in the Gaps

yz— s | 9
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Fluency Practice
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Fluency Practice

—

ozb'd pue _3b'd
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0=_d+ xb 0= d+xdz- x 0=_4d+ x

0= d- x
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Worked Example

The equation (3k — 3)x — (2k — 2)x? — k + 2 = 0 has equal roots. Find the possible values of k

Dr Frost 492f
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Worked Example

The equation (k — 1)x — (2k? — 2)x2? + 1 = 0 has real roots. Find the possible range of values of k

Dr Frost 492g
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Worked Example

The equation k?x? — 3kx = 2x — 4 has real roots. Find the possible values of k

Dr Frost 492h
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Worked Example

The straight line with equation y = 7px + 9p touches the curve with equation y = 6px? — x + 3, where p is a constant. Find
the set of possible values of p

Dr Frost 492i

Page 87




Worked Example

Prove that the function f(x) = 4x2 + (k + 8)x — k has two distinct real roots for all values of k
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2.6 Modelling with Quadratics
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Notes
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Worked Example

A spear is thrown over level ground from the top of a tower.

The height, in metres, of the spear above the ground after t seconds is modelled by the function: h(t) = 1.65 + 24.5t — 4.9t?,

t=>0

a) Interpret the meaning of the constant term 12.25 in the model.

b) After how many seconds does the spear hit the ground?

c) Write h(t) in the form A — B(t — C)?, where A4, B and C are constants to be found.

d) Using your answer to part c or otherwise, find the maximum height of the spear above the ground, and the time at which
this maximum height is reached?

Page 95 1.342H Qs all, P11 2.6 Qs all




Exam Q

A2 2021 Paper 1

A

o

Figure 3
“igure 3 is a graph of the trajectory of a golf ball after the ball has been hit until it first
1ts the ground.

The vertical height, / metres, of the ball above the ground has been plotted against the
r1orizontal distance travelled, x metres, measured from where the ball was hit.

T'he ball is modelled as a particle travelling in a vertical plane above horizontal ground.
Siven that the ball

* is hit from a point on the top of a platform of vertical height 3 m above the ground
» reaches its maximum vertical height after travelling a horizontal distance of 90 m

* is at a vertical height of 27 m above the ground after travelling a horizontal
distance of 120m

s1ven also that / is modelled as a quadratic function in x

a) find H in terms of x

(5)
b) Hence find, according to the model,
(1) the maximum vertical height of the ball above the ground,
(i) the horizontal distance travelled by the ball, from when it was hit to when it first
hits the ground, giving your answer to the nearest metre.
3)
c¢) The possible effects of wind or air resistance are two limitations of the model.
Give one other limitation of this model,
(n
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Your Turn

2
ol

Figure 3

Figure 3 is a graph of the trajectory of a golf ball after the ball has been hit until it first
hits the ground.

The vertical height, H metres, of the ball above the ground has been plotted against the
horizontal distance travelled, x metres, measured from where the ball was hit.

The ball is modelled as a particle travelling in a vertical plane above horizontal ground.
Given that the ball
e s hit from a point on the top of a platform of vertical height 2 m above the ground
e reaches its maximum vertical height after travelling a horizontal distance of 100 m

e isata vertical height of 34 m above the ground after travelling a horizontal
distance of 160 m

Given also that H is modelled as a quadratic function in x

(@) find H in terms of x

()
(b) Hence find, according to the model,
(i) the maximum vertical height of the ball above the ground,
(i1) the horizontal distance travelled by the ball, from when it was hit to when it first
hits the ground, giving your answer to the nearest metre.
3
(¢) The possible effects of wind or air resistance are two limitations of the model.
Give one other limitation of this model.
(1)

(Total for Question 12 is 9 marks)
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Exam Question

Figure 3

Figure 2 shows the entrance to a road mnnel. The maximum height of the tunnel is
measured as 5 metres and the width of the base of the tunnel is measured as 6 metres.

Figure 3 shows a quadratic curve BCA used to model this entrance.

The points 4, O, B and C are assumed to lie in the same vertical plane and the ground
AOR is assumed to be horizontal.

{a) Find an equation for curve BCA.

(3
A coach has height 4.1 m and width 2.4 m.
(b) Determine whether or not it is possible for the coach to enter the funnel,
(2)
(c) Suggest a reason why this model may not be suitable to determine whether or not the
coach can pass through the tunnel.
(1)
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Summary

To solve a quadratic equation by factorising:

« Write the equation in the formax? + bx + ¢ =0

« Factorise the left-hand side

« Set each factor equal to zero and solve to find the value(s) of x

The solutions of the equation ax? + bx + ¢ = 0 where a # 0 are given by the formula:
oy —b £ Vb? - bac

2a
X2+ bx = (_\. /. g)z K (g)z

The set of possible inputs for a function is called the domain.
The set of possible outputs of a function is called the range.

The roots of a function are the values of x for which f(x) = 0.

You can find the coordinates of a turning point of a quadratic graph by completing the
square. If f(x) = a(x + p)? + ¢, the graph of y = f(x) has a turning point at (-p, ¢).

For the quadratic function f(x) = ax? + bx + ¢ = 0, the expression h? — 4ac is called the
discriminant. The value of the discriminant shows how many roots f(x) has:

o If b —4ac > 0 then a quadratic function has two distinct real roots.

o If b — 4ac = 0 then a quadratic function has one repeated real root.

o If b? —4ac < 0 then a quadratic function has no real roots.

Quadratics can be used to model real-life situations.
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