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AS 2020

2. Given that
z, =2+31

|z|zz‘ = 39\5

T
arg(zz,) = 1

where z and z, are complex numbers,
(a) write z, in the form r(cos@ + isin@)

Give the exact value of r and give the value of @ in radians to 4 significant figures.

(2)

(b) Find z, giving your answer in the form a + 1b where a and b are integers.

(6)
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2(a)

|z,| =13 and argz, = tan '[%] Bl | Llb
z, =13 (cos 0.9828 +isin 0.9828) Blft 1.1b
(2)
A complete method to find the modulus of z
(b) 3 ? Ml | 3.la
Al 1.1b
| |— V13 and uses |z,z, | = |z, x|z,| = 39v2 = |z,| = 3726 or V234
A complete method to find the argument of z,
e.g. arg(z,z,)=arg(z,)+arg(z,)= Z=>arg(-,) Mi | 31a
7 3 . Al 1.1b
arg(z,)=——tan""' —] or ——0.9828 or —0.1974...
4 2 -
z, =326 (cos ('~ 0.1974...") +isin (- 0.1974..."))
or
o & B ddM1 | L1b
z,=a+bi =a +b =234 and tan"(—0.1974)=—="—=—0.2
a a
=Sa=..and b=...
Deduces that z, =15—3ionly Al 2.2a
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2 f(z)=2"+az" + bz + 175 where a and b are real constants

Given that —3 + 41 i1s a root of the equation f(z) =0

(a) determine the value of g and the value of A.

4

(b) Show all the roots of the equation f(z) =0 on a single Argand diagram.
(2)

(c) Write down the roots of the equation f(z+2)=0

(1)
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2(3) Z*:—3—4i
(z—(—3+4i))(z—(—3—4i)):zz+pz+q Mi 31a
2
{f(:) 2}(3 B pz+q)(z+r)
(22 +6z+25)(z+7) Al 1.1b
Multiplies out (:2 +6:+25)(:+ 7) =..az’ + fiz... M1 1.1b
=2 +1327 4 67z +17500 a =13, b=67 Al 1.1b
“
Alternative 1
; ; M1 3.1a
z* = —3 — 4i and uses product of roots = — 175 to find the third root
Third root = -7 Al 1.1b
Either
Uses sum roots = — ¢ to find a value for @ or uses pair sum = b to find a
value for b M1 Lib
Or
(z—(-3+4i))(z—(-3—4i))(z— their third root) =...
a=13,h=067 Al 1.1b
“
(b)
X T4 —3+4+4i, —3—4i| m 1.1b
¥ L Y
. " —7 Bl 2.2a
X o
2)
() —54+4, —5—4, —9 Blft 2.2a

n
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4. (1) (a) Show that

2+ 3i
5+1

= k(1 +1)

where k is a constant to be determined.

(Solutions relying on calculator technology are not acceptable.)

(3)
Given that

* nis a positive integer

2+3iY .
. - 1s a real number
5+1

(b) use the answer to part (a) to write down the smallest possible value of n.

(1)
(i1) The complex number z = a + bi where @ and b are real constants.
Given that

. |2 =59049

¢ ang ()=

determine the value of @ and the value of b.

C))




" 2431 5-—i . . .
W@ | 243 =k (1+i)(5+i)=.
AS 2023 0-2+15143 B3 5 g(54i45i-1)=..
25+1 26
: 2+3i=k(4+61) therefore
—(1+1) cso . Al
2( +1} 2+3]=k(l+i:| \Wh&:;rt:;f(:l €50
5+1 2
3)
(i)p) | n=4 Bl
(1)
(ii) |z|=3 Bl
mg("]"}zlﬂmg[zjz—sijarg{:)z -—
3 6
M1
arg (=" )=10ar :=£::>a )= {i},
g(=")=10arg(z) = 3 = arg(2) = 15
:=3[cos(—£]+isin[——]]= M1
[
o3B3 B, 3 Al
2 2
)
Alternative -
a’+b*=9
h g 5w
10arg z =—— z =——=+10
arg 3 = arg 3
. . M1
g 10 I)l=—= Z)=.5—=
Oreg 10arg(z) =7 = arg(z) {30}
Forming and solving simultancous equations to find a value for a or b
— = arctan _r gg_ﬁz;.b_ £
a 6 a 3
M1
or
b ™
— =arctan— =+ bh=0.104..a
a 30
- 3"5_25 a_iﬁ db 3 Al
- 2 2 or - 2 fan = E

“)




f(z)y=2z+az’> + 622 + bz + 65

where a and b are real constants.

Given that z = 3 + 2i is a root of the equation f(z) = 0, show the roots of f(z) = 0 on a
single Argand diagram.




Question

Scheme

7 =3-=21i1is also a root

(z-(3+2i))(z-(3-2i))=...

or
Sum of roots = 6, Product of roots = 13 = ...

=z’ =6z+13

(z4 +az’ +62° +bz+65) = (.Z2 - ﬁzr+13)(z2 +cz+5)=> c=..

22 42745=0

zz+.?.z+5=0=>z=...

z==1+21

B
-

Re

-
.




f(z)y=z"+az>+bz>+cz+d

where a, b, ¢ and d are real constants.

Given that —1 + 2i and 3 — i are two roots of the equation f(z) =0

(a) show all the roots of f(z) = 0 on a single Argand diagram,

(b) find the values of a, b, ¢ and 4.




z==1=21 or z=3+1

z==1=2i and z=3+1

Im 4
(-1,2)

\ Re

ar

(:—(3+i )(: -(3 —i)) =...

(z—(-1+21))(z—(-1-2i))

£()=(==(-1+20))(z=(~1-20)
(:—(3+i)] [: —(3—i)) =...

=2 +22+5 or

2 -6:+10 eg.f(2)=("+2=+5)(..)

2242245 and 22 —62+10 | £(z)=(2"+27 (~1-1)+ z(-1+21)-15-5i)(...)

f(z)=(z*+2z+5)(z*~62+10)|  Expands the brackets to forms a

quartic

f(z)=z'-42"+32"-10z+50 or
States a = —4,b=3,¢=—-10,d =50




1. Given that
z = 3(::05

1

z, = \/E{COS

(a) write down the exact value of
(1) ‘lez‘
(11) arg(zlz2)

Given that w =z z, and that arg(w”) =0, where n € Z'
(b) determine
(1) the smallest positive value of n

(i) the corresponding value of |w|
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fz)y=z+az+52 where a 1s a real constant

Given that 2 — 31 1s a root of the equation f(z) =0

(a) write down the other complex root.

(b) Hence
(1) solve completely f(z) =0

(11) determine the value of a

(c) Show all the roots of the equation f(z) =0 on a single Argand diagram.




z+=24+30 so z+z*=4= zz *= 13

52

z4zx+ta=0=>a=.., azz*=—52=>a=—@=...0r

22 — (sum roots)z + (product roots) = Oor (z — (2 + 3i))(z —
(2-30) =..
= (z2—4z4+13)(z+4) =z =..

z=24+3i, —4

(22 — 4z + 13)(z + 4) expands the brackets to find value for a
Ora=pairsum=—4(2+3i+2-3i)+13 =...
Or f(~4)/f(2+3)=0>...5a=..

a=-3




7. Given that z=a + b1 i1s a complex number where @ and b are real constants,

(a) show that zz* is a real number.

Given that

o ¥ =18

(b) determine the possible complex numbers =z




z *= a — bithen zz *= (a + bi)(a — bi) =...

zz *= a® + b? therefore, a real number

(a. —b2)+2abt 7
aZ+b? o

z _ a+bi _ (a+bi)(a+bi)
ze  a—bi © (a-bi)(a+bi)

22 =14+ 8v2i or a + bi = ( ‘hﬁ)(a bi) =..+..i

Forms two equations from a® + b% = 18 or
a?-b* —Tor a-b? —7or 2ab _ ﬂﬂr 2ab_ _
18 9 a2+b? 9 18 9  a?+b?
Solves the equations simultaneously
e.g. a’ + b? = 18 and a? — b* = 14 leadmgtnavaluefura or b




In this question you must show all stages of your working.

Solutions relying on calculator technology are not acceptable.
z, =—-4+4i

(a) Express z, in the form r(cos@ +isin@), where reR, r >0 and 0 <0 <27

( 7% .. 177:)
zz=3 COS — + 18In ——
12 12

(b) Determine in the form a + ib, where a and b are exact real numbers,

. zl
(1) o

(i) (z,)"

(c) Show on a single Argand diagram

(i) the complex numbers z , z, and T

%

(i) the region defined by {z eC:lz-z|<|z- zz|}




"4a2" [,,3?: . 17
=———|cos| "—"—— [+
' 4 12

G H(MJ

4

4 4

A

HEAHEE)

8]' SI'J_ or E—I% orﬂ
2




(¢)(i) and (ii)

(e)(i)
B1: z; and z, correctly positioned. Look for correct quadrants with z; approximately on
=-xand Z, below y =x closer to the origin than Z; . Note that the points are
usually labelled but mark positively if it is clear which points are which if there is
no labelling.

Blft: L in the correct quadrant. Follow through their answer to (b)(i).

o2

Note that the point is usually labelled but mark positively if it is clear which point it
is. It is sometimes labelled as z; which is fine.

(i
M1: Draws a line (solid or dashed) that is the perpendicular bisector of z;z, or drawsa
line that crosses z;z, and shades one of the sides of this line.

Al: A line drawn (solid or dashed) that is the perpendicular bisector of z;z, with either
side shaded as long as it is clear they are not discounting the upper region. The B1 in
part (i) may not have been scored but Z; must be in quadrant 2 and Z, in quadrant 3.

Note that some candidates are drawing the region on a separate diagram and this is
acceptable. You do not need to see a line joining zZ; to =Z,.
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Argand Diagrams

8. (a) Shade on an Argand diagram the set of points

{ZE(C:‘z—4ilﬂ3}r‘1{zEC:—%iarg(z—FS—-ﬁli)sg

The complex number w satisties
|lw—4i| =3

(b) Find the maximum value of argw in the interval (—x, x].
Give your answer in radians correct to 2 decimal places.

|

=18




Question Scheme Marks AOs
8(a)
lmT M1 1.1b
Al 1.1b
M1 1.1b
Al 2.2a
> M1 31
-3 o Re 4
Al 1.1b
(6)
(b) {a.rgw)m = % + msin(%} M1 3.1a
=2.42(2dp) cao Al 1.1b
(2)
(8 marks)
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3. (a) Shade on an Argand diagram the set of points

Argand Diagrams

{zEC:z—l—i|g3}ﬁ{zEC:%Q&rg(z—Z)g%}

The complex number w satisfies

lw—1-i|=3 and arg(w—2)=%

(b) Find, in simplest form, the exact value of |w|?
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Argand Diagrams

Question Scheme Marks AOs
3@) Im | Ml | L.1b
L
M1 1.1b
Al 2.2a
> M1 3.1a
Q\j Re

Al 1.1b

&)
(b) (x=1) +(y=1) =9. y=x-2=x=..0ry=.. M1 3.1a
T=2+J].)E,j-‘=£ Al 1.1b
|w| =[2+ V?J +[Ji—4J M1 1.1b
=11+2/14 Al 1.1b

)
(9 marks)
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S.
YA
2
23

zZ .

0 X
Figure 1
The complex numbers z, =—2, z, =—1+2i and z; =1+1 are plotted in Figure 1, on an

Argand diagram for the complex plane with z = x +1iy

(a) Explain why z,, z, and z, cannot all be roots of a quartic polynomial equation with
real coefficients.

2)
(b) Show that arg(ﬂJ _
R 3)
(c) Hence show that arctan(2) —arctan(l) _T
3) 4 @

A copy of Figure 1, labelled Diagram 1, is given on page 12.
(d) Shade, on Diagram 1, the set of points of the complex plane that satisfy the inequality
|z+2|<|z-1-1]
(2)
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Argand Diagrams

Part | Working or answer an examiner might | Mark | Notes
expect to see
(a) | The complex roots of a real polynomial M1 | This mark is given for a correct statement
occur in conjugate pairs that complex roots of a real polynomial
QCCUr in conjugate pairs
A polynomial with roots z1, z2 and z: also Al This mark is given for s correct statement
needs roots z2* and zz* (five in total) referencing that a quartic has four roots
However, a quartic has at most four roots but would need five if 71, z2 and zz were
50 no quartic can have z1, z2 and z; roots. to all be roots.
(b) I,—ZI, _ —1+2-(2) _1+2 3-i M1 | This mark is given for substituting into
-z 1sio D 344 * 3_] the expression and multiplying the
S numerator and denominator by the
conjugate of the denominator to find the
quotient
_3-i+6+2 5 _1 L Al This mark is given for simplifying to
[ 10 2 find L+ 15
2 2
arctan = :\! = arctan (1) and l + l iisin Al This mark is given for using arctan (1)
ey ) 2 2 and making reference to the first quadrant
the first quadrant; to justify the argument
T,—-I, W
hence arg ==L = =
- 4
© arg £ 2 M1 | This mark is given for applying the
3T formula for the argument of a difference
_ _ of complex numbers
=arg (z2—n1) —arg (z3 - 1)
=arg (-1+2i-(-2))—arg (1 +i-(-2))
=arg (1+2)—arg(3+1)
Hence arctan (2) — arctan |r. l' Al This mark is given for a complete proof
W3) identifying the required arguments
1 1) =«
=arg | —+—i|==
2 2) 4
Bl This mark is given for a line passing
through zz with one side shaded
Bl This mark is given for the area below and

left of the line shaded
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fz)y=z*+az*+bz*+cz+d

where a, b, ¢ and d are real constants.

The equation f(z) = 0 has complex roots z , z,, z, and z,
When plotted on an Argand diagram, the points representing z
vertices of a square, with one vertex in each quadrant.

Given that z =2 + 31, determine the values of a, b, ¢ and d.

;» Z,» Z, and z, form the

(6)




Argand Diagrams

AS 2020
7 z,=2-3i Bl
(23 :)p —3iand (24 :)p +31 May be seen in an Argand diagram Ml
(z; =)—4—3iand (z, =)—4+3i May be seen in an Argand
Al

diagram, but the complex numbers used in their method takes

precedence

(22 —4z+ 13)(:2 +8z+ 25)
(z—(2-30))(z—(2+3i)) (z — (—4-31)) (= — (—4 +3i))
a=—[(2=31)+(2+3i)+(—4-3i)+ (-4 +3i)]
and

b=(2-31)(2431)+(2-3i)(—4-3i)+(2-31)(—4+3i)
+(2431)(—4—-31)+(2+31)(—4+3i)+(—4-31)(—4+3i)
and am1
(2-31)(2431)(—4—31)+(2—31)(2+3i)(—4+31)
+(2-31)(—4-31)(—4431) +(2+3i)(—4—3i)(—4+31)
and
d =(2-3i)(2+3i)(—4—3i)(—4+3i)

Substitutes in one root from each conjugate pair and equates real and
imaginary parts and solves simultaneously

(2+3i)" +a(2+3i) +5(2+3i) +c(2+3i)+d =0
(—4+3i) +a(—4+3i) +b(—4+3i) +c(—4+3i)+d =0
a=4,b=6,c=4,d=325 Al
f(z)=z"+42°+62" +42+325 Al
(6)
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Argand Diagrams

10. Given that there are two distinct complex numbers z that satisfy

{z:]z=3-5i|=2r} n {z:arg(z -2) =3—”}

determine the exact range of values for the real constant 7.

4

(7)
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10

Argand Diagrams

(x—3)2+(y—5)2=(2r)2and y=—x+2 Bl
(x—3)2 +(—x+2 —5)2 = (2r)2
or M1
(=y+2-3) +(y—-3) =(2r)
2x* +18—4r* =0
or Al
2y" —8y+26—4r’=0
b —4ac>0=0"—4(2)(18-4r7)>0=r> .
or
¥ =9-2r'=9-2r">0=r>.. dM1
or
b* —dac>0=>(-8) —4(2)(26—4r%)> 0= r>..
Finds a maximum value for r
(2r) =5 +(3-2) = r=.. Ml
W2 J_ Al
o It Al
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Argand Diagrams

Im &

L

ah
\_ /. /

L")
|
2]
|
‘
=
v

\
-5 —4\

[
\

Figure 1
Figure 1 shows an Argand diagram.
The set P, of points that lie within the shaded region including its boundaries, is defined by
P={zeC:a<|z+b+ci| < d}
where a, b, ¢ and d are integers.

(a) Write down the values of a, b, ¢ and 4.
(3)
The set Q) is defined by

O={zeC:a<|ztb+ci|<d}n{zeC:|z-1|<|z-3i|}

(b) Determine the exact area of the region defined by (O, giving your answer in
simplest form.

(7




AS 2021 Argand Diagrams

Question Scheme Marks AOs
5(a) a=1,d=2 Bl 1.1b
b=2 B1 1.1b
c=-1 B1 1.1b

3)
(b) z-i| = |z-3i|=> y=2 Bl | 22a
Area between the circles = 7x2% — 7 x1° M1 I.1a

Angle subtended at centre =

2xcos” (l]
2

Alternatively
(x+2) +(y-1) =4, y=2=x=.. | Ml | 3.la

5 Or x=~2" -1’
1)

Leading to Angle subtended at centre = 2xtan” {T

1 L, 1. (2m)] 4 Ml | 2.1
Segment area = 2>< x 2 2)(2 xsm( 3 j{_3ﬁ \E} Al 1.1b

3
Area of O: :rx2z—;rxlz—[%x%xf—%xfxsin[%{)) M1 3.1a
Sx
=T+\/§ Al | Lib
@)

(10 marks)
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Argand Diagrams

2. (a) Express the complex number w = 4+/3 — 4i in the form r(cos@ + isinf)

where r >0 and 77<0<x

(b) Show, on a single Argand diagram,

(1) the point representing w

(i1) the locus of points defined by arg(z + 10i) =

w |y

(c) Hence determine the minimum distance of w from the locus arg(z + 10i) =

4

)

W[y

)
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2@ | = J(443) +(4) =8 BI

+4 1
arg w= arctan| —= | =arctan| +— M1
' [4@ J [ 3J

-1 Al
So (w:)S[cos[—%]Hsin(—%D Al
4)

(b) . (i) w in 4™ quadrant with

! . | either {4J§ . _4} seen or
arg(z—i—l()i}:g Bl

T
——<argw< 0
2 g

(i1) half line with positive
gradient emanating from M1
imaginary axis.

w The half line should pass
between () and w starting

=y

from a point on the Al
imaginary axis below w
3)
(c) AOAX is right angled at X so
0X =10sin Z =5 (oe) Mi
So shortest distance 1s Ml

WX=0W-0X="8"-5=...

So min distance is 3 Al
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7. (1) Shade, on an Argand diagram, the set of points for which

23] < |z +6i
3)

(11) Determine the exact complex number w which satisfies both

4 T
arg (w — 2) =3 and arg(w+1) s

(6)
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Argand Diagrams

()

(ii)

A
Ml
Al
Bl
3)
m=lan(-;5J{=~/§} and y—0=m(x-2)
MI
leads to )’-—0=~/§(x—2) or y=~5x—2\/§
Al
m=mn(£){=£} and y—0=m(x—(-1))
6 3 |
A
leads to )’—0=[3—(x—(—l))or ,'=_3 +_3
3 3
ﬁr—2ﬁ=€x+§:x=... M1
)s=J3'(1)-2 (5 Ml
poj 2425, X
(6)




2. In an Argand diagram, the points 4 and B are represented by the complex numbers
—3 + 21 and 5 — 4i respectively. The points 4 and B are the end points of a diameter of
a circle C.

(a) Find the equation of C, giving your answer in the form

z—al=5 acC, beR
3

The circle D, with equation |z — 2 — 3i| = 2, intersects C at the points representing the
complex numbers z, and z,

(b) Find the complex numbers z, and z,




Centre of circle Cis (1, 1)
r=(5-1) +(—4+1)" =5

or

r=J(3-1) +(2+1)" =5

or

r =%(—3—5)2 +(2+4)" =5

z—1+i|=5 or |z—(1—i)|=5

N
w

(x=1) +(y+1)" =25, (x=2) +(y-3)" =4
x*=2x+1+)y " +2y+1=25
X' —4x+4+y" —6y+9=4
— 2x+8y =32
(16-4y) —4(16-4y)+4+3* —6y+9=4

or

2
x2—4x+4+(16_x] -6['6"‘)+9=4
2 2

17y" =118y +201=0 or 17x" -72x+16=0

1757 118y +201=0= (17y—67)(y-3) =0= yzg,?:

>

or

17x’—72x+16=0:>(17x—4}(x—4)=0:>x:%,4

N
—

>
=
b
(]
£

. ©) |

:



1. A student was asked to answer the following:

For the complex numbers z, =3 -3i and z,= V3 +1, find the value of arg(ﬂJ

Z

The student’s attempt is shown below.

Line2 —»

Line3 —»
Line 4 —.—-—

The student made errors in line 1 and line 3
Correct the error that the student made in
(a) (1) linel

(ii) line 3

(b) Write down the correct value of arg[i]

I




Question Scheme Marks
arg(z)) =}tan™ ()
or {arg(z,) =} tan"'(-1)
or{arg(z,) =} —tan™* G)
or{arg(z) =} - =

or{arg(z,) =}2m — E

States that{arg C—;) =} arg(z,) —arg(z;)

Or states that the arguments should be subtracted




Series




AS SAMs Series

6. (a) Prove by induction that for all positive integers n,

= E”{H + 1)(2n + 1)

(b) Use the standard results for 21'3‘ and Zr to show that for all positive integers n,

r=l r=1
n

r(r+6)r—=6)= in{n + 1)(n —8)(n+9)

r=1

(c) Hence find the value of n that satisfies

i}'(r +6)(r—6)= l?"i“r2
r=l

r=1




AS SAMs Series
() Y r(r+6)r—6) =" (r’-36r)
r=1 r=1
M1 2.1
= lnz(n +1) - EM(;ﬂ +1)
4 2 Al 1.1b
=ln(n +1)[n(n+l)—?2:| M1 1.1b
4
=%n(n+1)(n—8)(n+9) * cso Al* 1.1b
(4)
© %n(n+l){n—8)(u+9) =%n{n+1){2n 1) ML | L.1b
L8 +9) =L @n+1) M1 | Llb
3’ —65n—250=0 Al | L.1b
(3n +10)(n — 25) =0 Ml | L.1b
(As n must be a positive integer,) n = 25 Al 2.3
()

(15 marks)
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Series

6. (a) Use the standard results for Zr2 and Zr to show that

r=1 r=l1

§(3r —2)? :%n[ﬁnz ~3n—1]

for all positive integers n.

(b) Hence find any values of n for which

n 28
Y (Gr-2)"+ 1032;«;01{%) = 3’
r=5 r=1
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Question Scheme Marks AOQs
6(a) (3r-2) =97 -12r+4 Bl | Llb
2[91']—12}'+4}=9}:%”[}?+1}|’L2n+l]—lEx%n[u+l}+... M1 21
r=l
1 1
=9%x—n(n+1)(2n+1)=12x—n(n+1)+4n Al 1.1b
6 2
1
=Er:[?:l[n+l}|{2n+l}—ll|{n+l}+8] dM1 | L.1b
1 )
=—n|6n" =3n-=1|* Al* 1.1b
Lo --1]
)
(b) . r 1 g, 1 2 '
;(3;-—3} =2—n[5n-—3;:—1)—5(4}(45{4} ~3x4-1) Ml | 3la
i;-m«,["f]=ﬂ-2+ﬂ+4+0-5+ﬂ+3+0-1ﬂ+0+12+... Ml | 3la
; 3., 1 3
I ——n ——n-166+103x14=3n
2 2 Al 1.1b
=31’ +n—2552=0
— 30 +n-2552=0=n-=... M1 1.1b
n=29 Al 23
&)
(10 marks)
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6. An art display consists of an arrangement of » marbles.

When arranged in ascending order of mass, the mass of the first marble is 10 grams.
The mass of each subsequent marble is 3 grams more than the mass of the previous one,
so that the #th marble has mass (7 + 37) grams.

(a) Show that the mean mass, in grams, of the marbles in the display is given by

%(3n+17)

3)
Given that there are 85 marbles in the display,

(b) use the standard summation formulae to find the standard deviation of the mass of
the marbles in the display, giving your answer, in grams, to one decimal place.

(6)
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Series

Part | Working or answer an examiner might | Mark | Notes
expect to see
(3) _ 1 & . M1 This mark i given for fimomre—aorrerr
r= ; Z(? +37) expression for the mean mass of the
- marbles, T
- i M1 This mark 15 given for correctly splitting
Z (7+3r) the sum and using the arithmetic series
. formula
=731+33r
n
=Tn+3-(n+1
7+ 1)
——743 3 +1 Al | This mark is given for correct working to
T 2 (r+1) arrive at the answer shown
_14+3n+3
2
-1 (Gun+17)
2
(b) | Standard deviation = Bl This mark is given for using the formula
for standard deviation (given in the
formulae booklet)
Whenn=285 7=(3=85+17)=136 El This mark is given for finding the mean
mass of the marbles when n= 85
M1 | This mark is given for a method to find

Txt =23 = To+a2r 0

an expression for 3 x°

=40n+42 = %n{n + 1)+ 0% %n(n+ 1)(2n

Bl Thizs mark 1s given for an expression
for 2 x" interms of n

M1 | This mark is given for substituting to find
When n = 85, a value for the standard deviation for the
mass of the marbles when n = 83
_ J416)—133)1{]—18?){]1) _136°
g5
=4/5418
=T736¢g Al This mark is given for a value of the

standard deviation of the mass of the
marbles (accept any answer which rounds
to 74, units not needed)
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<« >

G+
r
Vg

4—(rt+2)—»
Figure 2

A block has length (» + 2)cm, width (» + 1)cm and height rcm, as shown in Figure 2.

In a set of n such blocks, the first block has a height of 1 cm, the second block has a
height of 2 cm, the third block has a height of 3 cm and so on.

(a) Use the standard results for 2r3 ,21‘2 and Zr to show that the total volume, V, of

r=1 r=1 r=1

all n blocks in the set is given by

V=Z—(n+1)(n+2)(n+3) n>1

)

Given that the total volume of all » blocks is
(n*+ 6n° - 11710) cm’

(b) determine how many blocks make up the set.

(2)
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5(a) Volume = rx(r+1)><(r-|—2) Bl 1.1b
A complete method for finding the total volume of n blocks and
expressing it in sigma notation. This can be implied by later work.
n M1 3.1b
Z(r3 +3r +2r)
r=1
1, 1
V:Zn‘(rhtl)z+3xgn(n+1)(2n+l)+2xg(n+1} Ml 2.1
1
V=Zn(n+1)[n(n+l)+2(2n+l)+4] dM1 | 1.1b
V:im(nﬁ—l)[n2 +5n+6]
1 Al* 1.1b
= szn(n+l)(n+2)(n+3)*
()
(b) Sets%n(n+l)(n+2)(n +3)=n*+6n"—11710
l1714—|~§J’:3L-1~Ef:12—|~§n=n4—l—61'13—117"10 MI I.1b
4 2 4 2
simplifies (3:14 +18n° —11n° —6n—46840 = 0) and solvesn = ...
There are 10 blocks or n =10 Al 3.2a
2)

(7 marks)
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3. (a) Use the standard results for summations to show that for all positive integers n

n

;1
z (5r-2)" = En(anz +bn +¢)

r=1

where a, b and c are integers to be determined.

)

(b) Hence determine the value of & for which

k
Y (5r—2)* =94k
r=1

4)
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Question Scheme Marks AOs
3(a) (5r=2) =25r> —20r +4 Bl | LIb
Zzsrl—zm+4=%n(m1}(2n+1}—22—0n(n+1}+... Ml | 2.1
r=I1
=2—;H(n+1](2n+1)—%n{n+l]+4n Al 1.1b
=én|:25(2ﬂl+3n+l)—60(u+l}+24:| dMl1 | Llb
=lﬁ[50n3+15n-11] Al 1.1b
6
(5)
b : 1
(b) lk[SDk‘HSk—ll}:%k' M1 1.1b
6
504> — 549k —11k =0
or Al 1.1b
50k =549k —11=0
(k—11)(50k +1)=0=k =... M1 1.1b
k= 11(only) Al | 23
(4)

(9 marks)
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5. (a) Use the standard summation formulae to show that, for n € N,

n
(3.!’2 —-17r — 25) = n(n2 — An — B)

r=1

where 4 and B are integers to be determined.

4)
(b) Explain why, for £ € N,

3k

Zrtan(ﬁ()r)o = k3

r=1

2)
Using the results from part (a) and part (b) and showing all your working,

(c) determine any value of n that satisfies

n 3n 2
Z(3r2 ~17r -25) =15 zrmn(éor)"
r=s r=6

(6)
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@) N 1 (© 2 n 4
Z(3r2—17r—25):3x%(n+1)(2n+l)—17x5n(n+l)—... M1 2(3)‘2—]7r—25)=Z(3r2—]7?—25)—2(3}‘2—17}'—25) M1
r=1 = r=1 r=1

:3x%(n+l)(2n+])—17x%n(n+1)—25n Al =n(n"~Tn-33)-4(4* - 7x4-33)
Al
. 7 (=n(n*~7n-33)+180)
=n(—(2n2+3n+])——(n+l)—25J
2 2 3n
or MI Zrtm(ﬁor)o—_n 3 +2+/3 (allow for —n 3——2\6) B1
=2 ((22 +3n+1)=17(2+1)-50) - 2
2 = n(n* = 7n-33)+180 =15 -3 + 243 |
=n(n"~7n-33) cso (sod=7and B=33) | Alcso =0’ ~7n* ~33n+180=15(3n" ~12n+12) Ml
4) =n' =52n" +147n =0

(b) 3k —n' =520 +14Tn=0=n=.. Ml
Zr tan(éOr) But need n > 5 for sums to be valid, so n =49 (allow if n =0 also
r=l : _ : Al

given but n = 3 must be rejected).
=tan(60)°+2tan(120)°+3tan(180)°+4tan(240)°+5tan(300)° M1 6)
+6tan(360)°+

=(V3-243+0)+ (43 =53 +0) +...

Since tan has period 180° we see tan (60?‘)" repeats every three terms

and each group of three terms results in —V/3 as a sum, so with & Al

groups of terms the sum is —k Jg

2
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8. (a) Use the standard results for z ¥ and z r to show that, for all positive integers n,
=1 r=1

n

N @r-1) = g(anz ~1)

r=1

where a 1s a constant to be determined.

e)

(b) Hence determine the sum of the squares of all positive odd three-digit integers.

)
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Series
8(a) (2:‘—1)2 =4r" —4r+1 Bl
3 (2r 1) =43 2 -4 r+ Y
r=l r=1 r=1 r=1 M1
Al
=42 (n+1)(2n+1)=42 (n+1)+n
6 2
=%[2(n+l](2n+]}—ﬁ(n+l)+3]
Or dM1
=n 2 n+l)(2n+1)-2(n+1)+1
| 2rennsn)-2(n 1)1
{2[4n2+6.‘1+2—6.‘1—6+3)}
3 Al
=§(4n2—1) cso
(5)
00
(b) Z(Zr—l)z Bl
r=351
300 3 SO0 9 30 2
r;ﬂ(ﬁr—l) =§[2r—1} —E(zr—l)
500 2 50 2 M1
=T(4(500] —1}—?[4(50] -1}
{ =166666500—166650)
166 499 850 Al

(3)
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4. In this question you may assume the results for

n n n
Sr. S ad 3
r=1

r=1 r=1

(a) Show that the sum of the cubes of the first n positive odd numbers is

n*(2n* — 1)

The sum of the cubes of 10 consecutive positive odd numbers is 99 800

(b) Use the answer to part (a) to determine the smallest of these 10 consecutive positive
odd numbers.

4)




Question

4(a)

Scheme

A complete attempt to find the sum of the cubes of the first n odd
numbers using three of the standard summation formulae.

Attempts to find (27 +1)" or 3 (2r~1)" by expanding and using

summation formulae

2(21-—1)3 =i:(8r3 ~12r* +6r-1)= sir‘ -122# +6jr-z':1
or

§(2r+l)3 :E(&3+1h2+6r+1)=SEP +12i"r2 +6'z_fr+'21
r=0 r=0 r=0 r=i r=0 r=0

2
=8"T(n+l)2—l2%{n+l)(2n+l)+6%(n+l)—n

or

=3(";I) {mr)’+12("rﬁ_l)(*‘f)(zf"‘l)‘“ﬁ(ﬂ%l}(“']‘le

Series

:zij(zr-l)‘ =§(2r-1)’ -E(zr-l)’

= (n+9)" (2(n+9) ~1)~(n=1)"(2(n—1)"~1) = 99800

or
n+10

rzzm(z-"—l)3 ='§°(2r_1)3 _Z(zr_lls
(o010 (107 1o 1) o0

r;(zr-l)’ =Z{2r-1)‘ -t_zj{zr—l)‘

=(n)*(2(n)* =1)~(n-10)’ (2(n—10) ~1) = 99800

Multiplies out to achieve a correct intermediate line for example
nn+l 2n° —2n+1 —n=2n" 20" +n* +2n* —2n" fn—n
2n* +4n’ +2n° —4n’ —6n" —2n+3n” +3n—n
leading to
=n2(2n2—1) cso *

80n" +960n" +5820n —86760 =0
or

800" +1200n" + 79808 — 79900 =0
or

80m° —1200m° + 79801 —119700 =0

Solves cubic equation

Achieves n =6 and the smallest numberas 11
or

Achieves n =15 and the smallest number as 11
or

Achieves n =15 and the smallest number as 11




Series

In this question you must show all stages of your working.
Solutions relying on calculator technology are not acceptable.

(a) Explain why, forne N

2n i
(D" f(r) =Y (f2r)-f@2r-1)

for any function f(r).

(b) Use the standard summation formulae to show that, for n e N

2i

(=1 + zr)2 = n(2n + 1)8n" + 4n + 5)

(c) Hence evaluate




Series

All the even terms are positive and all the odd ones are negative.
or

2zj:(-ljrf(r) =—f(1)+£(2)-£(3)+1(4)-...

i
S £(r) = () +F(2) - £(3) +£(4) ...~ F(2n - 1) + f(2n)

r=l

=f(2) + £(4)+ ..+ F(2m) = (F(1)+F(3)+ ..+ F(2n-1))

=ﬁ(f(2r}-f(2r-1))*
r=l

=n(2n+1)+4(n(2n+1))’ +4n(2n+1)
=n(2n+1)(1+4n(2n+1)+4)

=n(2n+1)(8n” +an+5)*

Szn:r((-l}’ o) =§r((-1)’ o) -ir((—l)' sr)
r=l4 r=l =l
=§r((-1)' v2rf —ir((—l]’ +2r) 13x25°
r=1 r=l
ar
= f:r((-n' +:uv]2 —ir({-l}" +2r) +14x29°
F=l r=1 :

=25x51x5105—6x13x317—13x 25
(= 650887524726 -8125)
or
25%51x5105—Tx15% 425+ 14 % 29°
(= 6508875 44625+11774)

e [ a |
A v |




. @
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1. f(z) =z +pz? + gz - 15

where p and g are real constants.
Given that the equation f(z) = 0 has roots

5 5
a, — and (a+——1)

a a

(a) solve completely the equation f(z) =0
(3)

(b) Hence find the value of p.

(2)
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Question Scheme Marks AOs
1 Ml 1.1b
@) a(i}[a+i—l)=15
a 4 Al 1.1b
25 2
=55 +—-5=15=2a —-4a +5=0
o
. J PSR Ml 3.1a
A= — ,
—a= o ) e U[C), r (a—2) —4+5=0=>a=..
2(1)
—a=2=+i Al 1.1b
Hence the roots of f(z)=0are 2+i,2—1 and 3 Al 2.2a
()
(b) p=—("@+i)"+"2-)"+"3") = p=_. Ml | 3.1a
= p=-7 cso Al 1.1b
)
1(b) alternative
f(z)=(z-3)z"—-4z+5)=>p~=.. M1 3.1a
= p=-7 cso Al 1.1b
2)
(7 marks)




AS SAMs | Rootsof Polynomials |

4. The cubic equation

>+ 3x2=8x+6=0
has roots a, f and y.

Without solving the equation, find the cubic equation whose roots are (¢ — 1), (f — 1)
and (y — 1), giving your answer in the form w? + pw? + gw + r = 0, where p, ¢ and r are
integers to be found.

(5)
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Question Scheme Marks AOs
4 fw=x-1=} x=w+1 Bl 3.la
(w+1)° +3(w+1)> =8(w+1)+6 =0 Ml 3.1a
W43 43w+ 1+ 3(W? + 2w+ 1) -8w—-8+6=0
M1 1.1b
WAH6W +w+2=0 Al | L.1b
Al 1.1b
&)
Alternative
a+f+y=-3af+pPr+ay=-8,afly=—6 Bl 3.1a
sumroots = ¢ —1+ ff—-1+y—1
=a+f+y-3=-3-3=-6
pairsum = (¢—1)(f-1) + (& =)y -1 + (f-1)(y-1)
=aff+ay+ Py-2a+p+y)+3
= -8-2(-3)+3 =1 ML) 3da
product = (ot —1)(p —D)(y — 1)
= apy —(ap +ay +PBy)+(@+p+y) -1
=—6—(-8)-3-1=-2
M1 1.1b
W+6wW +w+2=0 Al 1.1b
Al 1.1b
&)
(5 marks)
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2. The cubic equation
z2—-322+z+5=0

has roots a, f and y.

Without solving the equation, find the cubic equation whose roots are 2a + 1), (26 + 1)
and (2y + 1), giving your answer in the form w* + pw* + gw + r = 0, where p, g and r are
integers to be found.

5)
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Question Scheme Marks AOs

2 w=2:+l::>:=w_1
2

3 2
{“'1] —3(“'1J +{“'1J+5=0 Ml | 3.1a
2 2 2
1

E(W3 —3n’ +3w—1)—%(w2 —2w+l)+ WT_1+S =0

Bl 3.1a

M1 1.1b
W —9u”? +19w+29=0 Al 1.1b
Al 1.1b

)
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fo)=2+22+pz+q
where p and g are real constants.

The equation f(z) = 0 has roots z , z, and z,
When plotted on an Argand diagram, the points representing z
vertices of a triangle of area 35

z. and z, form the

1?72

Given that z = 3, find the values of p and ¢.

(7)
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Question Scheme Marks ADs
7 Complex roots aree.g. a £ fii
or
(:'1+::+p:+q}+[:—3]:::+4:+p+12
or Bl 31a
f(3)=0=3+3"+3p+g=0
or
One of: 34z, 4z, ==1, 3z,z;=—q, 3z,+3z;4+z5,5,=p
Sum of roots g+ Si+a-fi+3=-1=a=_.
or M1 1.1b
o+ Fita-fi=—d—p=_.
a=-2 Al 1.1b
So %x?ﬁx5=35:}ﬁ=? M1 | 11b
q=—3|[”—2+'.-’i"]|["—2—?i“}|=...

or
p=3("-2+T")+3("-2-T1")+("-2+T7i")("-2-T1") Ml | 31a

or

{:—3}(:—[“—2+'?i“])(:—|[“—2—?i“])=._.

g=-1590rp =41 Al 1.1b
3p+q=—3ﬁ:}p=ﬂ=4lmd g=-159 Al 1.1b

M
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2. The cubic equation

2x° +6x7=3x+12=0

has roots a, £ and .

Without solving the equation, find the cubic equation whose roots are (¢t +3), (f +3)
and (y +3), giving your answer in the form pw’ + gw’ + rw+s =0, where p, ¢. r and s
are integers to be found.

(5)
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Question 2 (Total 5 marks)

Part | Working or answer an examiner might | Mark | Notes
expect to see
w=x+3 sox=w-—3 Bl This mark 1s given for finding the
relationship between x and w
2Aw=3P+6(w-31-3w-3)+12=0 M1 | This mark 1s given for substituting w— 3

into the cubic equation

2w? — 18w + 54w + 6w — 36w+ 54 - 3w+ 9+ 12=0

M1 | This mark 15 given for

multiplying out all the terms

2w = 12w + 15w+ 21 =0

(sop=2.g=-12.r=15ands=21)

correctly
Al | This mark 1s given for at least two of p.
g, » and s correct
Al | This mark 1s given for all four terms p.

g, » and s correct
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7. f(z)=2z—8z> + pz—24
where p is a real constant.

Given that the equation f(z) =0 has distinct roots
a, B and (a +12—ﬁ)
o

(a) solve completely the equation f(z)=0

(6)
(b) Hence find the value of p.

(2)
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Question 7 (Total 8 marks)

Part | Working or answer an examiner might | Mark | Notes
expect to see
(2) f12 \ M1 | This mark is given for finding the sum of
a+ﬁ+:._“_g_ﬁ_;_3 roots and equating them to 8
12 Al This mark 1s given for finding an
2o+ —=8 .
a equation in terms of o only.
2a2+12 =8¢ so 2a?-8a+12=0 M1 | This mark is given for rearranging to find
: a quadratic equation to solve
4z (H4) —4x1x6
2x1
o=2+1N2 Al This mark is given for finding the two
complex roots
Product of roots = 24 M1 | This mark is given for a method to find
) ; the third root of fiz)
Third root = _ 2 _ _
(2+iV2)(2-iv2) 4+2
Hence the roots of f{z) are 2 + 42, 2 - 42 Al | This mark is given for finding the three
and 4 roots of fiz)
b) [fiH)=0=4-(B=x40)+4p-24=0 M1 | This mark is given for a method to find a
4p =88 value of p
p=22 Al This mark is given for a correct value
forp
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9. The cubic equation

3 +x2—4x+1=0
has roots a, B, and 7.

Without solving the cubic equation,

: 1 1 1
(a) determine the value of —+ — + —

a By 3)

b) find a cubic equation that has roots l l and l, 1ving your answer 1n the form
q 5 ging 'y
a Y

x* + ax?* + bx + ¢ =0, where a, b and ¢ are integers to be determined.

&)
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9(a) a3y =—% and /3 + a’}f-l-ﬂ'}f:—% Bl
1 1 1 py4+ay+ap _A
a B v oy —%

—4 Al

3)

(b) ia-l—ﬁ-l-’}’:—%}

I 1 1 1 1
New product= —x—x—=——=——=_.(-3 M1
a By apy -Y =3)

_1

New pair sum—+

af pyoay apy WY

3

x* —(part (a))x2 +(new pair sum)x —(new product ) (=0) MI

¥ —4x+x+3=0 Al
3
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2. The cubic equation
Ox’ —5x*+4x+7=0

has roots a, f and .

Without solving the equation, find the cubic equation whose roots are (3a — 2), (35 — 2)
and (3y — 2), giving your answer in the form aw’ + bw’ + cw + d = 0, where a, b, ¢ and d
are integers to be determined.

3)




Question Scheme Marks | AOs
2
w=3x—2:>x=w+2 Bl 3.1a
3 2
9[“+2J -5[“*2] +4["’+2]+?=0 Ml | 3.la
3 3 3
1, 5 . - 5., 4
(W + 6w +12w+8) == (W +4w+4)+—(w+2)+7=0
3 9 3
dMm1 1.1b
3w +13w” + 28w +91=0 Al 1.1b
Al 1.1b
(&)
Alternative;
5 4 7
a+pB+y=—,af+pfy+ay=_—.affy =—— Bl | 3.la
9 9 9
13
Ncwsum=3(a+ﬁ+}’)—6=—?
28
Ncwpairsum=9(&ﬂ+ﬁ}’+}’a)—12(a+ﬁ+y)+12=? M1 3.1a
New product = Z?aﬂy—18(aﬁ+ﬂ}'+}ra]+12(a+ﬁ+y)—8:—93—1
13 28 91
el WA= - |=0 dM1 | Llb
" ( 3]'” 3" ( 3]
. B Al | LIb
3w’ +13w" +28w+91=0 Al 1.1b
(&)
(5 marks)




1. fz)=z"—6z"+pz"+gz+r
where p, g and r are real constants.
The roots of the equation f(z) = 0 are @, £, y and 6 where a =3 and f =2 +1
Given that y 1s a complex root of f(z) =0
(a) (1) write down the root y,

(11) explain why ¢ must be real.

)
(b) Determine the value of 4.

(2)
(c) Hence determine the values of p, ¢ and r.

3)

(d) Write down the roots of the equation f(—2z) =0
(2)




Question Scheme Marks ADs
Tia)(i) 2 Bl 1.2
(ii) Roots of polynomials with real coefficients oceur in conjugate pairs,
[ and y form a conjugate pair, & is real so d must also be real.
or
Quartics have either 4 real roots, 2 real roots and 2 complex roots or
4 complex roots. As 2 complex roots and | real root therefore so d Bl 24
must also be real.
or

As orreal and only one root J remaining, if complex it would need to
have a complex conjugate, which it can’t have so must be real

b I 5=6 &
" S 3424i42-i45=625=.. ME] e
d=-1 Al L.1b
(2)
(© f(z)=(z-3)(z+1)(z-(2+1))(z-(2-1)) = ..
Alternative
pair sum =(3)(2+i)+(3)(2-1)+(3)(-1)+(-1)(2+1)
H)(2 1)+ (2+1)(2-i) = {10} Ml | 3.la
triple sum =(3)(2+i)(2-1)+(3)(-1)(2+1)
+3) (- 2—i)+ (1) 2+i)(2-1)=...{-2}
product =(3){2+i)(2-i)(-1)=...]-15}
=|{:1—2:—3]{:1—4:+S] Al Lib

=zt 62" +10° +22-15 Al | L1k

(3)
d
(@ :=l1—E Blft 1.1b
2 2
i
z=-lx= .
5 Blft 1.1b
(2)

(9 marks)




4. The roots of the quartic equation
I +5x-Tx+6=0

are o, 5, y and o

Making your method clear and without solving the equation, determine the exact
value of

() o2+ 2+ &

”E+£+E+£
(11)0[ M

(iii) 3~ a)(3 = A)(3 ~ )3~ 9)

)

)

)




: 5
W | D =g Z“’”J =0 BI

This mark can be awarded if seen in part (i1) or part (1)

So a’+ﬂ’+y3+53=(a+ﬂ+y+§)z—Z[Za,a_r.];.. M1
=5 3022 Al
9 9
(3)
(ii) Zrzaf.ax=1 andl Ia,.=2 or for x=— used in equation
Y 3 w Bl

This mark can be awarded if seen in part (1) or part (1i1)

7

o —r

Soofl, 1, 1.1 =2xL=2xi or for
a f y o aflys 6,

3 M1

16 8 2
3[—.}+ 5[—3}-?[—}“& =0=6w'-14w" +...=0 leading to Ll
'Hr' “. 'H_' ﬁ

[2%][ﬂ]; N

2 6
(3)
(iii) (3-a)(3-8)(3-7)(3-8) =... expands all four brackets
M1
Or equation with these roots is 33-2)"+53-x) -73-x)+6=0
=31—2?(Zfﬂj+9[Zaﬂjj—3(zﬂ'.ﬂ}ﬂ}]+ I I-::rJ
5 7
ZRI_ZT(_E]+9[G]_3[E]+2 aMI
Or expands to fourth power and constant terms and attempts product
ofroots 3x* 4+ +3x3" +5x3 —T=3+6— I I-:zr. = 323
=121 Al

(3)
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10. In this question you must show all stages of your working.

Solutions relying on calculator technology are not acceptable.
(1) The quartic equation
2 +57-30=0

has roots p, g, r and s.

Without solving the equation, determine the quartic equation whose roots are
Bp-1),3¢-1),(3r—1)and (35 - 1)

Give your answer in the form w' +aw' +bw tewt+d= 0, where a, b, ¢ and d are
integers to be found.

()
(11) The roots of the cubic equation
4 +nx+81=0 where n 1s a real constant
are a, 2o and o —
Determine
(a) the values of the roots of the equation,
()

(b) the value of n.

(2)
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(ii) (a)

(ii) (b)

81

a2 4a—3=0and @x2ax(a-pf)=-— Ml
4 Al
Solves simultaneously
eg do—F=0=G=4da
81 27 M
2&2(6—4[1):—T:> ="l g=
Uses their values ¢ = %;’3 — 6 to find the roots o, 2cp, v — /3 M1
Roots 1.5,3,-4.5 Al
n=[(1.5x3)+(1.5x—4.5)+(3x—4.5) |x4
Or
3 9 MI
Multiplies out (x—3)(:r _EJ[I+E] or (x=3)(2x-3)(2x+9) to
achieve the form 4x* +...
n= —63 cso (must have correct roots in (a) Al

@

. 1
10 B P e b
0(i) w = 3 Bl
{W+1]q (W+IT
— | +5| — | -30=0 M1
3 3
i(w‘+4w3+fw.r’+4w+1)+§(w’+2w+1)-30=0
81 9 M1
leading to w'+ aw* + bw* + ew +d {= 0}
Al
W du 51w’ +94w—2384 =0 Al
(5)
Alternative
ptq+r+s=0, pg+pr+ps+qr+gs+rs=5 Bl
par+ pgs+ prs+qrs =0, pgrs =-30
New sum =3(p+q+r+s]—4 ={—4}
New pair sum
=9(pg+pr+ps+qr+gs+rs)-9(p+q+r+s)+6=..{51}
New triple sum
=27(pgr+ pgs+ prs+qrs)—18( pg+ pr+ ps+qr+gs+rs) M
+o(p+gtr+s)-4=..[-94}
=81( pgrs)—27( pgr+ pgs + prs +qrs)
New product +9[pq+pr+ps+qr+qs+rs)—3[p+q+r+s)+l
=..,{—2384}
Applies
w' —(new sum)w’ + (new pair sum)w’ —(new triple sum)w M1
+(new product) =0
R 5 Al
w' duw' 51w’ 94w —2384 —0 Al

(3)




f(z)y=2z+az’> + 622 + bz + 65

where a and b are real constants.

Given that z = 3 + 2i is a root of the equation f(z) = 0, show the roots of f(z) = 0 on a
single Argand diagram.




Question

Scheme

7 =3-=21i1is also a root

(z-(3+2i))(z-(3-2i))=...

or
Sum of roots = 6, Product of roots = 13 = ...

=z’ =6z+13

(z4 +az’ +62° +bz+65) = (.Z2 - ﬁzr+13)(z2 +cz+5)=> c=..

22 42745=0

zz+.?.z+5=0=>z=...

z==1+21

B
-

Re

-
.




1. The roots of the equation
X —8x*+28x—32=0

are a, f and y

Without solving the equation, find the value of

1 1 1
1 —+ -+ -

a By
(i) (@ + 2)(B + 2)(y + 2)

() a* + = + p?




Question

13)

Scheme

a+pf+y=8, aff+pPfy+ya=28, afly=32

Marks

Bl

AOs

3.1a

1 1 1
a By

_Prray+ap
afy

M1

1.1b

7
8

1.1b

(a+2)(B+2)(y+2)=(af+2a+28+4)(y+2)

=afly+2(af+ay+fy)+4(a+p+y)+8

=32+2(28)+4(8)+8=128

Alternative:

(x—2) -8(x-2) +28(x-2)-32=0

=.—8+..-32+..-56-32=-128

la+2)(p+2)(r+2)=128

A+ =(a+p+y) -2(af+ay+ py)

=8"-2(28)=8




2. The roots of the equation

are p, q and r.

Without solving the equation, find the value of

2 2 2
iy —+—+-
p q r

(i) (2 —Hg -H( -4
(i) p* + ¢* + 1°




2() p+g+r=2. pg+pr+qgr=4.  pgr=>5 Bl 3.1a
2,2 2 _2(pgtprtar) Ml | 11b
P2 g r pgr
_2 Alft 1.1b
5
3)

(i) (p—-4)(g—4)(r-4)=(pg—4p—4g+16)(r—4) Ml | 1.1b
= pgr—4pg—4pr—4qr+16p +16q +16r —64 Al | 11b
(=pgr—4(pq+pr+gr}+lﬁ(p+q+r)—ﬁ4)

=5-4(4)+16(2)-64=—43 Al 1.1b

3)
(iii) Eg
P Ag+r =
={_p+q‘+i"]3 —3{p+q+r){pq+pr+qr)+3pqr

or

:(p+q+r}({p+q+r}2—2(pq+pr+qr}—pq—pr—qr)+3pqr Ml 3.1a
or

=2((_|,".:'+.:j'+r'}2 —2(pq+pr+gr))—4(p+q+r)+3pqr
=p+g+r=_
=2°-3(2)(4)+3(5)=-1
=2(27-3(4))+3(5)=-1 Al | LIb

=2(2°-2(4))-4(2)+3(5)=-1

2)




f(z2)=32+p2+57z+¢

where p and g are real constants.

Given that 3 — 24/2i is a root of the equation f(z) = 0

(a) show all the roots of f(z) = 0 on a single Argand diagram,

(b) find the value of p and the value of g.




] I N e
[ oafemm w0
2 R N S
I B 1

ay+fy = —-17-rlﬂ+ﬁl- Gp=y=..

]
@Al [

| pedMlisdeans | B[ L

| ThenBlBlfasaboe 000000 | | |
[ I/ N

3-22i4 342401+ %--f=p-_._
(3-14%][34-1-4‘3}x%--%r..q-_._
i - Fae




3. The cubic equation
ax’+bx’— 19x - b =0

where a and b are constants, has roots ¢, £ and y

The cubic equation
w = 9w’ —9Tw+c=0

where c is a constant, has roots (4a — 1), (4 — 1) and (4y — 1)

Without solving either cubic equation, determine the value of a, the value of b and the
value of c.




Scheme Marks AOs

a(ﬂ)r‘-ﬁ-b(ﬂl) —19(w+1)-b (=0) or
4 4 4
(4x-1)'=9(4x-1)" =97(4x~1)+c (=0)
aw’ +(3a+4b)w* +(3a+8b—304)w+(a—60b-304) =
or 64x’- 192x*- 304x+87+c¢=0

Divides by a and equates the coefficients of w? and w
3a +4b iy 3a+8b-304 —_97
a a
and solves simultaneously to find a value for a or a value for b
Note: 12a+4b=0 and 100a + 85 =304
or
Divides through by ‘16" leading to values of @ and b

4 - 12x%- 19x+ 871; L

T —
(6 marks)




6. The cubic equation
4x* + px* —14x+q=0

where p and g are real positive constants, has roots a, f and y
Given that o’ + f> + 9> =16

(a) show that p =12

1 14

Giventhatl+l+—=—
@ f p 3

(b) determine the value of ¢

Without solving the cubic equation,

(c) determine the value of (a — 1)(f - 1)(y — 1)




P._14 a_
4x 4x+4—0

7
2

4 +px? —14x+qg=0= x>+

a+B+y=—%af+ay+pBy=—7or -

@+ B+ =a?+B%+y%+2(af + ay + By)

(@+B+y)*—2(aB +ay +By) = a® + B> +y?

(5 -2(-g)=10=r=-

(e-1DBE-DF-1=...
=afy—(@ft+tay+py)+(a+pf+y)—-1

()P




1. The cubic equation
X T -12x+6=0

has roots a, f and y.

Without solving the equation, determine a cubic equation whose roots are (a + 2),
(B +2) and (y + 2), giving your answer in the form w’ + pw” + gw + r =0, where p, ¢
and r are integers to be found.




B N ET

(w=2)" =7(w—2)" —12(w—=2)+6 (= 0)

(w3—6w2+12w—8)—7(wz-4w+4)—l2(w—2]+6
W= 6w +12w—-8—Tw' +28w-28-12w+24+6
=W AW W
. Al 1.1b
F_ 2 6=
w —13w" +28w—-6=0

I (NN c.) N A
Alternative using sum, pair sum and product of roots: ]
a+f+y=T,af+Pfr+ay=—12,afy=-6

Newsum: a+2+f8+2+y+2=(a+pf+y)+6=T+6=13
New pair sum: (a+2)0(f+2) + (@ +2)r+2) +(B+2)y+2)
=(af+ay + Py )+ Ha+P+y) +12=-12+4xT7+12=28 3 1a
New product: (& + 2)(f + 2)(y +2)
=afly +2(af + ay + By) +Ha+L+y) +8
= —6+2x-12+4x7+8=6

_ "13“ q 28,.?'_—"6“ or _“_3 |¢13|r“,._ +|23+| "6"( ﬂ) m

Al 1.1b
,3
w —13w’ +28w—6=0

(5 marks)




8. Given that a cubic equation has three distinct roots that all lie on the same straight line
in the complex plane,

(a) describe the possible lines the roots can lie on.

f(z)=8z"+bz" +cz+d

where b, ¢ and d are real constants.

The roots of f(z) are distinct and lie on a straight line in the complex plane.

Given that one of the roots is % + %i

(b) state the other two roots of f(z)

gx)="+P7+0z+12
where P and O are real constants, has 3 distinct roots.

The roots of g(z) lie on a different straight line in the complex plane than the roots
of f(z)

Given that
» f(z) and g(z) have one root in common
» one of the roots of g(z) 1s —4

(c) (1) write down the value of the common root,
(i1) determine the value of the other root of g(z)

(d) Hence solve the equation f{(z) = g(z)




The other possibility is that all three
The real axis. roots have the same real part so lie on

Horizontal line through (0, 0) a vertical line/perpendicular to the
Liney=0 real axis/parallel to the imaginary axis
Accept on a diagram Line x =k where k is a real number

Accept on a diagram
(b) Other roots are E and E—gi
2 2 2

(i) 3
Sets product of roots = — 12 using their —x—4xa =-12
Or
(.3
g(z}:[z—i)(z+4)(z—a}
Solves to find a value of the third root their %x ~“Adxa=-12=a=2
Or
. 3 3
g(z)= 2—5 {zi4}(z—a)=>—5x4x—a=12=>a:=2

2)
(1)




VN E e

- 2320223
f(z)—gcz):s(z 2)[ 3z+2_] (z 2_](

=827 -24z436=(z+4)(z-2)
Or
1

Either g(z):(z—%)(z+4)(z—2)=... or P=—[%—4+2J=...{E

0= %x—4}+[§x2)+{2x—4) =..{~11} 1o find g(2)

and sets their f{z) = their g(z)

823—3622+?2z—54=z3+%zz—llz+12

722 -26z+44=0>z=..
or

?zi-§f+ssz-66=o:>z=...

. 3 13+i4139
So solutions are —, —————

2
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Diagrams not drawn to scale

Figure 1 shows the central cross-section AOBCD of a circular bird bath, which is made
of concrete. Measurements of the height and diameter of the bird bath, and the depth of
the bowl of the bird bath have been taken in order to estimate the amount of concrete that
was required to make this bird bath.

1.16m 1.16m
Using these measurements, the cross-sectional curve CD, shown in Figure 2, is modelled

as a curve with equation

—_—
—_—
b

/ N

=Y

2 y=1+k> —02<x<02

+— 04m ——»
Figure 1 Figure 2 where k is a constant and where O is the fixed origin.

The height of the bird bath measured 1.16m and the diameter, 4B, of the base of the bird
bath measured 0.40m, as shown in Figure 1.

(a) Suggest the maximum depth of the bird bath.

1)
(b) Find the value of k.

2
(c) Hence find the volume of concrete that was required to make the bird bath according

to this model. Give your answer, in m’, correct to 3 significant figures.

(7N
(d) State a limitation of the model.

1)

It was later discovered that the volume of concrete used to make the bird bath was
0.127m?* correct to 3 significant figures.

(e) Using this information and the answer to part (c¢), evaluate the model, explaining your
reasoning.

(1)
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Question Scheme Marks AOs
T(a) Depth=0.16 (m) Bl 22

1)
(b) y=l+kb® = 1.16=1+k(02) " = k= . M1 33
= k=4 cao [So y=1+4x2} Al 1.1b

(2)

(c) T T

2fo-va 2 [vay BIf | Lla

e e | |
-z =] a i
= f[(% - 1_16] - G - ID {=000327] _ %{{n_;slj B [0}] ~0002r)

V. ne = ©(02)°(1.16) {= 0.0464x | (@)

Any one ofe g

the measurements may not be accurate

Volume = 0.0464n — 0.0032n {= 0.0432?1} the inside surface of the bowl may not be smooth
there may be wastage of concrete when making the bird bath

Bl 3.5b

= 0.1357168026... = 0.136(m’) (3sF)

1)

(e) Some comment consistent with their values. We do need a reason

( M]x1m=wns»ﬁe..
0.127

so not a good estimate because the volume of concrete needed to
make the bird bath 15 approximately 7% lower than that predicted Blft 3.5a
by the model

or
We might expect the actual amount of concrete to exceed that which
the model predicts due to wastage, so the model does not look
suitable since it predicts more concrete than was used

@

(12 marks)
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l14em

8cm

Figure 1

v

ot 4

Figure 2

A mathematics student is modelling the profile of a glass bottle of water. Figure 1
shows a sketch of a central vertical cross-section ABCDEFGHA of the bottle with the
measurements taken by the student.

The horizontal cross-section between CF and DE is a circle of diameter 8 cm and the
horizontal cross-section between BG and AH is a circle of diameter 2 cm.

The student thinks that the curve GF could be modelled as a curve with equation

y=ax’+b 1<x<4
where a and b are constants and O is the fixed origin, as shown in Figure 2.

(a) Find the value of a and the value of » according to the model.

(b) Use the model to find the volume of water that the bottle can contain.
)

(c) State a limitation of the model.
1)
The label on the bottle states that the bottle holds approximately 750 cm® of water.

(d) Use this information and your answer to part (b) to evaluate the model, explaining your
reasoning.

1)
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Question Scheme Marks AOs
3(a) (4,14), (L18)=14=a(4) +5,18=a(l) +b=a=_ b= | ML | 33
4 274
a=-b=ts Al 1.1k
2)
®) x4 x14 and 7x1*x10 Bl | 1Ib
zjfal\-:%j[zn_ls;-;d; Bift | lla
=§J':(z?4 -15y)dv M1 33
5l
_x 2]’4\'—15J M1 1.1k
4 - 2 Al 11k
T 15(18)" 15(14)°
F=234x +?[ 1?4[18}-T- 1?4[14]-% ddM1 34
¥ =268x = 842 cm’ Al 13b
0]
() Any one of e.g.
The measurements may not be accurate
The equation of the curve may not be a suitable model
The bottom of the bottle may not be flat
The thickmess of the glass may not have been considered
The glass may not be smooth B1 156
This part asks for a limitatien of the moedel so their answer must )
refertoeg :
o The measuring of the dimensions
+ The model used for the curve
e The simplified model (the thickness of glass, the simplified
shape, smoothness of the glass etc)
1)
(d) There are 2 criteria for this mark-
* A companson of their value to 7530 e_g larger, smaller, about
the same or a difference demonstrated e.g. 810-750= ...
but not jusf a percentage error or just a difference with no
caleulation
« A conclusion that is consistent with their values e g. this is Blf 152
not a good model. this is a good model ete. ’
If they reach an answer that is less than 750, they need to conclude
that 1t 15 not a good model
If they reach an answer that is greater than 750 then look for a
sensible comment that 1s consistent with their value
1)
(11 marks)
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I 2
9. f(x)=2x3+x 3 x>0

The finite region bounded by the curve y = f{x). the line x = é the x-axis and the line

x = 8 is rotated through # radians about the x-axis to form a solid of revolution.

Given that the volume of the solid formed is % units cubed, use algebraic integration to

find the angle # through which the region is rotated.

8)
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Question 9 (Total 8 marks)

Part | Working or answer an examiner might | Mark | Notes
expect to see
612 g M1 | This mark is given for an attempt at
2 j yoa integrating 3? with respect to x in volume
of revolution formulae.
121 2 ER 4
P=(2x +x ) (2x +x 3) M1 | This mark is given for x*, x ¥ and x °
s . . seen, regardless of the coefficients
=437 +4x° +x° _ .
Al | This mark is given for a fully correct
expression for 2
P2 . iz
Jyz dy = !4.1‘3 +4x 3 +x 3 dy M1 | This mark is given for two of x7, x7 and
1
5 x 7 seen, regardless of coefficients
12x° :
= T6x° —3x° Al | This mark is given for two terms of the
mtegral given correctly
Al | This mark is given for a fully correct
mtegral
5 8 M1 | This mark is given for enumerating the
1233 z 2 ; e for
8 e 3y | = 261 integral to solve for &
2 2
1
B
= 8993 +4.425)= 261
2 2
=0y 2305 4 Al ;I‘hs mark is given for the correct angle
103.725 ound
a= Z—O (radians)
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R

=V

N

Figure 1

Figure 1 shows a circle with radius » and centre at the origin.

The region R, shown shaded in Figure 1, is bounded by the x-axis and the part of the
circle for which y > 0

The region R 1s rotated through 360° about the x-axis to create a sphere with volume V

; ; 4
Use integration to show that ' = gn'r3

)
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¥ +y =r Bl 1.2
_ U _ T2
Py=r r-xaor {F}=2r [ ¥ —x dr Bl | 21
Integrates to the form ax + 3x°
. . 5 3 MI 1.1b
note: the correct integration gives r"x ——x
Substitutes limits of — r and r and subtracts the correct way round
1, v 1 3
r(r)—=(r ]—[Jr‘2 —r)—=(-r ]
()Y |- (-2
or
Substitutes limits of 0 and r and subtracts the correct way round with dM1 1.1b
twice the volume. Note the limit of 0 can be implied if gives and
answer of
#()-367]-0)
4
V=—mr * cso Al* 1.1b
(3

(5 marks)
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Figure 2 shows the vertical cross-section, AOBCDE, through the centre of a wax candle.

In a model, the candle is formed by rotating the region bounded by the y-axis, the line OB,
the curve BC, and the curve CD through 360° about the y-axis.

The point B has coordinates (3, 0) and the point C has coordinates (3, 15).
The units are in centimetres.

The curve BC is represented by the equation

\225x7 — 2025

y= B 3<x<Ss

where g 1s a constant.

(a) Determine the value of a according to this model.

(2)
The curve CD is represented by the equation
y =16 - 0.04x 0<x<5
(b) Using algebraic integration, determine, according to the model, the exact volume of
wax that would be required to make the candle.
(&)
(c) State a limitation of the model.
(1)
When the candle was manufactured, 700 cm’ of wax were required.
(d) Use this information and your answer to part (b) to evaluate the model, explaining
your reasoning.
(n

=

VA
D

4 0| B
Figure 2
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Question Scheme Marks ADs
) V225x 5 ~2025
(5,15) =15 =220 798 o ML | 33
a
a=4 Al I.1b
2)
(b) Evidence of the use of .TI x’ dy for the curve BC or the curve CD Ml 3.1b
2 16 2
For BC ¥, =——[(16y* +2025)dy or z[| ——= " +9 |dv Alft | LIb
=305 16 )& I[225' JJ'
For CD V, =257 (16~ y)dy or 7 [(400-25y)dy Al 1.1b
. mTopls 2 . 150 16 2
v, =S5k (16y" +2025)dy or rrj“ [E" +9]d} M1 33
V, =257 (16— y)dy or z[ | (400—25y)dy Ml 33
{}r} 1 6}1" (L] 1 6}1"’ 15
V| =— ——+2025y 9y .
e }n or {7} 5754-},, Alft 1.1b
3 16 25 3 &
v, =25{x}[16y -1 | or {x} 400y Alft | 1.1b
) 2 15 2 15
255
V=V, :i(]80[}[}+30375}+25:r[]28——]
©225 2 M1 34
V=V+V,=2152+12.5x
5
i'=45'ﬂcm! or 227.5xcm’ Al 2.2b
&)
(x) E.g.
¢ The equation of the curve may not be a suitable model BI 1.5h
# The sides of the candle will not be perfectly curved/smooth '
s There will be a whole mn the middle for the wick
0]
(d)
Makes an appropriate comment that 1s consistent with their value for
the volume and 700 cm’®. Blft 3.5a
E.g. a good estimate as 700 ¢cm? is only 15 cm? less than 715 cm?
(n

(13 marks)
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Figure 1 shows a sketch of a 16cm tall vase which has a flat circular base with diameter - p S
8 cm and a circular opening of diameter 8 cm at the top.

A student measures the circular cross-section halfway up the vase to be 8 cm in diameter.

The student models the shape of the vase by rotating a curve, shown in Figure 2,
through 360° about the x-axis.

R R EEEEEE =

l6cm
(a) State the value of g that should be used when setting up the model.
(1)
Two possible equations are suggested for the curve in the model.
45 Y ———-
Model A yv=a- 23in(—x) : :
2 l.‘ ........... bl
—-8)(x+8
Model B y=a+ x(x —8)(x +8) 8cm
100 Fi |
For each model, lgure
(b) (1) find the distance from the base at which the widest part of the vase occurs, ra
(11) find the diameter of the vase at this widest point.
(7 (-8.a) (8.a)
1 (0’ ﬂ) \_/;
The widest part of the vase has diameter 12 cm and is just over 3 cm from the base. ba:sc tc:ap
(c) Using this information and making your reasoning clear, suggest which model is A »
more appropriate. 0 X
(1)
(d) Using algebraic integration, find the volume for the vase predicted by Model B. Figure 2
You must make your method clear.
(&)

{ The student pours water from a full one litre jug into the vase and finds that there 1s
@ 100 ml left in the jug when the vase is full.

(e) Comment on the suitability of Model B in light of this information.

(1)



8(a) a=4 Bl
(1)
(b) Model A: (1) Widest point will be 4 (cm) from the base Bl

(11) Width at widest point is 12 (cm) [2x{'a'+ 2) ﬂ) Blfi

x —64x Q_ 3Ix" —64

Model B: (i) y=4+ = M1
odel B: (1) ) 100 dx 100
d—yz{]:}x:i E:i—wi=i3“fl't4.ﬁ2 Al
dx d 3 3
So max width is a distance E—i =8 —ﬂ ~3.38 (cm) from base. Al
NCEE
—4.62...) —64(—4.62...
(ii) Y] ¢, =44 ) — o ). dm1
- 100
=5.97... so diameter is approximately 11.9 (cm) [EH +3.94.. ft] Alfi
(7)
(c) Model A and model B both have diameters closed to 12
Model B distance from base is closer to 3 than Model A so 1s more Blfi

appropriate.

(1)
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] R’
(d) x' —64x ’
Vio=m|yde=x|| 4+ dy =
e raceaf[40 555 o
-8 &
(8]
_tm 4007 +x° +64°x" +2(400x" — 400 x 64x — 64x" )dx
10000
-8
(8]
_tm 160000+ x* +4096x" +800x" —51200x —128x" dx
10000
(&)
[l'i-] .
={z} | 16+ al +—4ﬂ% x B g 2 128 x M1
J 10000 10000 100 100 10000
(&)
lﬂl .
={z} | 16+ (B0 2 18 8
J 1000 625 25 25 625
%)
P Sx(x—8)(x+8 8)(x+8)Y
o) [ 168588 (xxo8)))
] 100 100
-8)
{7} x' x x' x P dM1
=———| 160000x + —+ 4096 —+ B00——-51200—-128—
10000 7 3 4 2 5 -
7 (83
={z}| 16x+ ¥ (2565, 14 64, 8
70000 1875 50 25 3125 .
_ i (620583.00....— ~2258983.01...) = 22192667 M1
10000 10000
=awrt9{]5[cm3} cso Al
(5)
(e) Compares their volume to 900 or compares their volume + 100 to 1 Blft

litre or 1000 and comments appropriately.

(1)




AS 2023 | Volumes of Revolution |

In this question you must show all stages of your working.

Solutions relying on calculator technology are not acceptable.

A large pile of concrete waste is created on a building site. a
Figure 1 shows a central vertical cross-section of the concrete waste. .
The curve C, shown in Figure 2, has equation R
y+ ¥=2 0<x< «E 0 ¥
Figure 1 Figure 2

The region R, shown shaded in Figure 2, is bounded by the y-axis, the x-axis and the
curve C.

The volume of concrete waste 1s modelled by the volume of revolution formed when
R 1s rotated through 360° about the y-axis. The units are metres.

The density of the concrete waste is 900 kgm™

(a) Use the model to estimate the mass of the concrete waste. Give your answer to
2 significant figures.

(6)
(b) Give a limitation of the model.

(1)
The mass of the concrete waste is approximately 5500kg.

4 (c) Use this information and your answer to part (a) to evaluate the model, giving a
o reason for your answer.

(1)




AS 2023 | Volumes of Revolution |

5(a) : 17 )
V=tr 2—-y)2 | d - -
=} L [( YV | dyor {F =)xf (2-y)dy BI
9.2
Integrates to the form ) + dy M1
Correct integration 2y — % ¥ Al
Uses their y limits correctly in a changed expression
2
I 1 M1
x|2y—=y' | =x|2(2)-=(2") |-0=..{27 or 6.28...
[yzyl ({)2( )) { }
mass = 'their volume' x 900 M1
Mass = 5700 (kg) 2 s.f. cao Al
(6)
(b) eg The surface will not be smooth
The pile will not follow the shape of the curve
The pile will not be solid Bl
Equation of the curves may not be a suitable model
Concrete is likely to be uneven/may have bumps
The pile is unlikely to be symmetrical
(1)
(c) Makes a comparison about the difference between their mass and 5500 and
draws a conclusion
e.g. 200 difference which is a lot of concrete therefore not a good model
e.g. the mass of 5700 is very close to 5500 kg and draws a conclusion about
the model — e.g. therefore a good model Blft
e.g. Finds the percentage error and draw a conclusion about the model
e.g. The masses are very close/significantly different and draws an
appropriate conclusion
Not sufficient to say 5700 > 5500 B0
(1)




Matrices




AS SAMs Matrices

3. Tyler invested a total of £5000 across three different accounts; a savings account,
a property bond account and a share dealing account.

Tyler invested £400 more in the property bond account than in the savings account.
After one year

» the savings account had increased in value by 1.5%
» the property bond account had increased in value by 3.5%
« the share dealing account had decreased in value by 2.5%

» the total value across Tyler’s three accounts had increased by £79

Form and solve a matrix equation to find out how much money was invested by Tyler in
each account.




AS SAMs

Question

3

Matrices
Scheme Marks AOs
x = value of savings account, y = value of property bond account, Ml 3 1b
z = value of share dealing account
X+ y+z=35000
0.015x + 0.035y — 0.025z =79 or 1.0l5x+1.035y+ 0975z =5079
(1 1 1) (o 1)
Let A = 1 -1 0 or 1 -1 0
0.015 0.035 -0.025 1.015 1.035 0.975
(1 1 1o )x ) [ so00 Ml | 3.la
e.g. 1 y —400
0.015 0035 -0.025 | - Al | L1b
-1
I(x\lr 1 1 1 \](5000\] f/‘
v |=| 1 -1 0 —-400 | =| .. ML | L1b
- 0.015 0.035 —-0.025 79
(%) [ 1800 )
{ v J =| 2200 Al 1.1b
= ) | 1000
Tyler invested £1800 in the savings account, £2200 in the property bond Alft 39
account and £1000 in the share dealing account <4
(7 marks)




AS 2018 Matrices

1.
2 1 =3
M=|4 -2 1
3 5 2

(a) Find M giving each element in exact form.

(b) Solve the simultaneous equations
2x +y—-3z=-4

4x -2y +z= 9
3x+5y—-2z= 5

(c) Interpret the answer to part (b) geometrically.




AS 2018 Matrices
Question Scheme Marks AOs
1(2) 1 13 5
1 _ 1 Bl 1.1b
M = @ 11 5 14 B1 L 1b
—26 3
)
(b) 1 13 5)\—4
1
—| =11 =5 14 9 | = M1 1.1b
69
-26 3 5
2
x=2,y=1lz=3o0r(2,1,3) or 2i+j+3kor| 1 Al | Llb
3
2)
(<) The point where three planes meet Bl1ft 2.2a
(1)
(5 marks)

__HOME |
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10. The population of chimpanzees in a particular country consists of juveniles and adults.
Juvenile chimpanzees do not reproduce.

In a study, the numbers of juvenile and adult chimpanzees were estimated at the start of
each year. A model for the population satisfies the matrix system

Jnrl. o 0.]5 Jn
= n=0,12,...
AHI] 008 082 An

where «a is a constant, and J, and 4, are the respective numbers of juvenile and adult
chimpanzees n years after the start of the study.

(a) Interpret the meaning of the constant a in the context of the model.

(1)

At the start of the study. the total number of chimpanzees in the country was

estimated to be 64 000

According to the model, after one year the number of juvenile chimpanzees is 15 360
and the number of adult chimpanzees is 43 008

a 0.15)
0.08 0.82

(b) (1) Find, in terms of a

3




AS 2019 Matrices

(i1) Hence, or otherwise, find the value of a.

3)

(1i1) Calculate the change in the number of juvenile chimpanzees in the first year of
the study. according to this model.

(2)
Given that the number of juvenile chimpanzees is known to be in decline in the country,

(¢) comment on the short-term suitability of this model.

1)

A study of the population revealed that adult chimpanzees stop reproducing at the age of
40 vears.

(d) Refine the matrix system for the model to reflect this information. giving a reason
for your answer.

(There is no need to estimate any unknown values for the refined model, but any known
values should be made clear.)

(2)

Mg
&
w




Matrices

Part | Working or answer an examiner might Mark | Notes
expect o see
(a) | arepresents the proportion of juvenile Bl | This mark 1s given for a correct
chimpanzees that survive and remain interpretation of a
juvenile chimpanzees next year
(b)(1) | Determinant = 0.82a — (0.08 x 0.15) M1 | This mark 1s given for finding the
determinant of the matrix
[ a 0.15]_1 [ 0.82 — 0.15] M1 | This mark 1s given for a method to find
=... the inverse, with swapped leading
0.08 0.82 —0.08 ¢ diagonals and signs changed on the off
diagonals
1 0.82 —0.15 Al This mark 1s grven for a fully correct
" 08200012008 imverse matrix
(b)(i1) M1 | This mark is given for using the inverse

a 015)7(15360)
0.08 0.82) |43008
1 0.82 —0.15)(15360)
082a-00121-0.08 a )l 43008

1 0.82x15360-0.15:43008
082a-00121 —0.08:x15360+43008

|

matrix to find the initial juvenile and
adult populations of chimpanzees

1
0.82a-0.012

4915.2 + 43008a = 64 000(0.82a — 0.012)

[6144 + (430084 — 1228.8) = 64000

M1 | This mark 1s given for using the
sum of initial populations adding
up to 64000 to find the value of

a

56832
a =
0472

=0.60

Al

This mark 1s given for finding the
correct value of a
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Matrices

"‘r.v:—l a E} 0 J.v.l
A_, | =008 ¢ 0] 4,
M, 0 d e)|M

n

since mature chimpanzees (M) cannot
become juvenile or adult, and juveniles
cannot become mature in one year

(b)(111) | Imitial juvenile population M1 | Tlus mark is given for using the value
_ (0.8215360) - (0.15 x43008) of a to find Jo
(0.82x0.60)—0.012
= 1% _ 12800
0.48
15360 — 12800 = 2560 Al | This mark is given for finding the
change (increase) in the number of
juvenile chimpanzees in the first year of
the study
(¢) | Since the number of juvenile chinpanzees Bl | This mark 1s given for a valid comment
has increased, the model is not mitially
predicting a decline so 1s not suitable in the
short term
(d) | A third category needs to be introduced for M1 | This mark is given for identifying a
chimpanzees aged 40 and above and for third category to be added to the model
which there 1s no birth rate (no new
juveniles produced)
Matrix model with form Al | This mark is given for a matrix model in

the correct form with a valid
explanation




AS 2020 Matrices

1. A system of three equations is defined by

kx +3y— z=3
3x— y+ z=-k
—l6x—ky—kz=k

where k is a positive constant.

Given that there is no unique solution to all three equations,

(a) show that k=2

Using k=2

(b) determine whether the three equations are consistent, justifying your answer.

(c) Interpret the answer to part (b) geometrically.

(2)

(&)

(1)




AS 2020

Matrices

1(a) k 3 -1
3 -1 1|=k(k+k)-3(-3k+16)—1(—-3k—16) M1
-16 —k —k
Solves det=0 = 2k* +12k—32=0 or kK’ +6k—16=0 Al
To achieve k = 2 (k= — 8 must be rejected)
(2)
Special case
2 3 -1
3 -1 1|=2(242)-3(=3x2+16)—1(=3x2-16) P‘A‘é
-16 -2 -2
Shows det = 0, therefore when &k = 2 there is no unique solution
(b) Eliminates = to Eliminates x to Eliminates y to
achieve two achieve two achieve two
equations in x and y equations in y and z | equations in x and =
e.g. e.g. e.g. M1
Sx+2y=1 1ly—5z=13 1lx+2z=-3 Al
—10x—4y=-2 22y—10z=26 22x+4z=-6
20x+8y =4 —-22y—-10z=-26 | —44x—8z=12
Must give a reason:
e.g. Two equations are a linear multiple of each other Al
e.g. shows they are the same equation
therefore the equations are consistent.
(¢) The three planes form a sheaf. Bl

(1)




AS 2021

Matrices
2 1 4 k-7 6 -10
M=k 2 -2 N = 2 20 24
4 1 -2 -3 2 -1
where k is a constant.
(a) Determine, in simplest form in terms of &, the matrix M N.
(2)
(b) Given that k=5
(1) write down MN
(ii) hence write down M’
(2)
(c) Solve the simultaneous equations
2x+ y+4z=2
Sx +2y—-2z=3
4x + y—-2z=-1
(2)

(d) Interpret the answer to part (c) geometrically.

(1)
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Matrices
Question Scheme Marks AOs
4(a) 2k-24 0 0
MN =| k> —7k+10 6k—44 —10k+50 el B
4k —20 0 ~14 '
(2)
(b)) ~14 0 0
MN = 0 -14 0 Blft 1.1b
0 0 -14
(i) 2 6 -10
‘1=—ﬁ 2 =20 24 Bl | LIb
-3 2 -1
(2)
(<) -2 6 -10) 2
M‘l_—ﬁ 2 =20 24| 3= Ml | LIb
-3 2 -1)1-1
{—E E —l Al 1.1b
777 14 '
(2)
(d) The coordinates of the only point at which the planes represented by
. Bl 22a
the equations in (c) meet.
L))

(7 marks)




AS 2022 Matrices

1.
A =] -5 1
A 7 2 B = % 2 C 4 3 8
- A 5 3 =
-5 -6 11

Given that I is the 3 X 3 identity matrix,

(a) (1) show that there is an integer k for which
AB-3C+kI=0

stating the value of &

(1) explain why there can be no constant m such that

BA-3C+ml=0
4)

(b) (1) Show how the matrix C can be used to solve the simultaneous equations

=5x+ 29+ z=-14
4x+ 3y+8z=3
—6x+ 1ly+2z=17

(11) Hence use your calculator to solve these equations.

3




AS 2022

Matrices

1(a)

(b)(i)

(1) -5 2 1\(x) (-14 x) (-5 2 1) (-14
4 -1 2 3 2 B+1 12-6 8-5 9 6 3
AB=| 7 2[ e 5J= 142 21412 14410 |=| 12 33 24| Ml 4 3 8llyl=| 3 |=|y|=| 4 3 8 3
-5 8 ? —-10-8 —-15+48 -10+40 -18 33 30 -6 11 2z 7 z -6 11 2 7
9 6 3\ (-15 6 3) (24 0 0 x -14
So AB-3C=| 12 33 24|—-| 12 9 24|=/0 24 0 Orstates | y [=C -3 M1
-18 33 30 -18 33 6 0 0 24 z 7
or Mi x | -82 7 13\(-14
9 6 3 15 -6 -3) (24 0 0 Or states | 5, =Seg| 56 4 44|l 3
AB-3C=| 12 33 24[+[-12 -9 -24(=[0 24 0 z 62 43 -23)\ 7
-18 33 30 18 33 -6 0 0 24 (i) | -82 7 13)(-14
and states a value for & 360 56 —4 44 3 |=.. M1
Hence AB—3C —241 =0 so k = —24 Al n 62 743 ‘21:; 7
(i1) Need two things 10 360 360 u
One of: 7 1 11
e BA is a 2x2 matrix | T4 90 90 3=
e Finds the matrix BA (must be a 2x2 matrix) 31 43 23 7
AND 180 360 360
One of: Bl 14
e cannot subtract a 3*3 matrix 4
finds matrix 3C and comments that they have different C 3 1=
dimensions / can’t be done 7
can’t subtract matrices of different sizes
e 3CorC is a 33 matrix So solution is x=1,y =3, z=-2 or (3.5, 3, —2.5) Al
BA needs to be a 3x3 matrix 2 2
3

4)
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where x, y, z and k& are constants.

Determine the value of x, the value of y and the value of =.

4)
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Matrices

y=3 Bl | 22a
thei

z= 33‘”’ =..{1} Bift | Llb

Uses z—3y=k=Fk=—8 and

x—3z=k= x=k+3z=their k +3 xtheirz

leading to a value for x MI1 3.1a

Alternatively

uses x —3z = k = z— 3y with values for y and z to find a value for x.

x=-5 Al 1.1b

4)

(4 marks)




where @ 1s a constant.

(a) For which values of a does the matrix M have an inverse?

Given that M is non-singular,

(b) find M in terms of @

ve by induction that for all positive integers n,




3(D)(@)

M|=2(1+2)-a(-1-1)+4(2-1)=0=a=...

The matrix M has an inverse when a # =5

or
3 2 1

Cofactors: | a+8 2 -—-a-4

4-a 6 -=-2-a

M= Ladj(M)

[p

2 correct rows or
columns. Follow
through their detM

All correct. Follow
through their detM




where £ is a constant

(a) Find the values of & for which the matrix M has an inverse.
(2)

(b) Find, in terms of p, the coordinates of the point where the following planes intersect

2x —y+z=p
3x—6yt+4-=1
3x+2y —z=0

(c) (i) Find the value of g for which the set of simultaneous equations

2x —y + z=1
3x-Syt+4z=g¢q
3x+2y - z=0

can be solved.

(i1) For this value of ¢, interpret the solution of the set of simultaneous equations
geometrically.




For consistency:
Eg sx+yv=4—gand 15x+3y=g

Alternative for (c)(1):
x=1=2—y+z=1, 34+2y—z=0=y=..z2=..
M1 for allocating a number to one variable and solves for the other 2
x=lLy=—4z==-5=3+20-20=¢q
M1 substitutes mnto the second equation and solves for g
Al-g=3
Three planes that intersect 1n a line
Or
Three planes that form a sheaf allow sheath!




where k is a constant

(a) Given that k # 4, find, in terms of &, the inverse of the matrix M.

4
(b) Find, in terms of p, the coordinates of the point where the following planes intersect.
x+5y+7z=1

x+ y+ z=p
2x+ y— z=2

(c¢) (1) Find the value of g for which the following planes intersect in a straight line.

dx+5p+T7z=1
xX+ y+ z=g
2x+ y— z=2

(i1) For this value of g, determine a vector equation for the line of intersection.

(M




IM|=k(-1-1)-5(-1-2)+7(1-2)
{=8-2k}

Minors:| =12 —k-14 k-10
-2 k-7 k-5
-2 3 -1
Cofactors: | 12 —k—-14 10—k
7-k k-5

—k-14 T—-k
10—k k-5

Solve the equations simultaneously to achieve values for x, y and =
y+3z=2p- 2and4y+8z=- 1P x=..,y=..,z2= ..

12p—-6 13-16p 8p-7
4 7 4 7 4




For consistency:
E.g. eliminates z to
find two equations

from
3x+2y=qg+2
3x+2y=Tqg-1
18x+12y=15
g+2="7q-1

e'g':q =..

X=A=3A+2y=

y=A=3x+24=

For consistency:
E.g. eliminates x to
find two equations
from
y+3z=1-4¢q

3y+9z=-3

—3=3(1-4q)

e.g.
Sog=..

QZE

For example:

: z—zz:%:yzf(;.),z:f(z)

For consistency:
E.g. eliminates y to
find two equations

fromx—2z=2—gq

-x+2z=1-5¢q

—6x+12z=-9

, A+3z=1=x=1(A),z=1(4)

2=A=3y+92=-3, —6x+124=-9= x=f(A),y =f(2)




4. (1) Aisa?2by2 matrix and B is a 2 by 3 matrix.
Giving a reason for your answer, explain whether it is possible to evaluate
(a) AB
(b) A+B

(ii) Given that

-5 3 1y 0 5 0
a 0 0 2 12 -1 =41
b a b\-1 -11 3

where a, b and / are constants,
(a) determine

* the value of 4

+ the value of a

* the value of b

(b) Hence deduce the inverse of the matrix

a
b

(iii) Given that
11 1

M=|0 sinf} cosf where 0 < 0 <x
0 cos2d sin2f

determine the values of # for which the matrix M is singular.




Question Scheme Marks AODs

4(i)(a) |Itis possible as the number of columns of matrix A matches the 24
o number of rows of matrix B. ’

It is not possible as matrix A and matrix B have different dimensions
o.e. different number of columns

Deterrmnant-l(smﬂsmw cnsﬂcus"ﬂ) 1{0}+l[t}] =0

Uses compound angle formula to achieve cos38=0 leading to #=...
or

use of sin2g= 2singcosgand cos2g= 1- 2sin’ g (e.g. to achieve
cosq(&‘lsiuzq— l_}= 0) leading to #=...

or
use of sin2g= 2singcosgand cos2g= 2cos’ g- | (e.g. to achieve
4cos’g- 3cosg= 0)leadingto @=...

(9 marks)




where ¢ 1s a constant

(a) Show that M is non-singular for all values of a.

(b) Determine, in terms of a, M™!




det(M) = a(6) — 2(4) — 3(2a — 12)

det(M) = 28 # 0 therefore, non-singular for all values of a

Finds the matrix of minors
6 4 2a—12
(4+3a 2a + 12 aZ—B)
9 6 3a—4
Finds the matrix of cofactors and transposes.

6 —4 — 3a 9

—4 2a +12 -6
2a—12 8-—a? 3a—4
1 6 —4 —3a 9
ﬁ —4 2a+ 12 —6

2a—12 8—a? 3a-—-4




In this question you must show all stages of your working.

A college offers only three courses: Construction, Design and Hospitality.
Each student enrols on just one of these courses.
In 2019, there was a total of 1110 students at this college.
There were 370 more students enrolled on Construction than Hospitality.
In 2020 the number of students enrolled on

* Construction increased by 1.25%

* Design increased by 2.5%

* Hospitality decreased by 2%

In 2020, the total number of students at the college increased by 0.27% to
2 significant figures.

(a) (1) Define, for each course, a variable for the number of students enrolled on that
course in 2019.

(1) Using your variables from part (a)(1), write down three equations that model
this situation.

(b) By forming and solving a matrix equation, determine how many students were
enrolled on each of the three courses in 2019.




x / C = number of Construction students
v/ D= number of Design students
z/ H = number of Hospitality students
The increase in number of students in 2020 1110 x 0.0027{=
2997 =~ 3}
Or

x+y+z=1110 C+D+H=1110
x—z=23700.c. C—H=2370o0.c.

0.0125C + 0.025D — 0.02H = 30r 2.997 0.e 1.0125C + 1.025D +
0.98H = 1113 or 1112.9970.e.

0.0125x + 0.025y — 0.02z = 3 or 2.9970.¢1.0125x + 1.025y +
098z =11130r1112.997 o.c.

1 1\ /C 1110
( 0 )()(30
1.0125 1.025 098/ \H 1113
or
1 1 1 c 1110
( 1o )()(30)
0.0125 0.025 -0.02/ \H 3
c 1 1 1\ /1110
(D)=( 1 0 —1) (370)=(--—)
H 1.0125 1.025 0.98 1113

or

C 1 1 1 \"* /1110
(D) = ( 1 0 -1 ) (370 ) - ()
H 0.0125 0.025 —0.02 3

So in 2019, 720 students studied Construction, 40 students studied
Design and 350 students studied Hospitality




. A colony of small mammals is being studied. (c) Determine, in terms of b,
In the study, the mammals are divided into 3 categories '

N (newborns) | 0 to less than 1 month old .

; . 0 048 096
J (juveniles) 1 to 3 months old )
B (breeders) over 3 months old Given that the model predicts approximately 1015 mammals in total at the start of a

particular month, and approximately 596 newborns, 464 juveniles and 437 breeders at
(a) State one limitation of the model regarding the division into these categories. the start of the next month,
O (d) determine the value of b, giving your answer to 2 decimal places.

A model for the population of the colony is given by the matrix equation 3)

0 0 2 \(N It is decided to monitor the number of newborn males and females as a part of the study.

Assuming that 42% of newborns are male,

b 0 |/

n

0 048 096/ B (e) refine the matrix equation for the model to reflect this information, giving a reason
% for your answer.

(There is no need to estimate any unknown values for the refined model, but any

known values should be made clear:)

B

n+l

where a and b are constants, and N, J, and B, are the respective numbers of the
mammals in each category n months after the start of the study.

At the start of the study the colony has breeders only, with no newborns or juveniles.

According to the model, after 2 months the number of newborns is 48 and the number
of juveniles is 40

(b) (i) Determine the number of mammals in the colony at the start of the study.
(i) Show that a = 0.8




Accept E.g.
* | month is too old for “newborn™
® The mammals might not start breeding at exactly 3 months

old 0 0 2

The mammals will stop breeding beyond a certain age — o

Being over 3 months old doesn’t necessarily mean the det| 08 b 0 1=0-0+ 2(0'48)(0'8 0)=0.768

mammal can breed 0 048 096

Some mammals over 3 months may be infertile so will not be B

breeders _ 0 0 2 096b 096 -2b
¢ Some juveniles might be breeders adjf 0.8 b 0 |=|-0768 0 1.6

But not 0 048 096 0384 0 0

The size‘ofthe categories is different 1255 125 —125p 0966 096 —2b
There might be overlap =

5 1
The exact age of mammals might not be known 0 5 |oceg 0.768 0768 0 16

The numbers in each category will be different 05 0 0 0384 0 0
Breeding age is different for different species 0.96b 096 —2b

ore.g. 125 -0.768 0

0 2 0 2 2k

00) (0
b 0 ||ol=|la 5 0| o0
k) o

048 0.96 0.48 0.96 )| 0.96k

or
0.96 1.92 Yo 1.92k
ab b~ 2a ||0|=| 2ak
0.48a 0.48p+096x048 0.96° Jl k) |0.9216k

 48-2x096k=k=.. | dwi |
k=25 sl mummalsatthestartofthesudy | Al |
|
@ |




x) (1256 125 —1235)(59%

05 0 0 437

Total:1.25b><596+1.25x464—%bx43?—596+%x437+0.5x596

= 1015=x+y+z=745b+580—-1138b—-596+910.4+298 = b =..

I
0 0 2 )(x) (59 22 =596
08 b 0 | y|=|464|= 08x+by=464
0 048 096)\z) (437) 048y+0.96z=437

3773
=z=298y=—-(3144..
Y 12 ( )

b =awrt 0.45 Al

x+y+z=1015=x =...%(402.5...)

0.8x+by=464:>0.sx%+bx%=464:>b=...

>

—

Let NM, be newborn males and NF, be newborn females in month n
NM,.,) (0 0 0 084)NM,
NF, 0 0 1.16| NF,

7 7 045

0 048



where k is a constant.

Given that
M’ + 1M = al
where a 1s a constant and I 1s the 2 x 2 identity matrix,

(a) (1) determine the value of a

(11) show that £k =-9

(b) Determine the equations of the invariant lines of the transformation represented
by M.

(c) State which, if any, of the lines identified in (b) consist of fixed points, giving a
reason for your answer.




Conclusion: therefore &k =-9

(b) -2 5 x - 2x+5(mx+c)=X
6 =9)lmr+c mX+r:.' bx -9 mx+c)=mX +¢
= 6x —9mx —9¢ = —2mx + S x + Smc +¢
{=(5m* +Tm—6)x+(5m+10)c =0}
:>5m2+?m—6=0{::>(m+2)(5m—3)}:>m:—2,%
m=%:>5m+10=!0 so need ¢ =0 hence y=§x is a fixed line
m=-2=5m+10=0 so ¢ can be anything, so y=-2x+¢ foranycis
fixed.

(€) ((0,¢) = (5¢,—9¢) soneed e =0.) (1,m) — (=2 + 5m,6 —9n1) so need or
Sm=3 hence y= %x contains fixed points.

3(a) - —
Mz”mz[a 0]: 34 Sk-10 +[22 55]{:: 0)
0 a 6k=12 k*+30) L 66 11k} \0 a

Sk=10+55=0=>5k =-45=>k =-9* or
6k—12+466=0=>6k=-54=k=-9%or

1k +30=122 k" +11k+18=0= k =-2,-9*,
k#-2as5x-2-10+55200r 6x-2-12+66=0
Alternative
Using k =-9

2 a 0 34 -55) (-22 55 12 0
MM = [o a] ( 111] [ ) [o 12]

-

-

—

.
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rn

(a) Show that M is non-singular.

The hexagon R is transformed to the hexagon s by the transformation represented by the
matrix M.

Given that the area of hexagon R is 5 square units,

(b) find the area of hexagon S.
The matrix M represents an enlargement, with centre (0, 0) and scale factor ,
where k¥ > 0, followed by a rotation anti-clockwise through an angle & about (0, 0).

(c) Find the value of %.

(d) Find the value of .
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Question Scheme Marks AOs
5@ | getovn) =(1)(1) - (Jg)(_‘j;) Ml | Lla
M is non-singular because det(M) = 4 and so det(M) =0 Al 2.4
(2)
(b) Area(S)=4(5)=20 Blft 1.2
(1)
©) k= J[l](l]— [JS)(—JE) Ml | Llb
=2 Alft 1.1b
2)
@ c{}s{-}!:% or sin8=§ or tanEl=\G M1 1.1b
0 =60° or = Al | L.1b
3
2)
(7 marks)
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(1 B
2 2
A:
V31
LZ 2 )

(a) Describe fully the single geometrical transformation U represented by the matrix A.

The transformation 7, represented by the 2 X 2 matrix B, is a reflection in the line y = —x

(b) Write down the matrix B.

Given that U followed by 7 is the transformation 7, which is represented by the matrix C,

(c) find the matrix C.

(d) Show that there 1s a real number k£ for which the point (1, k) is invariant under 7.
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Question Scheme Marks AOs
S@) Rotation Bl | Llb
2
120 degrees (anticlockwise) or %radians (anticlockwise)
2 Bl 25
Or 240 degrees clockwise or Tgradiam clockwise
About (from) the ongin. Allow (0. 0) or O for origin. Bl 12
(&)
® ° - Bl | 1lb
-1 0 ’
(0] -
© [o -1) -3 ‘g @ BRI I
s gyt I CRO R I B
2 EREER ST LRSS
1 NG B 2 2 2 2
N e e T 1 S M1 31a
-1 o)s = N 4 = 3|y [T
M1 1 43 Mote: - - []— = = =[ JcanscoreMl{fcrthematrix
2 2 2 2 1 3 |\F 1 o3
- = + Xk
2 2 2 2
equation) but needs an equation to be “extracted” to score the next Al
31 1 3
—£+—k=l or —+£k=k
2 2 2 2
or Alft | 11b
Bt 1B
X=——X+=) Oor y==X+—Y)
2 2 2 2
(Mote that candidates may then substitute x = 1 which is acceptable)
31 3 1 1
—£+—k=10r I=—£I+—}’:}ff=2+xf§ or—— Al 1.1b
2 2 272 2-43
1 3 1 3 1
—+£.’r=ﬁ'or y:—x+£_1-':>fr=2+«f§ or—= Bl 1.1b
2" 2 2 2 243
@
(10 marks)
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(a) Show that the matrix M is non-singular.

(2)
The transformation 7" of the plane is represented by the matrix M.
The triangle R 1s transformed to the triangle S by the transformation 7.
Given that the area of S is 63 square units,
(b) find the area of R.
(2)

(¢) Show that the line y = 2x is invariant under the transformation 7.

(2)
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Question 1 (Total 6 marks)

Part | Working or answer an examiner might | Mark | Notes
expect to see
(a) |detM=(4=-7)—(2=-5)=-18 M1 | This mark 1s given for a method to find
the determinant of M
M 1s non-singular since det M = 0 Al | This mark 1s given for a correct reason
and an understanding that a
non-singular matrix has a non-zero
determinant.
® || det M | Area R = Area § M1 | This mark 1s given for recogmsing the
relationship between the size of det M
and the areas of tniangles R and §
63 7 Al This mark 1s given for finding the area
AreaR=— = — -
| —18 2 of tnnangle R
(c) (4 =5V x\ [(4x-—10x) M1 | This mark 15 given for mapping the line
l 7 - ?J ll‘rJ = llr—H.rJ v = 2x under the transformation T
[ —6x) { x) Al | This mark 1s given correct
= l ~12 rJ = _5l 2 rJ multiplication and working leading to
' - o the conclusion that the line 1s invariant
All points of y = 2x map to points on under the transformation T
v = 2x_hence the line v = 2x 15 mvariant
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Az(ai4 :]

where a and b are non-zero constants.

Given that the matrix A is self-inverse,

(a) determine the value of b and the possible values for a.

)
The matrix A represents a linear transformation M.
Using the smaller value of @ from part (a),

(b) show that the invariant points of the linear transformation M form a line, stating
the equation of this line.

3)
(i)

where p is a positive constant.

The matrix P represents a linear transformation U.
The triangle 7 has vertices at the points with coordinates (1, 2), (3, 2) and (2, 5).
The area of the image of 7 under the linear transformation U is 15

(a) Determine the value of p.

“4)

The transformation /' consists of a stretch scale factor 3 parallel to the x-axis with the
y-axis invariant followed by a stretch scale factor —2 parallel to the y-axis with the x-axis
invariant. The transformation V' is represented by the matrix Q.

(b) Write down the matrix Q.
(2)

Given that U followed by V' is the transformation W, which is represented by the matrix R,

(c) find the matrix R.

(2)
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6(i) (a)

(b)

Multiplies the matrix A by itself and sets equal to I to form one
equation in @ only and another equation involving both @ and b.

1 0

2 all 2 a
= =4 —4)=1 Ml
[a—4 b][a—4 b] 0 1] +a(a—4)
and either 2a+ab=0or 2(a—4)+b(a—4)=0ora(a—4)+b* =1
Solves a 3TQ involving only the constant a. This could come after a
value of 4 is found and this value substituted into an equation
involving both @ and b dM1
a2—4a+3:O=>(a—3)(a—1):0=>a:...
a=l,a=3 Al
Substitutes a value for @ into an Alternatively uses
equation involving both @ and b and | 24 +ab =0
solves for b. a[Z n b) -0
e.g.
21)+(1)b=b=.. Ml
A 02+b=0=b=..
2(1—-4)b+(1—4)=0=bh=. sa=02ro=0=
(1)(1-4)+b* =1=b=..
b=-2 Al
)
Uses their smallest value of a and their value for b to form two
equations
2 'a'|[x X
a—a by = v =2x+ay=xand (a—4)x+by=y M1
2 1)x x
=| |=2x+y=xand —3x—2y=y
-3 2)ly) |y
2x+y=x=>x+py=00e and -3x—2y=y=x+y=0o0e Ml

x+y=0 oe.

Al

3)
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(ii)(a) Area of the triangle 7= 13 Bl

Complete method to find a value for p. Need to see an attempt at the
determinant and setting equal to 15 divided by their area of 7. The

resulting 3TQ needs to be solved to find a value of p. M1
Determinant 3pxp—(-—1)x2p=,l—5=>p=...
"their area'
3p°+2p—5(=0) Al
: 5
p =1 must reject p.—_—g Al
4
(b) 3.0 Bl
0 -2 Bl
(2)
c R 4 ) N (P
) (their matrix found in part (b))[ pl 3'p']=[ ]
£ M1
3 0)f1 2| (. -
0 -2Jl-1 3) (.. ..
36 Alft
2 -6

(2)




(0 -1 (10
1. P=11 0 Q=1o 3

(a) (1) Describe fully the single geometrical transformation P represented by the matrix P.

(i1) Describe fully the single geometrical transformation Q represented by the matrix Q.

4)
The transformation P followed by the transformation Q is the transformation R, which is
represented by the matrix R.
(b) Determine R.

(1)

(¢) (1) Evaluate the determinant of R.

(1) Explain how the value obtained in (c)(1) relates to the transformation R.

(2)
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Question Scheme Marks | AOs
L@ Rotation Bl | Llb
90 degrees anticlockwise about the origin B1 1.1b
(i) Stretch Bl | Llb
Scale factor 3 parallel to the y-axis Bl 1.1b
“4)
(b) oP- 1 0y0 -1} (0 -1 B1 m
“lo 3l o) (3 o0 '
(1
©0) IR|=3 BIft | 1.lb
(ii) The area scale factor of the transformation Bl 24
(2)
(7 marks)
Notes
(a)(®)
B1: Identifies the transformation as a rotation
B1: Correct angle (allow equivalents in degrees or radians), direction and centre the origin
(1)
B1: Identifies the transformation as a stretch
B1: Correct scale factor and parallel to/in/along the y-axis/y direction
(b)
B1: Correct matrix
(o)1)
B1ft: Correct value for the determinant (follow through their R)
(i1)
B1: Correct explanation, must include area
Note: scale factor of the transformation is B0
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0 0
3 azlp A3 1
2 2
o 1 43
2 2

(a) Describe fully the single geometric transformation A represented by the matrix A.

(2)
I' 3 @
B=|V3 0 53
P 2 %
The transformation B is represented by the matrix B.
The transformation 4 followed by the transformation B is the transformation C, which is
represented by the matrix C.
To determine matrix C, a student attempts the following matrix multiplication.
L. 0 0
5 I 3 0
022 U5 o 5B
2 . I 2. 40
1 VB
g = 2X=
2 2
(b) State the error made by the student.
(1)

(¢) Determine the correct matrix C.

(0))




AS 2023

3(a) Rotation Bl
n :
30 degrees or — about the x — axis
6 Bl
Ignore any reference to direction
2)
®) They have found AB when they should find BA
Multiplication is the wrong way round
It should be BA
Matrix B should be on the left instead of the right
Student has done transformation B followed by transformation A
Bl

m 3 gyt 2
Itshouldbe 3 0 543 [0 g _%
1 2 b
o L B
2 2

(c)

;W33
13 0 0 0 2 2
50 5o £ il o0
1 2 0
TR SR
2 2
Bl
0 0 1ﬁ-1.5
1 3 0 2
5o o £ 4l o8 o
1 2 0
LRNEVEN I R RVER
2 2
1)

(1)
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k -2 7
9. () P=|-3 -5 2 where k is a constant
k k 4

4)

) o [ 2
(@) 3 0

The matrix Q represents a linear transformation 7’

Under 7, the point 4 (a, 2) and the point B (4, —a), where a is a constant, are
transformed to the points A’ and B’ respectively.

Given that the distance A'B' is v/58, determine the possible values of a.

)




9(i)

k -2 7 ) .
-3 -5 2 =k(—20—2k)+2{—12—2k]+?{—3k+5k] AS 1202 -3
k k4
or
k2 7 k 22 M
-3 -5 2 3 -5 :k[—S)(4)—2{2}(k)+7{—3){k]
k kK 4 k k
=7(=5)(k)-k(2)(k)-(-2)(-3)(4)
—2k* —10k —24(=0) isw Al
b —dac =(10)" —4(-2)(-24)=..
b* —dac=(5) —4(-1)(-12)=...
Or
K +5k+12=0= (k+2.5) +5.75=0=(k+2.5) =-5.75
2k —10k -25=0=-2(k+2.5)" -12.5=0=(k+2.5)" =-5.75
Or
K +5k+12 = (k+2.5) +5.75= (k+2.5) =0
M1
or
2k =10k =25=0=-2(k+2.5) =125=0=-2(k+2.5)' <0
Or
d(-2k* —10k —24) .
S TE— =—4k —10=0= k = —2.5 = determinant = —5.75
Or
. 10£(-10) ~4(-2)(-25) 5225
- 2(-2) )
b* —dac = —92 = 0 therefore no real roots so non-singular
b* —dae = —23 < 0 therefore no real roots so non-singular
Or
Square of negative is not real therefore non-singular
Or
(k +2.5)2 +5.75> 0 therefore no real roots so non-singular
Al
“2(k+ 2.5)I —12.5 < 0 therefore no real roots so non-singular
Or
As negative quadratic maximum value of determinant = — 5.25 therefore no
real roots so non-singular
Or
Imaginary roots therefore no real roots so non-singular
(4)

(ii)

2 -1\(a 4} (... ... |
-3 oll2 —a = can be done separately for each point M1
2a—2 84a
{__jm D or (2a-2, =3a) and (8+a,-12) N
V[2a-2)~+a)] +[3a-(-12)T =5
or
. (8+a 2a-2 10—a
AB = _ _
-12 -3a -12+3a
or
B 2a-2 B+a a-10 Mi
| 3a ) —12) 12-3a
(a—10)" +(12-3a)" =58 or (10-a)’ +(3a—12)" =58
leading to a 3TQ
10a® —92a + 186 =0 Al
ﬂ=3.£c—.e. cs0 Al
5
(3)




6. In an Argand diagram, the points 4, B and C are the vertices of an equilateral triangle
with its centre at the origin. The point A4 represents the complex number 6 + 2i.

(a) Find the complex numbers represented by the points B and C, giving your answers in
the form x + iy, where x and y are real and exact.

(6)
The points D, E and F are the midpoints of the sides of triangle 4ABC.

(b) Find the exact area of triangle DEF.




Examples:
cos120 —sinl20Y(6 B 1 .
[sinl20 cole’D)(ZJ_mm- {6+2’-}[_5+T
or Jﬁ(cosarclan(%]+i5inarctan (%))[cos(%r]
m(cos(a:rctan(ﬁ)+3f-}+i51'-ﬂ(3fmn{§:]+'=f))

or

A=)

(== ﬂ or (3¥3-1)i A [ 1
(53-5)+ (345 -1)i B

Examples:

cos240 —sin240%/6 . 1
[sing-ﬂlﬂ c0s240 ][2]2'"“ (“2’-}[_5
Jﬁ(cosarctan(i)+isinarctan(§))[cos[%)+isin(%))
Jﬁ(cos(arctan(é)+1;;+isi.n(ard:m{%]+if)}

JAe {3 %)
(+:6) or ()
(3+43)+(-3B-1)i

Area ABC = 3x %62 +274J6% + 2% sin120°

or
Area AOB = %62 +224J6" + 27 sin120°
1 3 _
Area DEF = —ABC or —.4OE m




1. The transformation P is an enlargement, centre the origin, with scale factor k, where & > 0
The transformation Q is a rotation through angle @ degrees anticlockwise about the origin.

The transformation P followed by the transformation Q is represented by the matrix

o

43 -4

(a) Determine
(1) the value of £,
(i1) the smallest value of @

A square S has vertices at the points with coordinates (0, 0), (a, —a), (2a, 0) and (a, a)
where a 1s a constant.

The square S is transformed to the square S’ by the transformation represented by M.

(b) Determine, in terms of a, the area of S’




Question Scheme Marks AOs

R
_-

cosf -sin@\[k 0 i, cosf —sind) [ —4 4.3
Way 2 sinfd cosf )0 k sinfl  cos# 4J' 4

Achieves both the equations kcos#=-4 and ksinf= 4.3 -m

ksind 43 g Fosp-..
kcos@ 4

D T R N )
S N <. N R

(b) Area of §' = area of § x K (The area of the square § =2a”)

EONEY
e

6 marks




The matrix A represents the linear transformation M.

Prove that, for the linear transformation M, there are no invariant lines.




Question

Scheme Marks

4 -2 x V[ X . o
= leading to an equation in x, m, ¢ and X
5 3)\mx+c) \mX+c

dx—2Xmx+c)=X and Sx+3(mx+c)=mX +¢

Sx+3(mx+c)=m(4x—2(mx+c))+c

leading to

S+3m=d4m—2m" (3c==2mc+c)
2m' -m+5=0=b"-4dac=

(1) —4(2)(5) =
Correct expression for the m=—1 and shows a
discriminant = {—39] <0 contradiction in
S+ 3m = d4m—2m* therefore
there are no invariant lines.

Solves 3c==2mc+c=m=...
therefore there are no invariant

)

Sx+3(mx) = m(4x—2(mx))
leading to 5 +3m = 4m —2m’

Alternative

X
[ ] leading to an equation in x, m and X
mX

Correct expression for the discriminant = {39} < 0 therefore there
are no invariant lines that pass through the origin no invariant lines.

AODs




] where a is a constant

(a) Prove by mathematical induction that, for n € N

a
3y @ -1
w-|> 297

0 1

Triangle T has vertices 4, B and C.

Triangle T is transformed to triangle 7’ by the transformation represented by M”
where n € N

Given that

« triangle T has an area of 5cm’

« triangle 7" has an area of 1215cm’

» vertex A(2, -2) is transformed to vertex 4'(123, -2)
(b) determine

(1) the value of n

(11) the value of a




a
31 =(3t-1 3 a
— 1 —
n=1=> M _(0 2 _(0 7
{So the result is true forn = 1}

det(M™) = 3" or det(M) = 3

Assume true forn = k
3 a"=(3" 3(3"—1))

n
Or assumeM™ or (0 1 0 L

Uses 5 xdet(M")=1215=p"=qg=n=..
5x3"=1215=3"=243=n=..

n=>5

A correct method to find an expression forn =k + 1

k+1 k2 ook
GO7=( 2 )¢ 9

or

3oa_ 3 a3 261
01 o J\, 27,

(3n %(3:: _ 1)) ( _22) (123) - 23m - 22 2@ -1 =123

0 1
>a=..

(3(3") a(3)+2@3 - 1)) o (3(3*) 3x2(3 -1+ a)

0 1 0 1

(243 —(243—1))( 2)=(13) = 2083 - 25243 - 1)

0
=123=>a=..

a _9a _
(1 —se8-1 (123) - ( 2) B8
243\, -2/ 7 \2 243
a
=-2=a=.

(3**1 1203 + (3¢ - 1)1) _
0 1
(3k+1 “ [3(3k) 1]) (3k+1 g[3k+1 _ 1])
0 1 0 1
(3(3") 3 x%(3" “D+ a) _
0 1
(3'”1 SBE -1+ 2))
o .1
_ (3k+1 E(3k+1 _ 1))
0 1

a=1.5

If true for n = k then true forn = k + 1 and asitis trueforn = 1
the statement is true for all (positive integers) n




L O
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6. (a) Prove by induction that for all positive integers n,

irz = %ﬂ{n + 1)(2n + 1)

r=1

(6)

(b) Use the standard results for 21'3 and Zr to show that for all positive integers

r=1 r=1

rzi}r(r +6)(r—6)= in(n + 1)(n

(4)

(c) Hence find the value of t satisfies

ir'(r +6)(r—6)= 1?"52?‘2

r=1 r=1

(3)




Question Scheme Marks AOs
6(a !
@ el Y1 and én(n+l)(2n+l) - é(l){2)(3) =1 Bl | 22a
r=1
Assume general statement is true for n=4%
k
So assume 21'2 = ék(k+l}(2k+1) is true Ml 24
r=1
k+1 1
rt = gk(k+1){2k+l) +(k+1)? Ml 2.1
r=1
=%(k+l](2k3+?'k+6) Al | Lib
= %(k+1)(k+2)(2k +3) = %(k FD(E+1L+ DUk +1}+1) Al | Llb
Then the general result is true for n=k +1
As the general result has been shown to be true for n =1, then the Al 24
general result is true for alln e[l *
(6)
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8. (i) Prove by induction that for n € Z"

(6)
(i1) Prove by induction that for n € Z*
f(n) — 4n+l + 5211—1

1s divisible by 21

(6)
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Proof by Induction

Question Scheme Marks AOs
80 5 ¢ "5 -8 (4x1+1 -8(1)) (5 -8
"R 3Tl ) L2 1-a) T2 3 Bl | 22a
5o the result 1s true forn =1
5 -8Y (4k+1 -8k
Assume true forn =k so = M1 24
2 =3 2k 1-4k
s -8\ (4k+1 -8k )(5 -8
2 -3) | 2k 1-4kfl2 -3
or M1 1.1b
s -8\ (5 -8\(4k+1 -8k
2 -3) 2 3l 2k 1-4
4k+1 -8k (5 4k+1 -16k -8 4.&’+1}+74ﬁr
28 1-4k)\ 2 10.’(+2 1- 4.’( —165’—3(1—415(]
Al 1.1b
5 -8\ 4k+1 —sk 4k+1} 16k —40k—8(1-4k)
2 30 2%k 1- 4k 2(1+4k)-6k -16k-3(1-4k)
4(k+1)+1 —S(k+l} Al )1
k+1) 1-4(k+1) '
If true for n = kthen tmue forn =k + 1. true for # =1 so true for Al 24
all (positive integers) n (Allow “for all values™) ’
()
(i) flk+ 1) — (k)
Way 1 Whenn=1 4""+5"7 =16+5=21
i Bl 22a
so the statement 1s true for n =1
Assume true for n =k so 4**' 4+ 577 is divisible by 21 M1 24
f(k+1)—f(k)=4"" +57 -4 _ 57 M1 21
= 4x4k'+1 —|—25}( 52.(—1 _4J.+l _53.(—1
=3f(k)+21x5" oreg. =24f (k)—21x 4" Al 1.1b
f[?r+l}:4f(k}+21x5:*'lore.g. f(.ir—rl}:2:’:f[ﬁ')—21x4’(+1 Al 1.1b
If true for n = kthen tmue forn =k + 1. true for # =1 so true for Al 24
all (positive integers) n (Allow “for all values™) '
(6)
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3. Prove by mathematical induction that, for ne N

1"

I et
o (2r=1)(2r+1) 2n+1

y=

(6)
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Proof by Induction

Question 3 (Total 6 marks)
Part | Working or answer an examiner might | Mark | Notes
expect to see
Whenn=1, Bl This mark 1s given for checking both
1 1 1 1 sides of the statement forn=1
Lo D@+) 33
and n = ; = l
2n+l  (2xD+1 3
Assume the statement 1s true for r =k, then | M1 | This mark 1s given for assuming the
i 1 & general statement n = & 1s true
Z = 15 true
m2r=D(2r+1)  2k+1
B+l 1 M1 | This mark 1s given for adding the
Z:lm (k+ 1)th term to the sum of k terms
_ K + 1
2+l (2AUE+D-W2UE+D+D
_ k + 1
2k+1 (2E+D(2k+3)
_ R2k+3)+1 M1 | This mark 1s given for combining the two
B Qk+D(2k+3) fractions over a commeon denominator
_ 2t +3k+1 Al This mark 1s given for correct algebra
Qk+1)(2k+3) leading to the term — D
2Ak+D+1
_ @E+Dk+D)
(2E+1)2k+3)
_ (&+D
(2k+3)
_ (k+D)
2E+D+1
Thus the general result is true forn =k + 1 Al This mark 15 given for a fully correct

Since the general result 1s true for n =1
and true for n = kimplies true form=k+ 1,
the result is true forall n M

induction statement
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8. Prove by induction that, for n € Z*

f(n) — 2n+2 + 32n+1
1s divisible by 7

(6)
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8 Way 1: f(k+1)—f(k)

When n=1, 2" 43" =2"4+3"=35 Bl

Shows the statement is true for n =1, allow 5(7)

Assume true for n=4k, so 277 +3*"" isdivisible by 7 Ml

f(k+1)—f(k)=2" 434 (252 4+ 3%4) M1

=A% 4gx g e
=272 4+ 8x 3% Al
=f(k)+7x3*" or 8f (k)—7x2""*

£ (k+1) = 2£ (k) +7x 3% or 9f (k) —7x 2" Al

If true for n = k then true for n =k +1 and as it is true for n =1

} s S Al
the statement is true for all (positive integers) n

(6)




8. (a) Prove by induction that, for all positive integers n,

rz::r(;ur 2r+1)= %n(rr +1)(n +2)
(6)

(b) Hence, show that, for all positive integers n,

zr(r +D2r+1)= %n(n + )(an + b)(cn + d)

where a, b, ¢ and d are integers to be determined.

(3)
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Question Scheme Marks ADs
a 1 w
8@ n=1 lhs=1(2)(3)=6, ths==(1)(2)"(3)=6 81 | 22
(true forn =1)
k
Assume true for n = k so Zr[r+]}{2r+l)=%k[k+l)l[k+2} M1 24
r=]

kvl

Zr(rﬂ][zr+1]=ék{kﬂ}l[fc+2}+{k+l}{k+2}{2k+3} M1 2.1

=l

=%{k+1}{k+2][k{k+l}+2|{2k+3}} aM1 | 1.1b

: (k+1)(k+2)[k* +5k+6] = Lka1)(k+2)(k+2)(k+3)

T2 2
1 2
Shows that =E[M)[w+” (k+1+2)

Alternatively shows that
kvl

Z;-(;-+1}{21-+1}=%u— P (k+141) (k+1+2)

=l

Al L.1b

=%(k+1}(k+2)l[k +3)

Compares with their summation and concludes true forn = £ +1,

may be seen in the conclusion.

If the statement is true for n = k then it has been shown true for

n=Fk+ 1 and as it is true for n = 1, the statement 15 true for all Al 2.4
positive integers n.

(6)
(b) - 1 p 1 :
Zr[r+1}(2;'+1}=E[2n){2n+l) [2#!+2)—E[n—1}|n'(n+l} M1 3la
=%n(n+l}[4(2n+1]£—n[ra—l)} M1 1.1b
=%n[n+lj{l5n3 +17n+4)
I Al 1.1b
:;n{n+lj[3n+l]{5n+4]
(3)

(9 marks)
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7. Prove by mathematical induction that, for n € N

-5 9Y" _(1-6n 9n
4 7) —4n 1+6n

(6)




7 (1-6x1  9x] -5 9) (-5 9
For n=1: = =
—4x1 1+6x1) (-4 7) |-4 7 Bl

So the statement is true for n=1

Assume true forn =k,
or

5 9\ (1-6k Ok M
Assume | 4 9] Tl 4k 146k

[-5 QJ** (-5 9)* [—5 9] (-5 9) [—5 9]*
= oo DR— x Ml
-4 7 4 7 -4 7 -4 7)1 -4 7
1 -6k 9k -5 9 5430k =36k 9-—54k+063k
= 4 =
-4k 1+6k -4 7 20k —-4-24k 36k+T7+42k

OR M1
[—5 9) []—ﬁk 9k ] [—5+3Dk—36k 45k +9+54kJ
= b4 =

-4 7 -4k 1+6k —4+24k-28k 36k+7+42k

-5-6k 9+9k
Achieves from fully correct working =( * ]

—4-4k T+6k Al

1-6(k+1)  9(k+1)
(—qk+n 1+ﬂk+n]
Hence the result is true for n =k +1. Since it is true for n =1, and if | Alcso
true for n =k then true for n =k +1, thus by mathematical induction
the result holds for all n e M

(6)




2. Prove by induction that for all positive integers n,

f{:ﬂ) — 23n+1 + 3(52n+1)

1s divisible by 17




Question

Scheme

Whenn = 1. 2’"“+3(52"+‘)=16+375=391
391 =17 = 23 so the statement 1s ttue for n =1

Assume true for n =kso 2°** +3 (5“’” )is divisible by 17

f(k+1)—f(k)=2%"+3(5%)-2%" -3(5)

= 7 x 2% +7x3(51"+‘)+17x3(5“”)

=7 (k)+17x3(5*")

f(k+1)=8f (k)+17x3(5*")

If the statement is true for » = k then it has been shown true for

n=k+ 1 and as 1t is true for n = 1, the statement is true for all
positive integers n




where @ 1s a constant.

(a) For which values of a does the'matrix M have an inverse?

Given that

d M in terms of a

(11) Prove by induction that for all positive integers n,

[2 {1)} =[3(3§"_ 1) {1}]




3 0

Whenn=1.lhs= {6

So the statement is true forn =1

3 0)
Assume frue forn =k so [6 J =

PR S

- 3x3F 0
13x3(3"-1)+6 1

3}:4-1 ﬂ
=[3(3*+‘ -1) 1

|

If the statement is true for n = & then it has been shown true for
n=Fk+ 1 and as it is true for n = 1, the statement is true for all
positive integers n




6. Prove by induction that for all positive integers n

f(n) =324 =2

is divisible by 5




Way 1 f(k+1) — f(k)

Whenn=1, 3" —2%" =729—-4 =725
(725 =145x%5) so the statement is true for n =1

Assume true for n = kso 37" — 2% is divisible by 5

Bl 22a

f(k+1)—f(k)=3%0 222 32 4 o2 Ml

either 8T k +5x2% or 3f k +5x3** Al

f kil =9f k +5x2% or f k+1 =4f k +5x3% ge. 1

If true for n = k then it is true for
n=k+ 1 and as it 1s true for n = 1, the statement is true for all

(positive integers) n. (Allow *for all values’)




6. (1) Prove by induction that for n € Z*

2":(3r +1)(r+2) = n(n+2)(n+3)

r=1

(11) Prove by induction that for all positive odd integers n
fn)=4"+5+6
is divisible by 15




6. (1) Prove by induction that for n € Z*

2":(3r +1)(r+2) = n(n+2)(n+3)

r=1

(11) Prove by induction that for all positive odd integers n
fn)=4"+5+6
is divisible by 15




1
Whenn=1, ) (3r+1)(r+2)=4x3=12
r=1

1(1+2)(1+3) =12 (so the statement is true for n = 1)

(]
e

k
Assume true for n = k so Z(3r+l)(r+2)=k(k+2)(k+3)
r=1

§(3r+1)(r+2)=k(k+2)(k+3)+(3k+4)(k+3)
r=1

(o]
f—

>

=(k+3)(k2+5k+4)
k+1

Z(3r+1)(r+2):(k+1)(k+3)(k+4)
r=1
k+1
> (3r+1)(r+2)=(k+1)(k+1+2)(k+1+3)
r=1
If the statement 1s true for n = k then it has been shown_true for
n=k+ 1 and as it is true for n = 1, the statement is true for all

(positive integers) n.

A

[
B




Whenn=1, 4' +5' +6' =15 so the statement is true for n = 1

Assume true for n =k so 4* +5* + 6" is divisible by 15

f(k+2)=4"7+5"+6""

=16x4" +16x5" +16x6* +9x5* +20x 6"
=16f (k)+45x5"' +120x6""

E.g As 15 divides f(k), 45 and 120, so 15 divides f(k+1).
If true for n = k then true forn =k + 2, true forn = 1 so true for all
positive odd integers n

Whenn=1, 4 +5' +6' =15 so the statement is true for n = 1

Assume true for n =k so 4* +5* + 6" is divisible by 15

f(k+2)-f(k)=4""+5"+6""-4"-5"—¢"

=15x4" +24x5" +35x6"
=15f (k)+45x5" +120x6""

£(k+2)=16f (k) +45%5" +120x6""

E.g f(k+2)=16f(k)+15(3x5"" +8x6"")so

if true for n = k then true forn =k + 2, true for n = 1 so true for all
positive odd integers n




] where a is a constant

(a) Prove by mathematical induction that, for n € N

a
3 —(3" -1
w|¥ 36

0 1

Triangle T has vertices 4, B and C.

Triangle T is transformed to triangle 7’ by the transformation represented by M”
where n € N

Given that

« triangle T has an area of 5cm’

« triangle 7" has an area of 1215cm’

« vertex A(2, -2) is transformed to vertex A4'(123, -2)
(b) determine

(1) the value of n

(i1) the value of a




a
— 1_ (3 =@B'"-D\_(3 a
_1=M_(0 2@ 0)=( 9
{So the result is true forn = 1}

det(M™) = 3" or det(M) = 3

Assume true forn = k
3 a"=(3" 3(3"—1))

n
Or assumeM™ or (0 1 0 L

Uses 5 xdet(M")=1215=p"=qg=n=..
5x3"=1215=3"=243=n=..

n=>5

A correct method to find an expression forn =k + 1

k+1 k2 ook
GO7=( 2 )¢ 9

or

3oa_ 3 a3 261
01 o J\, 27,

(3n %(3:: _ 1)) ( _22) (123) - 23m - 22 2@ -1 =123

0 1
>a=..

(3(3") a(3)+2@3 - 1)) o (3(3*) 3x2(3 -1+ a)

0 1 0 1

(243 —(243—1))( 2)=(13) = 2083 - 25243 - 1)

0
=123=>a=..

a _9a _
(1 —se8-1 (123) - ( 2) B8
243\, -2/ 7 \2 243
a
=-2=a=.

(3“1 1203 + (3¢ - 1)1) _
0 1
(3;:+1 a [3(3k) 1]) (3k+1 g[3k+1 _ 1])
0 1 0 1
(3(3") 3 x%(3" “D+ a) _
0 1
(3'”1 SBE -1+ 2))
o .1
_ (3k+1 E(3k+1 _ 1))
0 1

a=1.5

If true for n = k then true forn = k + 1 and asitis trueforn = 1
the statement is true for all (positive integers) n




4. Prove by induction that for ne N




—2x1

1 )(sntruewhen n=1)

(Assume true for n = £, then)

I B Bt [}}( H

i

i

Hence result is true for n = k +1. As true for n = 1 and have shown if
true for n = k then it is true for n = k +1, so 1t 1s true for all n.

—_

-




s 7/

Vectors




2. The plane [7 passes through the point 4 and is perpendicular to the vector m

Given that

2l
(=™
I
L by
B
(=N
=
I
LR

where O is the origin,

(a) find a Cartesian equation of /7 .

With respect to the fixed ornigin O, the line 7 i1s given by the equation

7 -1
r=| 3| +4i|-5
-2 3

The line [ intersects the plane /7 at the point X

(b) Show that the acute angle between the plane /7 and the line /15 21.2° correct to
one decimal place.

gsg (c) Find the coordinates of the point X




Question Scheme Marks AOs
2(a) ([ 3Y [ 5) [ 3)
r{| -1|=| -3¢ -1 Ml | 1.1b
2 —4 2
3x—y+2z=10 Al 2.5
2
(b) (3 ( 1)
-1 (] -5 |=8 Bl 1.1b
2 3
VP + (=124 (2 (=17 + (=50 +(3)° cosa ="=3+5+ 6" Ml | L1b
o 8 . _ 8
=90 mcos[—m.\{g] or sinf —mﬁ M1 2.1
#=21.2° (1dp) * cso Al* 1.1b
)
© 3(7-A)—-(3B-5)+2(-2+3)=10= A=... Ml | 3.la
l.:—l Al 1.1b
2
7 -1
ox=| 3 —% =5 |= Ml | Llb
-2 3
X(7.5,5.5.-3.5) Alft 1.1b
“)
(10 marks)




9. An octopus is able to catch any fish that swim within a distance of 2m from the octopus’s
position.

A fish F swims from a point 4 to a point B.
The octopus i1s modelled as a fixed particle at the origin O.
Fish F is modelled as a particle moving in a straight line from A to B.

Relative to O, the coordinates of 4 are (-3, 1, —7) and the coordinates of B are (9, 4, 11),
where the unit of distance is metres.

(a) Use the model to determine whether or not the octopus is able to catch fish F.

(b) Criticise the model in relation to fish F.

(c) Criticise the model in relation to the octopus.

SN Mg
L‘ 2‘;‘




(@) 9 -3 12 [ 4)
AB=| 4 |-| 1 |{=| 3 or d=[ 11 Ml | 3.1a
11 -7 18 6
-3 12
{oF=r=}| 1 |+4 3 Ml | L1b
-7 18
-3+124 12
{oFaB=0=1| 1432 | 3 |=0
~T+182 || 18 dML | L.1b
= -36+1444 +3+94 -126+3244=0 = 4774A-155=0
1
:>,i|‘,=§ Al 1.1b
-3 12
{ﬁ:} T P S I
I ] I 1 dM1 | 3.1a
and minimum distance = J(l)2 + (2P + (1)
=6 or 2.449... Al | L1b
> 2. so the octopus is not able to catch the fish F Alft 3.2a
(7)




4. Part of the mains water system for a housing estate consists of water pipes buried beneath the
ground surface. The water pipes are modelled as straight line segments. One water pipe, W, 1s
buried beneath a particular road. With respect to a fixed origin O, the road surface 1s modelled
as a plane with equation 3x — 5y — 18z = 7, and W passes through the points A(-1, -1, —3) and
B(1, 2, -3). The units are in metres.

(a) Use the model to calculate the acute angle between 7 and the road surface.

A point C(—1, -2, 0) lies on the road. A section of water pipe needs to be connected
to W from C.

(b) Using the model, find, to the nearest cm, the shortest length of pipe needed to connect
CtoW.




AS 2018

Vectors

Question Scheme Marks AOs
4(a) Attempts the scalar product between the direction of W and the normal
. _ M1 3.1la
to the road and uses trigonometry to find an angle.
1 -1 3 -1 1 3
21—l -1||e] =5 |=—90r 1= 2|lel =5|=09 M1 1.1b
Al 1.1b
-3 -3 —-18 -3 -3 -18
J2) +(3) +(0) {(3) +(=5)" +(~18)’ cosaz="-9"
9 - 9 M1 1.1b
£ =90 - arccos| —————— | or # =arcsin| ————= :
[«;’13«;"358] (Jﬁdsss] Al 2a
Angle between pipe and road = 7.58° (3sf) or 0.132 radians (3sf)
(Allow —7.58° or — 0.132 radians)
)
(b) -1 2 1 2
Wil=1|+t[3|or| 2[+4]3 Blft 1.1b
-3 0 -3 0
-1 2 -1 2 -1
CtoW 4| =1 |+¢| 3 [=| =2 |por 20+A] 3| -2 M1 34
-3 0 0 -3 0
2t 2 2424 2
3t+1|e| 3 |=0=t=_or| 4+31 |83 |=0= A=
-3 0 =3 0 M1 3.1b

or
oo (2421) +(4431) +(=3) =

r=—iori=—E:>(CtoFV] ) is—£i+ij—3k
13 13 = 13 13
or
) > > 37 121
2t) + (3t +1) +(=3) =13|t+— | +—
(20 +(3t+) +(3) =131+ 2] 422
or
3 bl ) 2 _}
(2+2r]'+(4+3r)'+(-3)':13(),+E] L2 Al 1.1b
13 13
or
a((2¢) +(3t+1) +(=3)"]
([ )+ J+( J}=D:>r=—i::>CroWis—£i+ij—3k
di 13 13 13
or
af(2+2¢)" +(4+31)" +(-3)")
(( y ) +{ }"=0=>?=—E=>(Ctoﬁ"}.is—£i+ij—3k
df 13 == 13 13
6\ 4\ | =
d=f[-—| +[ = | +(-3) or d = L2 daMl1 | 1.1b
13 13 13
Shortest length of pipe needed 15 305 or 305 cm or 3.05m Al 32a
©
(11 marks)




4. The line [ has equation

x+2 y-5 z-4

1 —1 -3

The plane /7 has equation
ri-2j+k)=-7

Determine whether the line / intersects /1 at a single point, or lies in //, or is parallel to 7/
without intersecting it.

(5)




Question 4 (Total 5 marks)

Part | Working or answer an examiner might | Mark | Notes
expect to see
(—2+4) M1 This mark 1s given for finding a
=1 5_il parametric form for the line /
L 4-34)
The line [ and the plane [Tmeet 1f M1 | This mark is given for substituting into
‘e (1) the equation of the plane to find any
=AY points of intersection
S5—Al. =2|=-T
L 4-=-34) L 1)

= (2+A)x1+(0-A)x-2+4-30)=x1=-T Al | This mark 1s given for finding a
correct equation in A

= 0A-8=-T Al This mark 1s given for simplifying the

. equation and deriving a contradiction
= —8 = -7, a contradiction

Hence the line [ 1s parallel to the plane /7 Al This mark 1s given for a correct deduction
but not 1n 1t, so there i1s no intersection following correct working

__HOME |




8. A gas company maintains a straight pipeline that passes under a mountain.

The pipeline is modelled as a straight line and one side of the mountain is modelled
as a plane.

There are accessways from a control centre to two access points on the pipeline.

Modelling the control centre as the origin O, the two access points on the pipeline have
coordinates P (=300, 400, —150) and Q (300, 300, —50). where the units are metres.

(a) Find a vector equation for the line P(, giving your answer in the form r = a + Ab,
where A is a scalar parameter.

(2)
The equation of the plane modelling the side of the mountain is 2x+3y =5z =300

The company wants to create a new accessway from this side of the mountain to
the pipeline.

The accessway will consist of a tunnel of shortest possible length between the pipeline
and the point M (100, k, 100) on this side of the mountain, where k is a constant.

(b) Using the model, find
(i) the coordinates of the point at which this tunnel will meet the pipeline,

(i) the length of this tunnel.

(7)

It is only practical to construct the new accessway if it will be significantly shorter than
both of the existing accessways, OF and OQ.

(c¢) Determine whether the company should build the new accessway.

2)

(d) Suggest one limitation of the model.

(1)
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Vectors

Part | Working or answer an examiner might | Mark | Notes |
expect to see
- T ] Part | Working or answer an examiner might | Mark | Notes
@ |b=%(00-0P) M1 Th1_5 _maﬂ-: is given for finding the expect to see
3001 (—300) - 600" positions between P and Q
{ | (- | { | () ‘ﬁ‘ = {23000 = 400° =(—1507)° = 522 M1 | This mark is given for calculating the two
== || 300|—| 400||==|-100 J( ) (130) lengths of the existing accessways GF
5 5 i — - - - and OQ
(=50} \-150]] 1 100 |06 = 300" 300" =507 = 427 <
[— | | Al This k is given fi t vect . . . . .
(—300 1 600 e u;trinof mlihggr}zr:mo: i ';Ofii vecter The new accessway length 1s considerably Al | This mark is given for an appropriate
r=| 400 +.4 -100 4 : shorter than 522 m and 427 m, so the conclusion
| =150 \ 100 ) company should build the new accessway
(b)(0) | 200+ 3% - 500 =300 Bl | This mark is given for substituting the | (4) | Forexample: Bl | This mark is given for a valid limitation
&=200 coordinates c.f A mto .The equation of th The mountainside in not likely to be flat, of the model stated
plane modelling the side of the 50 a plane might not be a good model
mountain and deducing a correct value o )
of k The tunnel and pipelines will not have
negligible thickness so modelling as mines
If Af 1s the point on the mountain and X'a M1 | This mark is given for finding the might not be appropriate
general point on the line, then distance from the point Monthe The shortest length for a tunnel might not
(~300) [ 600 (100 mountain to a general point on the line be practicable depending on the type of
MX=| 400+ 24 -100 || 200 fock in the mouatain
| =150 | 100} 1100)
{—400 + 6004
=| 200-1004
| =250+1004% |
=400+ 6004 { 600 M1 | This mark is given for taking the dot
200-1004 1.1 100 | =0 = 2= 3 product with the direction vector of the
| .. 1 T4 line and equating to zero to find a value
| —250+1004 ) | 100 of 2
=300 3 {600 M1 This mark is given for substituting
OX =| 400 + 3| 100 =3
\-150) | 100 4
{1507 Al This mark is given for finding the
173 correct coordinates of the point at which
| -5 the tunnel meets the pipeline
V=73
(b)(i1) 1{‘0 30— 100)-‘ +(325— 200)-‘ (=75 — 100)-‘ M1 This mark is given for a method to
find the length of the tunnel
=+48750 = 221m Al This mark is given for correct length of

the tunnel (including units)




4. All units in this question are in metres.

A lawn is modelled as a plane that contains the points L(-2, -3, —1), M (6, -2, 0) and
N(2, 0, 0), relative to a fixed origin O.

(a) Determine a vector equation of the plane that models the lawn, giving your answer in
the formr =a + b + uc

3)
1
(b) (1) Show that, according to the model, the lawn is perpendicular to the vector | 2
-10
(11) Hence determine a Cartesian equation of the plane that models the lawn.
“4)

There are two posts set in the lawn.

There is a washing line between the two posts.

The washing line is modelled as a straight line through points at the top of each post with
coordinates P(—10, 8, 2) and Q (6, 4, 3).

(c) Determine a vector equation of the line that models the washing line.

(2)
(d) State a limitation of one of the models.

(1)
The point R(2, 5, 2.75) lies on the washing line.

(e) Determine, according to the model, the shortest distance from the point R to the lawn,
giving your answer to the nearest cm.

2)
Given that the shortest distance from the point R to the lawn is actually 1.5m,

(f) use your answer to part (e) to evaluate the model, explaining your reasoning.

(1)
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4(a) Finds any two vectors :W, + ILNor +MN
8 4 —4
+|1|or £|3|or ==| 2| two out of three values correct is sufficient M1 3.3
1 1 0
to imply the correct method
Applies the vector equation of the plane formula r =a+ Ab+ pe
Where a is any coordinate from L, M & N and vectors b and ¢ come Ml 1.1b
from an attempt at finding any two vectors that lie on the plane.
A correct equation for the plane r =a+ Ab + pc
-2 6 2
a=|—3| or |—2|or |0
=1 0) {0 Al | L1b
8 4 (—4
b and ¢ are any two vectors from +|1| or +|3| or £| 2
1 1 0
3)
. Anpli .
(b)() pp- 165‘ . Alternative 1 Alternative 2 )
their Applies “their’ Alternative 3
1 . i
b| 2| |Finds ) e orodon
. i b? et v| AND
_10 t,helr h — “their b,y 4 between their
¢’ or vice versa z answer to
AND an ap[_:j]les ‘h“:h x part (a) and M1 I1.1b
- PRI t t wit .
(ii) their 0 lpl'D uctwi “their’ ¢.| y | and thel\«ector
1
el 2 2 | AND one = 2
10 solves to find
—10 i values of x, y and —10
of theirb or ¢ -
Alternative
Alternative 1 2
Shows results is Achieves the
Show that both dot product(s) =0 1 \«'alu-?i Zdand
therefore the lawn 1s parallelto | 2 conctudes as Al 2.4
erpendicular a constant
perp —10} | therefore the
therefore the lawn | lawn is
is perpendicular | perpendicul

ar

Vectors




(¢) Finds the vector P_Q" or E’.and uses 1t as the direction vector in the
formula r=a+\d M1
Two out three values correct 1s sufficient to imply the correct method
—10 6 16
r=atAd wherea=| 8 |or| 4| andd=4+| —4 Al
2 3 |

(2)

(d) For example:
The lawn will not be flat Bl
The washing line will not be straight

(1)
(e) 2x1)+5x2+(2.75x—10)—2
Applies the distance formula ‘( ) ( = ) | MI
\(11 +2°+(—10)
=171 mor 171 cm Al
(2)
() Must have an answer to part (e).
Compares their answer to part (¢) with 1.5 m and makes an appropriate
comment about the model that is consistent with their answer to part
(©). Blft

If their answer to part () is close to 1.5 (e.g. 1.4 to 1.6) they must
compare and conclude that the model therefore 1s good

If their answer to part () is significantly different to 1.5 they must
compare and conclude that the model therefore it is not a good model.




6. A mining company has identified a mineral layer below ground.

The mining company wishes to drill down to reach the mineral layer and models the
situation as follows.

With respect to a fixed origin O,
® the ground is modelled as a horizontal plane with equation z = 0

® the mineral layer i1s modelled as part of the plane containing the points
A(10, 5, -50), B(15, 30, —45) and C(-5, 20, —60), where the units are in metres

(a) Determine an equation for the plane containing 4, B and C, giving your answer in
the formr.n=d

()
(b) Determine, according to the model, the acute angle between the ground and the plane
containing the mineral layer. Give your answer to the nearest degree.
3)
The mining company plans to drill vertically downwards from the point (5, 12, 0) on the
ground to reach the mineral layer.
(c) Using the model, determine, in metres to 1 decimal place, the distance the mining
company will need to drill in order to reach the mineral layer.
(2)

(d) State a limitation of the assumption that the mineral layer can be modelled as a plane.

(1)
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Vectors
Question Scheme Marks AODs
6(2) £k AB = £k(5i+25j+5k),
Any two of:§ £k AC = k(151 +15j-10k), Ml 3.3
Ith_(’"zifr{—EOi—]Oj—ISk}
Let normal vector be ai +bj+ck
{ai+bj+ck].{i+5j+k}={}. {aivijc'k}.[—3i+3j—2k]=0
= a+5h+c=0,-3a+3h-2c=0=a=..b=_.c=.
M1 1.1b
Alternative: cross product
1 5 1 . .
|_3 N =(=10-3)i—(-2+3)j+(3+15)k
n=k(-13i-j+18k) Al 1.Ib
(-13i-j+18K)e(10i+5j—50k ) =... Ml | Llb
ro(13i+j-18k)=1035 o.e. ro-13i-j+18k)=-1035
, Al 2.5
re(325i+25j -450k ) = 25875
3
(b) Attempts the scalar product between their normal vector and the vector k
. M1 3.1b
and uses trigonometry to find an angle
(—13i-j+18k) ek =18 =137 + I’ + 18’ cosa M1 1.1b
oS @ = —mm= = it =144.08... = 0 =36°
> Jm Al 32a
3)
(¢) Distance required is |/| where
13} (59
M1 3.4
1= 12 [=1035
\—18) | 4
|A|=53.2m Al 1.1b
(2)
(d) E.g.
s The mineral layer will not be perfectly flat/smooth and will
not form a plane Bl 3.5b
s The mineral layer will have a depth and this should be taken
into account




3. With respect to the right-hand rule, a rotation through 6° anticlockwise about the

v-axis is represented by the matrix

cosf?# 0O sinf
0 1 0

—sinf? 0 cosé

The point P has coordinates (8, 3, 2)
The point Q 1s the image of P under the transformation reflection in the plane y =0

(a) Write down the coordinates of O

(D
The point R 1s the image of P under the transformation rotation through 120°
anticlockwise about the y-axis, with respect to the right-hand rule.
(b) Determine the exact coordinates of R

(2)

—_

(c) Hence find \PR| giving your answer as a simplified surd.

(2)
(d) Show that PR and P_Q}P are perpendicular.

(1)

(e) Hence determine the exact area of triangle POR, giving your answer as a surd in
simplest form.




3(a) Coordinates of ( are (8,-3,2) 5 i
(1)
(b) cosl20® 0 sinl20°Y%/8
Coordinates of R are 0 1 0 3=
—-sin120° 0 cosl20° )1 2
05 0 ﬁ M1
2 8
ol 0o 1 0 |[[3]|=
2
—ﬂ 0 05
2
So R is [—4+J§, 3,—4\5—1) Al
@)
(c) Finds the distance : :
PR = J[s-*(—4+ﬁ]')' +(3-13) + (2 (43 -1))
. e u— . M1
Alternatively finds their PR or their RP then applies length of a
vector formula.
J(lZ—ﬁ]z +[3+4J§]2 or \/(—12+J§)2 +[_3_4J§)2
=204 (=2451) cso Al
4 (2)
@ H.@:(—12+\5,0, —3—4J§}_{0,—6,0)=0 hence perpendicular Blft
(1)
(¢) PQ 1s perpendicular to PR so Area = %x PQx PR M1
:%xﬁxmzﬁﬁ cso Al
(2)




6. The surface of a horizontal tennis court is modelled as part of a horizontal plane, with
the origin on the ground at the centre of the court, and

AS 2 O 2 2 * iandj are un_it vectors directed across the width and length of the
court respectively
» ks a unit vector directed vertically upwards
* units are metres

Vectors

After being hit, a tennis ball, modelled as a particle, moves along the path with equation
r=(-4.1 +94-232)i+(-1025+ 151)j + (0.84 + 0.8 — 1*) k
where 4 1s a scalar parameter with 4 = 0

Assuming that the tennis ball continues on this path until it hits the ground,

(a) find the value of 4 at the point where the ball hits the ground.

2)
The direction in which the tennis ball is moving at a general point on its path is
given by
(9—4.64)i+15j+(0.8-27)k
(b) Write down the direction in which the tennis ball is moving as it hifs the ground.
(1
(c) Hence find the acute angle at which the tennis ball hits the ground, giving your
answer in degrees to one decimal place.
4)
The net of the tennis court lies in the plane r.j=0
(d) Find the position of the tennis ball at the point where it is in the same plane as
the net.
(3)
The maximum height above the court of the top of the net is 0.9 m.
Modelling the top of the net as a horizontal straight line,
(e) state whether the tennis ball will pass over the net according to the model, giving a
reason for your answer.
(n

With reference to the model,

(f) decide whether the tennis ball will actually pass over the net, giving a reason for
your answer.

(2)



AS

Need k component to be zero at ground, so

6(a
® 0.84+081-1"=0=2=.. M
,’,:_%,%,burﬁkﬁs{);l:% Al
2022 Vectors
(2)
(b) Direction is (9-4.6x1.4)i+15j+(0.8-2x14) So the tennis ball hits ground at angle of 7.5° (I1d.p.) Al
- BIft
—2.56i +15j—2k or %i+15j—2k )
(1) (d) In same plane as net when r.j=0,
—4.1+9A-23)%] (0
Direction perpendicular to ground is ak, so angle to perpendicular is .
(c) 256\ (0 ~1025+15% |o|1| leading to —10.25+154=0=A4=...
s Mo 0.84+08 -2 | |0 Ml
(2.56i+15j~ -2 41
given by (cos @)= K256+ 15i=2k) @ [: 2. 0.683333...]
ax|2.56i+15j - 2K]| 2.56/|0 60
15 |0 So is at position
~2|ja 41 41y 41 (41
M1 —4.1+9x——2.3[— i+0j+| 0.84+0.8x—— —] k Mi
or 60 60 60 1\ 60
2.56|(2-56 —awrt 0.976i +awrt 0.920k or =awrt 0.976i+0.92K (to 3 s.f)
15 | 15
256) (256 Sl or =awrt 09761+ 3>k Al
angle between | 15 | and| 15 |is given by (cos#)= ’
2.56(|2.56
-2 0 3)
15| 15 © Modelling as a line, height of net is 0.9m along its length so as Blft
—2|1 0 0.92 > 0.9 the ball will pass over the net according to the model.
e (--0130..) (1)
"2'56 5+ 0 Identifies a suitable feature of the model that affects the outcome M1
Or Ml And uses it to draw a compatible conclusion. Al
_ 231.5536 —0.991]... For example
\/2.561 +157 +(-2)° \’2.562 +157 +(0) e The ball is not a particle and will have diameter/radius,
N . ; therefore it will hit the net and not pass over.
90° —arccos('-0.130...') = -7.48... e Asabove, but so the ball will clip the net but it’s momentum
or ddM1 will take it over as it is mostly above the net.
arccos (0,991 ) s The model says that the ball will clear the net by 2em which
T may be smaller than the balls diameter
So th is ball hi d le of 7.5° (1d.n.) ¢ Al e The net will not be a straight line/taut so will not be 0.9m
© the fenmis 15 ground at angle 0 (Idp.) cao high, so the ball will have enough clearance to pass over the
Alternative net.
. M1
Finds the length of the vector in the ij plane = +/2.56" +15° 2)
Y — M1
V2,567 +15°
V2.56° +15°
0= arctan[ or # =90—arctan [%} ddM1

2
J2.56* +15°




-2 3
6. The line / has equation r =| 2 [+ 4| 0| where . is a scalar parameter.
0 1

1
The line /, 1s parallel to | 2
-3

(a) Show that/ and /, are perpendicular.

(2)

The plane /7 contains the line /| and is perpendicular to | 2
-3

(b) Determine a Cartesian equation of /7

(2

(c) Verify that the point 4(3, 1, 1) lies on I7
(1)

Given that

¢ the point of intersection of /7 and /, has coordinates (2, 3, 2)
* the point B (p, g, r) lies on [,

* the distance 4B 1s 2\/3

* p, g and r are positive integers

(d) determine the coordinates of B.

(6)




6(a) (3 1
AS 2023 | { 2|-3040)3 " Vectors
(1) -3
=0 therefore the lines are perpendicular. Al
2)
(b) 1y (=23 1
re| 2|=| 2le| 2|=..{2} M1
=3 0f1-3
x+2y—3z=2o0ec Al
(2)
(©) 3+2(1)-3(1)=2 (therefore lies on the plane) BI
(1)
(d) {1
\
ar M1
(P 1 (2} p=2—n
|4 |+u 2 =;3 leading to g = 3 — 2y
\r 12 r=24+3u
(p-3) +(g-1) +(r-1) =(245)
((2+.4)=3) +((3+2u)-1) +((2-3u) 1) =(245) p=2+(-1)=.. p=2—(I)=-.
{—1+;:}:+{2+2;:}:+{1—3,u:|::20 g=3+2(-1)=.. o g=3-2(1)=..
or M1 r=2-3(-1)=.. r=2+3(1)=...
(P=3) +(g-1) +(r-1) =(245) (1.1, 5) only Al
(2-p)=3) +((3-2p) 1) +((2+3a)-1)" =(245) (6)
{—I—;.-}:+{2—2,c.-}:+{1+3,u]|2=2{}
14" —14 =0 08 Al
Solves their quadratic {#z—l or g =1} M1
Uses p1=—1 Using r=1 ddM 1
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8. The line / has equation 1 =

The plane /7 has equationx — 2y +z =6

The line /, 1s the reflection of the line / in the plane /1.

Find a vector equation of the line /,

HOME




Question

Scheme

2+44-2(4-21)-64+1=6=>A=...

Vectors

Marks

A=2=> Required point is (2+2(4), 4+2(-2), —=6+2(1))
(10. 0, -4)

241-2(4-2t)-6+1=6=>1=..

t =3soreflection of (2,4,-6)is(2+6(1),4+6(-2),-6+6(1))

(8,-8,0)

10 8 2
0|-|-8|=| 8
—4 o] -4

10 1
r=| 0|+k| 4| orequvalenteg. |r—
-4 -2




2. The plane /7, has vector equation
r.3i —4j+2k)=135

(a) Find the perpendicular distance from the point (6, 2, 12) to the plane /7,

The plane /7, has vector equation
r=42i +j + 5k) + u(i—j — 2k)
where A and u are scalar parameters.

(b) Show that the vector —i — 3j + k is perpendicular to /7,

(c) Show that the acute angle between /7, and /7, is 52° to the nearest degree.

HOME




—4 1+ 2 |=18-8+24

g_18-8+24-5

\13 +47+2°

=0 and | -3 |+
1
~. —i-3j+k is perpendicular to /T2

“1\( 3
3| -4 |=-3+12+2
1) 2

J(=1) 4 (=3) +1J(3)° +(=4) +2° cosO=11
11

J1) +(=3) + (3 + (=) +22

= cosf =

So angle between planes = 52°*

Vectors




Vectors

7. The line /| has equation

The line /, has equation
r=i+3k+1#i—-j+2k)

where 7 is a scalar parameter.

(a) Show that / and /, lie in the same plane.

(b) Write down a vector equation for the plane containing /, and /,

(c) Find, to the nearest degree, the acute angle between /, and /,




7(a) 1+2A =1+t
ray —1—-A=—t
Way1 ~ Ml | 3.la
4+34A=3+2¢
=t=..ord=..
Checks the third equation with f =2and A =1 Al L1b
Or shows that the coordinate (3, -2, 7) lies on both lines '
As the lines intersect at a point the lines lie in the same plane. Al 24
3)
(b) 1 2 1 1 2 1
egr=(0|+p| -1 |+qg|—-1]or r=| -1 |+p| -1 |+q| -1
3 3 2 4 3 2
3 2 1 3 0 1
orr=|-2|+p|l -1 |+g|-1]|orr=|-2|+p| -1 |+q| -1 Bl 2.5
7 3 2 7 1 2
1
or rk|—1|=—-2k
—1
(1)
(e) 2\( 1
Way 1
o —1 [ -1 |=2+1+6 Ml | Llb
3 2
\]23 +(=1)" +3 Jf +(=1)"+2* cos@=9
° dM1 | 2.1
= cosf = = =
V2 (1) 43212+ (1) + 22
?=11 cao Al 1.1b
3) HOME




Vectors

4. The plane 7/, has equation
r=2i+4j-k+A(+2j—3k)+pu-+2j+k)

where 4 and y are scalar parameters.

(a) Find a Cartesian equation for /7,

The line / has equation

x=1 y-3 z+2
5 -3 4

(b) Find the coordinates of the point of intersection of / with /7,

The plane /7, has equation
r.2Qi—-j+3k)=5

(c) Find, to the nearest degree, the acute angle between /7, and /7,
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4(a) Attempts normal vector:
Eg letn=ai+bj+Kkthena+2b-3=0,—a+2b+1=0
or
n=(i+2j-3k)x(-i+2j+k)
n=k(4i+j+2k) Al
(4i+j+2k).(21+4j-k)=... M1
4x+y+2z=10 Al
4
b -— P — -4
® YT It i43j—2k+ A(5i3j+4K)
5 -3 4 M1
4(1+5&]+3—3x‘.+2(4z{—2]=lO:>/1:...
7 . s T e as
A=—=r=i+3j-2k+—(5i-3j+4k) dM1
25 25° :
(12 54 22]
=, == Al
5 25 25
3)
Alternative:
4.r+(—%(.r—1]+3]+3(}1(1——1}—2]=10:».r=... Ml
5 5 ,
= ¥V=.,Z=.. M1
12 54 22
57257 25 Al
3)
(4i+j+2k}.(2i—j+3k):8—l+6:l3
M1
13=+/1421cos0 =0 =...
d=41° Al
) HOME




Vectors

7. The plane /T has equation

3 2
r=|3|+4] 2|+ |0
2 1 |

where 4 and u are scalar parameters.

(a) Show that vector 2i + 3j — 4k 1s perpendicular to /1.

(b) Hence find a Cartesian equation of /1.

The line / has equation

where ¢ 1s a scalar parameter.

The point 4 lies on /.

Given that the shortest distance between A and 7 is 2J2_9

(c) determine the possible coordinates of 4.




Vectors

Question Scheme Marks AOQOs

7(a) 2)( 2
3|=-2+6-4=0and | 0| 3[=4+40-4=0
—4 1){—4
-1 (2 2x1-1x0
2 x| 0|=| —(=1=1=1x2) |=..
1) 1) [ -1x0-2x2

As 2i + 3j — 4k is perpendicular to both direction vectors (two non-
parallel vectors) of I7 then it must be perpendicular to /7

(8 marks)



Vectors

8. Two birds are flying towards their nest, which is in a tree.
Relative to a fixed origin, the flight path of each bird is modelled by a straight line.
In the model, the equation for the flight path of the first bird is
= 5
r=| 5|+ila
2 0
and the equation for the flight path of the second bird is
4
r,=| -1 +ul 1
where 4 and g are scalar parameters and a 1s a constant.

In the model, the angle between the birds® flight paths is 120°

(a) Determine the value of a.

(b) Verify that, according to the model, there is a common point on the flight paths of
the two birds and find the coordinates of this common point.

The position of the nest 1s modelled as being at this common point.
The tree containing the nest is in a park.

The ground level of the park is modelled by the plane with equation
2x—-3y+z=2

(c) Hence determine the shortest distance from the nest to the ground level of the park.
(3
(d) By considering the model, comment on whether your answer to part (c) is reliable,
giving a reason for your answer.

(1)
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A complete method to use the scalar product of the direction vectors

Vectors

8(a) . L 70
and the angle 120° to form an equation in a =
2 0 " 7
ale| 1 Ml ST AT B
r= 0 + - ? 3= T
o =1 = cos 120 2! 1 a
V27 + a? 1% + (-1)? —
a 1 7
— e — AI s s 4} 2 i
Vi + ﬂzv’E 2 Minimum distance = (2 x -3 ) + (—3 X —= ) + (1 X ——) =
Za=—J4+aNZ=4a2=8+2a=al=4=a=.. M1
20 \? 12 \* 10 32
a=-2 Al = (r4r_r_i) +(|Gr_1_|) +(|21 |_r) _
j 7 7
4 v
,i_ﬂr ﬂc:r awrt 2.1 Al
(b) Anytwoofi: —1+21=4 (1) yi4 7
j:5+'their—2'A=-1 +p (2) Ml (3)
ki 2 =3-u (3) Alternative
Solves the equations to find a value of 1 {: ;} and pf= 1} M1 Find perpendicular distance from plane to the origin 2x — 3y +z =
= 21 _3) z — i =2
1 ] 2 4 0 2 n|=22+(-3)2+1 —\-'14shc:rtesld|srance—v,ﬁ
n= ( 5) + ;('their - 2') orry, = (—1) +1 ( 1 ) dM1 Find perpendicular distance from the plane containing the point of M1
2 0 3 -1 4 2
4 intersection to the origin 2x — 3y + z = ([}) . (—3) = 10 shortest Alft
(4,0,2) or (u) Al 10 2 !
2 distance = =
Checks the third eql;aticm €e Minimum distance = % - %
v
A==:L H§=5-24=5-5=10 i3
2 %_4 or —04\'?“ rawrt 2.1 Al
g=1R HS=-14+pu=-1+1=0 Bl Y
therefore common point/intersect/consistent/tick (3)
or slubsrimres the values _Uf A and y into the relevant lines and For example
achieves the same coordinate Not reliable as the birds will not fly in a straight line
(5) (d) Not reliable as angle between flights paths will not always be 120° Bl
h . . ] M1 Not reliable/reliable as the ground will not be flat/smooth
(c) !—'ull attempt to find the minimum distance from the point of : Not reliable as bird’s nest is not a point
intersection {nest) to the plane (ground)
|2%°4"+(=3)x'D'+1x'2'=2| {l].

E.g. Minimum distance = Tty

Alternatively
4 2

r= (‘[}‘) + A(—B) 204 +20) =30 =30+ (2+A)=2=
2! 1

-

7

Alft




Vectors

x+5 y+4 z-3
-3 5

S. The line /, has equation

The plane /1, has equation 2x + 3y —2z=06

(a) Find the point of intersection of / and /7,

The line /, is the reflection of the line / in the plane /7,

(b) Show that a vector equation for the line /, is

=7 10
r=| 2|+u|l 6
-7 2

where u is a scalar parameter.

The plane 77, contains the line /, and the line /,

(c) Determine a vector equation for the line of intersection of /7 and 17,

1
The plane 71, has equation r.| 1 |=5 where a and b are constants.
a

Given that the planes /7, I1, and 1, form a sheaf,

(d) determine the value of @ and the value of .




2(A-5)+3(-341-4)-2(54+3)=6=> A =..(-2)
A="-2"=x=..o0r y=..0rz=..
or e.g.
2x+3(-3x-15-4)-2(5x+25+3)=6=x=...

Vectors

(-7,2,-7)

-5 2t
Eg. r= [—4] + [ 3t ] meets the plane when
3 -2t

2(5+20)+3(—4+31)-23-20) =6 =t =...

-5 2x2

Line joining mirror points intersects plane at | —4 [+| 3x2

-7
equation of lineis r=| 2 |+s

=7

3 -2x2
-1-(7)
2-2 [=..
—1-(-7)

. S0

-5 2x4
t=2=> mirrorpointis | -4 [+| 3x4 |=...
3 —2x4

=7 6
r=[ 2 |+5/0|oeeg r=
=7 6

-1 1
2 |+s5]0
-1 1

N
Line from (c) must lie in plane, so | 0

l)

1) (1

is perpendicular to

=01 |=0=21x1+0x1+Ixa=0=>a=...

1)\a

1
1
a







4. A complex number z has modulus 1 and argument 6.

(a) Show that

1
z" + — = 2cosn0, nel’
Z

(b) Hence, show that

1
cos’l = g(cos49 + 4co0s20 + 3)




Question Scheme Marks AOs

E
-
I
!

[a—
—t
o

ko | b2 :
— —

-

=2cos 46‘+4{2cns "3}+ﬁ

cos* 0= _(cns 46 + 4cos 20 + 3)*

|—|

(2)
ENT
-

(3

= -
= —




4. The infinite series C and S are defined by

1 1 1
C = cosf + 500359+ Zcos96’+ §c05139+

1 1 1
S =sinf + 53i1156‘+ Zsin96'+ gsin139+

Given that the series C and S are both convergent,
(a) show that

(b) Hence show that

B 4sinf + 2sin 36
T 5_4cos4d
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Question Scheme Marks AQs
4(a) _ . 1 - 1 -
Way 1 C'+1S=coa()+151nfﬂ+5(coaﬁﬁ+13m5ﬂ][+1{c059ﬂ+15m9ﬂ}|+...] M1 11b
; 1 |
S e 1 .. 1L
=8 +EE [ 49 ] Al 21
18
C+1S= T, M1 3.1a
?E:Il'.i'
=,},- __m* Al* 1.1b
P =
(4)
(b) 2t 7 _ g
Way 1 — X — M1 3.1a
- z_e—:ll' z—ﬂ_Hﬂ
4E]H _ EE—EiH
- Al 1.1b
4_2E—|-1|'.I'_EE4]H+1
dcos@+Hsmé—=2cos30+ 21sin 39
5=2cosdf+21s5in4f =2 cos40=215m 46 dM1 21
Dependent on the first M
5=4sip11t‘3‘+ 2smn 36 AL 116
5=4cos4d
M (4)
N 214
fas
—~ e~ w
R

HOME



6. In an Argand diagram, the points 4, B and C are the vertices of an equilateral triangle
with its centre at the origin. The point A4 represents the complex number 6 + 2i.

(a) Find the complex numbers represented by the points B and C, giving your answers in
the form x + iy, where x and y are real and exact.

(6)
The points D, E and F are the midpoints of the sides of triangle 4ABC.

(b) Find the exact area of triangle DEF.




Examples:
cos120 —sinl20Y(6 B 1 .
[sinl20 cole’D)(ZJ_mm- {6+2’-}[_5+T
or Jﬁ(cosarclan(%]+i5inarctan (%))[cos(%r]
m(cos(a:rctan(ﬁ)+3f-}+i51'-ﬂ(3fmn{§:]+'=f))

or

A=)

(== ﬂ or (3¥3-1)i A [ 1
(53-5)+ (345 -1)i B

Examples:

cos240 —sin240%/6 . 1
[sing-ﬂlﬂ c0s240 ][2]2'"“ (“2’-}[_5
Jﬁ(cosarctan(i)+isinarctan(§))[cos[%)+isin(%))
Jﬁ(cos(arctan(é)+1;;+isi.n(ard:m{%]+if)}

JAe {3 %)
(+:6) or ()
(3+43)+(-3B-1)i

Area ABC = 3x %62 +274J6% + 2% sin120°

or
Area AOB = %62 +224J6" + 27 sin120°
1 3 _
Area DEF = —ABC or —.4OE m




4. (a) Use de Moivre’s theorem to prove that

sin70 = 7sinf — 56sin* 0 + 112sin° @ — 64sin’ O

(b) Hence find the distinct roots of the equation

1+7x =56+ 112 — 64x" =0

giving your answer to 3 decimal places where appropriate.




(cos9+ isinﬂ)T =cos’ 8+ {I}:osﬁ E(isin(}) + [;}ms’ .SP(isiﬂle)2 +..

Some simplification may be done at this stage
eg ¢ +7cis-21c’ s =35¢* is” +35¢° s* +21c1s’ — Tes® —1s’

isin70 =" C,c’is+" C,c*i’s’ + Cye’i’s” +i's’

or =7c"is+35¢"1’s’ +21c’s” +i's’
sin70=7¢’s —35¢'s’ +21c’s” —s’
=7(1—sz)33—35(1—32)2 s° +21(l—sz)s5—=‘;T
='J'(l—3$2 +3s* —86)3—35(1—232 +s")s3 +le(l—sz)$5 —s’
{75 =215 +215” =757 =355 + 705" —3557 +215” —21s” —s7}

leading to
sin760=7sin@—56sin’ @+112sin’ @ —64sin’ @ *

1+sin760=0=>sin70=—1
76 =—450,-90, 270, 630, ..

p=_450 90 270 630 _ .
77 7777 717"

or
57 m 3z Irm

=_H,_ﬁ’ H, ﬁ,...:>sm09=...

x=sind=-0.901, -0.223, 0.623,1




8. (1) The point P is one vertex of a regular pentagon in an Argand diagram.
The centre of the pentagon is at the origin.

Given that P represents the complex number 6 + 61, determine the complex
numbers that represent the other vertices of the pentagon, giving your answers in the
form re"

)
(11) (a) On a single Argand diagram, shade the region, R, that satisfies both

|z—2i|g2 and er%argzé%ir

(b) Determine the exact area of R, giving your answer in simplest form.




|2|=-Jﬁz+62=... 6-\1’5 nrﬁ and arg = =tan_'[—

Can be implied by r = 6y2e""

Adding multiplies of 2_47 to their argument

}

2nk . @, 2wk

= 4x 0Ol = —+—|+1sin +—
z= 6'\1’_8 e° orz= [ 5] [4 5

20|, 4
#+—1i 4 — i
I

13+%}1 t 8:)
Z=rc L e . Fe o.e.

, e
or
2m

SN I I
z=re ,re e N rel ) ge

2.

=63, 63, 6«.[_&2" 6Fe e

13x, 197, Il_wi _3_7r']
z=632e 0, 6:[2¢ T, 6J5e‘ 0 6\2e P

Circle centre (0, 2) and radius 2 or / with the point on the origin

Finds either the areas | or 2

Areal =—x2 —_—
2X xsm[ 3 J{

Area2 =%x22x£{= E}

303

Fully correct

A complete method to find area 3
Area3 =L Lo {=m-2}
4 2

Z ) 2 1 pZ . 2
3 4sinf d or arm:—f: asinf  df
273

Uses sin’f = %7%1:05 2# and integrates to the form 48 - Bsin2#

I 2 Z
arca =8 [[sin 6 df =4 [ 1-cos 20 46 — 46 —2sin 20
3 3

Uses the limits of © 7 and — aud subtracts the correct way around

ool ool

A complete method to find the required area

Shaded area = Area of semi circle —area | — area2 — area 3

= larxzz 1><2 xsm(zﬂ) - lxzzxf - lﬂ'xf-le
2 2 3 2 3 4 2

=27 Ji——— r-2)

Or
Shaded area= Area of sector —area 1 — arca 3

el enali i -bo]




(a) Given that |z| < 1, write down the sum of the infinite series

l+z+22+234+ ...

(b) Given that z = %(cosﬁ +1isinf),

(1) use the answer to part (a), and de Moivre’s theorem or otherwise, to prove that

| | | 2sinf
f— + — + — + . ]
5 sin @ 1 sin26 3 sin 36 5 _ dcosd

(i1) show that the sum of the infinite series 1 +z+z2+ 2>+ ... cannot be purely
imaginary, giving a reason for your answer.




Question

a)

Marks

B1

AOs

]

1
-z 1

l+z+22 2"+
3

=l+(%[oas&+iﬁn8)]+[%[msﬂ+isinﬂ}]iq-[é{msﬂi-isinﬂ}] -

=l+%(ms&+isin8)+%[mszﬁ+isin29]+%{ms39+isin38]+...

l
l-—e 42
]_%eﬂ_%e-m_'_% 5—2|:e‘3+e"’)

_ 4—2((:03 #—1sin 6‘)
T 5-2(2cos)

. | l—%cosﬂ+lisin9
—_— ™
-z l—%{msn?ﬂsinﬂ} l—%msa+%is‘ma

2 2—(cosd -isind)
= x
=z 2-(cos@+isin®) 2—(cos#-isind)

2sind

Select the imagi _2sind
st e y—y

2sind

l:ii.m?+ lsi|:25'+lsi113-|9+...= —
2 4 8 S—dcosd

1.
{%(sinﬂ)+%[sin29)+%(sin38]+ } - [ P

o] o]

or

1. . 1, . 1, . 2sind
{5(9“‘9)*3("“M)+§(s‘"39]+"'}=m

1-Locsp
=0=cosdl=2

= —cosi

r} cos

As (—1<)cosf =1 therefore there is no solution to cos# =2 so there
will also be a real part, hence the sum cannot be purely imaginary.

Alternative 1

. . 4-2cosf |1 3
Iy part ==
P S cos® 2 2(5-4cosd)

e : 1 1
cosf | +| —sin@ | =1-cos@+—cos’ @+—sin’ @
2 4 4
=£—Uﬂ39
4
or
(2-cosB) +(sind)" =4—4cos#+cos’ @ +sin’ @
=5—-dcosd

—1smsﬂsltherefmel{;{imsmnmustmnmin
[ 2[5—41:059] 2

real part

Alternative 2

1 i
—=k= =14+
1= TR

mod z > |contradiction hence cannot be purely imaginary

1
—sin @ )
Liing+Lsin20+sin30+...< __2sin@
2 4 8 3 g S—dcosd

37

Alternative
l4z+2 42 4.

. l+[%[ms&+isin&))+[%(msﬂ+isinﬂ}]l+[é{ms9+isinﬂ}]’+...

=l+%{ms&+isin9)+%(ms."&ﬂ+isiu29]+%{ms3ﬂ+isin3€]+...




4. (1) Given that

show that

(1) Given that

2z
arg(z - 35) =73"

determine the least value of |z| as z varies.




z,=6 [cos (g) +isin (g)] =...{3+3V3i}
2, = 6V3 [cos (5—:) +isin (5%[)] =..{-9+3V3i}
{2+ 2, =33+ 3V3i) + (-9 + 3V3i) = {-6 + 631}
Or{z; +z; =}6 [cas (g) +isin G)] +6V3 [cos (5?") +
isin (5?’!)] = a + bi where a and b are constants, the trig function

must be evaluated
Alternative 1
Clearly show the method to find
modulus and argument for z; + z,
arg(z;+z;)=m

Alternative 2

2m, 21
12e3' =12 (cos—

|z, + 25| = 62+(6\/§)2 ) 3 21
+£3m—)

=...{12} 3
=..{-6+6V3i}

2m,
123 = —6+ 6v3i

2m,
Zi+ 2z, =12e3 * 2,
Therefore z; + z, = 1273 '*




5. The points representing the complex numbers z =35 —251 and z,=-29 + 391 are
opposite vertices of a regular hexagon, H, in the complex plane.

The centre of H represents the complex number a

(a) Show that a =3 + 71

L4i
Given that f = %

(b) show that

Bz, —a)=1

The vertices of H are given by the roots of the equation

(Bz—a) =1

(c) (i) Write down the roots of the equation w® =1 in the form re"

(11) Hence, or otherwise, determine the position of the other four vertices of H,
giving your answers as complex numbers in Cartesian form.




a1t 35-251-29439i _
B I —

a.=:-:l+%:-:,_:2'=35—25i+%[—64+64i}=...

l— . | .
Iy +522Z| =—29+39+E{64—641] =

Az —a}=[%}[35—25i—{3+?i)]={%J{32_32i] -
- L(2-miemioni)= Lea-niinien)

R S kw
i—  i=

.E Ar . s
jets 3efede? ore?, k=012345

(e)(ii)
(19+16J37]+(—9+16ﬁ]i {—13—16ﬁ]+{23—16ﬁ}i

All four of . ) .
(—13+164§]+(23+16ﬁ]i {19-15437)-(9+16J37)i

u'=ﬂ(z—a]=eiT:>z=c?+a

ﬁ[cosk—xﬂsink—x)(l—i]
e 3
== -1
_— "(-IQHG"E)J'(_QHE"EP (-13-1$J3"]f(23—164§]i
(-13+164§]+(23+15J3‘]i (19-leﬁ)—(9+lsﬁ]i

Or four correct decimal answers
46.7+ 1871 —-40.7-4T1 14.7 + 50.71 —-8.7-36.T

+3+Ti=..




Series — Method of
Differences




1. Prove that

i 1 _ n(an+D)
S+ r+3) 12(n+2)n+3)

where a and b are constants to be found.

— 2



Question

1

Scheme

1 4 B

(r+1)(r+3) =(1»'+1)+(;»-+33,)::'A=---, B=..

Marks

Ml

AOs

3.1a

Z(ir'+1) r+3
1 1 1

1 1 1 1 1

2x2 2x4 2x3 2x5 7 2n 2(n+2) 2(n+1) 2(n+3)

1 1

1.1
176 2(n+2) 2(n+3)

_ 5(H+2)(ﬂ +3)—6(n+3)—6(n+2)
12(n+2)(n+3)

n(5n+13)
12(n+2)(n+3)




4. Prove that, forne Z,n = 0

2 (n + a)(n + b)
(r+1)(r+ 2)(1" + 3) c(n+2)(n+3)

=0

where a, b and c are integers to be found.




1 _ A N B N
r+ljlr+2)(r+3 _r+l r+2 r+3
(r+1)(r+2)(r+3)

(NB .-£l=l B=-1 C=l
2 2

or
211 2 3 21 2 23

1[121 1 1

2 1f 1 1 1
202 3 4] 22 3 24

1 2 T 1 or 1 N
2ln n+1 n+2 2n n+l

1 1 1

r — — —

n+l 2n+4

1] 1 2 1 1 1 1
= — + or — +
2ln+1 n+2 n+3 2n+l n4+2 2043
1 1 1

or +
2n+2 n+2 2n+6

[ L1
2 2 4 2(n+2) n+2 2(n+3)
11 1

4 2(nr2) 2(n+3)

W 45n+6+2n+6-4n—12+2n+4
- 4(n+2)(n+3)

(n+1)(n+4)

“a(n+2)(n+3)




4. (a) Use the method of differences to prove that for n > 2

> (2] u )

r=2

(b) Hence find the exact value of

Give your answer in the form a ln(—) where a, b and ¢ are integers to

be determined. ¢




Applies In (—) In(r + 1) — In(r — 1) to the problem in order to

apply differences

<

Z(m(r +1) = In(r - 1))

ZnG3) — (D) + (n(4) — n(2)) + (n(5) - In(3)+

+(Inn)—-Imn-2))+ (In(n+1) —In(n—-1))
Inn)+Inn+1)—In2

n[n+1))

r+1 r+1

=) 2, (=)
100><101 50 x 51
2 ) “( 2 )

r+1 100x101  50x51
rosin ( _35I ( 2 2 )

<

. r+1y .
i r_l )
g .
= dM1
-
4)
100 50
[ l - [
r=2 1
=n|———) -1

bt
= —_

—
£

—







4

d’y
(a) Show that ) = —4y

(b) Hence find the first three non-zero terms of the Maclaurin series for y, giving each
coefficient in its simplest form.

(c) Find an expression for the nth non-zero term of the Maclaurin series for y.




dy

£= sin xcosh x + cos xsinh x

d’y
dx?

= cos x cosh x + sin xsinh x + cos xcosh x —sin xsinh x

(= 2 cos xcoshx)

3
jx—{=2cnsxsinhx—.?.sinxcnshx
d"y

—r=-4sinhxsinx=—-4y*

2 i 10
dx L] dx 1] dx ]

2 3
Uses }'=y.,+xy{,+%y§+%y§+_uwiththeirvalues

xz xdi Im
= E(z)+ o -8)+ m(:1'.2)

s xﬁ xlﬂ
-—+
90 113400

" ey




2. (a) Use the Maclaurin series expansion for cosx to determine the series expansion of

cos’ (g) in ascending powers of x, up to and including the term in x*

Give each term in simplest form.
(2)

(b) Use the answer to part (a) and calculus to find an approximation, to 5 decimal places, for

ud
2

[f ()

6

(c) Use the integration function on your calculator to evaluate

X
6
Give your answer to 5 decimal places.

(d) Assuming that the calculator answer in part (c) is accurate to 5 decimal places,
comment on the accuracy of the approximation found in part (b).




Question Scheme Marks ADs

where 4, Band C= 0
2

Inx—+—x*
972

= awrt 0.98295

Calculator = awrt 0.98280

E.g. the approximation is correct to 3 d.p.




f(x) = arcsinx -1 <x<1

(a) Determine the first two non-zero terms, in ascending powers of x, of the Maclaurin
series for f(x), giving each coefficient in its simplest form.

(4)
1
(b) Substitute x = 5 into the answer to part (a) and hence find an approximate value for =

Give your answer in the form % where p and ¢ are integers to be determined.

2)




Question

3(a)

Scheme Marks
: _3
f"(x}=A(l—x1)_% £"(x)= Bx(1-x") ? and

3
P =Cli-x) oo (1) 3 or LS 2o

3

1—:41:1 j +3x7 ( 1-x* |
from quotient rule 3
(-7)
Finds £(0), f(0). f(0)yand f(0) and applies the formula
; 3

)= £0)+ O+ (0) T +£7(0)

{£(0) = 0. £'(0) =1, £(0) = 0, £"'(0) =1}




(a) (1) Show that

d’y
dx’

=n’cosh”x — n(n — I)cosh” *x

(4)
d*y

(i) Determine an expression for —

(2)

(b) Hence determine the first three non-zero terms of the Maclaurin series for y, giving
each coefficient in simplest form.

2)




Question Scheme Marks

9(a)(i) :—; =...cosh" ~ ' xsinhx

d?y
dx?
Alternatively
y= (@)n lmdmg to g - (921-2—1)11—1 (az_a__t)

=...cosh™ ™ 2 xsinh® x +...cosh™™* xcoshx

2 2
d?y (e" + e")“'z (e"‘ - e"“)z (e‘ + e"’)"
o\ T2 z ) T3

dy _ n-1
ix = ncosh xsinhx

=n(n — 1) cosh™ % x sinh* x + ncosh™ x

et 4+ e %" reX — g
E="( 2 ) ( 2 )
d?y eX 4 e ¥\"2 px _ gy 2 e* +e %"
F_“m_”( 2 ) ( 2 )"'“( 2 )
dz
é: n(n — 1) cosh™ ™ * x (cosh® x — 1) + ncosh™ x

d?y
dx?
Alternatively

AOs

d? _ -
é =...cosh™ " *xsinhx —...cosh™ ™ * x sinh x

d*y
dx4 mn=-2 2 T mn =4 2
=...cosh x sinh” x +...cosh™ x —...cosh xsinh”x —...co

3
j%: n? cosh™ ™ x sinhx — n(n — 1)(n — 2) cosh™ ™ * x sinh x

4,

d

d_;: =n3(n — 1) cosh™ ~ ? x sinh® x + n® cosh™ x

—n(n— 1)(n - 2)(n — 3) cosh™ ™ * xsinh* x — n(n — 1)(n
—2)cosh™ " %x

y=1 ¥=0, y'=n-n(n-1), y& =0,
yP =n?—nn-1n-2)

Uses their values in the expansiony = y(0) + xy'(0) + gy"(ﬂ) +
YO0 + 5yPO)+..

nx? + (3n*=2n)x*



2. (a) Write down the Maclaurin series of e”, in ascending power of x, up to and including
the term in x°

(D

(b) Hence, without differentiating, determine the Maclaurin series of

e

in ascending powers of x, up to and including the term in x°, giving each coefficient
in simplest form.

®)




2 3 2 3

X X X X
e =l+x+—+—ore"=l+x+—+—
21 3! 2 6

e"—l) B el+x+_'+_

Version1 €

Version 1.1
( x* x3J 1
=1+ | x+—+— [+ x+
21 3!

F i -

Version 2.1







x+ 2

A

(a) Show that

[f(dx = AlnG2 + 9) + Barctan(%] +e

where c 1s an arbitrary constant and 4 and B are constants to be found.

(b) Hence show that the mean value of f(x) over the interval [0, 3] is

1 1
—In2+ —
6 18"
(c) Use the answer to part (b) to find the mean value, over the interval [0, 3], of
f(x) + Ink

1
where & 1s a positive constant, giving your answer in the form p + G Ing,
where p and ¢ are constants and ¢ is in terms of £.




Question

6(a)

Scheme

f(x)=x+2= X, 2
49 xT4+9 49

Marks

B1

AOs

3.1a

= 5 dr=kIn(x* +9)(+c)

M1

1.1b

X+
Iﬁ dx:karﬁan[%)(ﬂ)

M1

1.1b

X+2

X 40 2

3

dx:lln(f +9)+Earctan[£)+c
3

Al

JA:f(:r)dx = I:%ln(xz +9)+§arctan Eﬂ:

=l]n18+33rctan(§]-[lln9+3a:ctan{n)}
2 3 3) (2 3

1. 18 2 3
=—In—+—arctan| —
2 9 3 3

1 1
Mean value = —— ~m2+Z
3-0\2 6

1 1
—n2+—x*
6 18




2. Show that

. 8x —12
———————dx =Ink
_[, (2x2 +3)(x+1)

where k is a rational number to be found.




8x—12 =AI+B+ C
(2x2+3)(x+1) 2x+3  x+1

8x—12=(Ax+B)(x+1)+C(2x* +3)

Eg x=—1=2C=-4.x=0=B=0,x=1= A4=8

Or
Compares coefficients and solves

(A4+2C=0 A+B=8 B+3C=-12)
= A4=..,B=..,C=..

A=8 B=0 C=-4

J'( sx 4 de:zh(zxz +3)=4In(x+1)

2243 x+1

(2243

(.11c+1}4 )

2ln(2x* +3)—4]11(x+1)=ln[

or
(207 +3))

(x+1)° )

2In(2+’ +3)—41n(x+1)=2|n[

ln(2x2+34}2 —ln4 oOf ﬁm{Zh@}:Zlnz
(x+1) ] Y

@
8x—12 4

dr=In— cao
:>J:J (227 +3)(x+1) 9




1

0= 7w

(a) Using a substitution, that should be stated clearly, show that

[£(x)dx = Asinh! (Bx) + ¢

where c is an arbitrary constant and 4 and B are constants to be found.
4)

(b) Hence find, in exact form in terms of natural logarithms, the mean value of f(x) over
the interval [0, 3].
(2)




A2 2019 Paper 2

Question Scheme Marks ADs
3 3 .
“_21}1 X == sinh i Bl 2.1
d'—?_= ;‘ximshu du M1 3 1a
J4x +9 J4(%)sinh u+9 2
1
='[; du Al 1.1b
1 1 1 2
:J.— drr:?u:;siﬂh_li—\]+r Al 1.1b
(4)
(b) Mean value =
1 [1 2\ 1 1 2x3 2
—— | Zsinh™ = — — % —sinh™ = }{-G} Ml 1
3(-0)| 2 3], 3 2 3
= % In {2 + -\E] (Brackets are required) Alft 1.1b
(2)
(6 marks)

__HOME |



. - 1 . : :
2. (a) Explain whyJ. dx is an improper integral.

. x(2x +5)

(b) Prove that

J — 1 4y =amnb
1 x(2x+5)

where a and b are rational numbers to be determined.




Question Scheme Marks AOs
2(a) |Ez
¢ Because the interval being mtegrated over 1s unbounded B1 14
* Accept because the upper limit 1s infinity -
e Accept because a linut 1s required to evaluate 1t
(1)
(b) 1 A B
—_——=— -=> A=..,B=.. M1 3 1a
x(2x+5) x 2x+5
. . = Al 1.1b
x(2x+5) 5x 5(2x+5) '
1 2 1 1
———— —dr=—Inx—=In(2x+5) Alft | 11b
S5x 5 21‘—!—5) 5 5
1 1 1 X
—Inx—-=In(2x+5)==In u - M1 71
5 5 5 (2x+5)
hm{im - _}:1_1111 Bl | 22a
—o |5 2x+5 5 2
= ;_dﬂ.'zl_lﬂl-ljhll:l_lﬂz Al 1.1b
x(2x+5) 5 25 7 5 2
(6)
(7 marks)




5. [a) y=tan'x

Assuming the derivative of tanx, prove that

f(x) = xtan'4x

(b) Show that
jf(x)dx = Ax*tan'4x + Bx + Ctan'4x + k

where £ 1s an arbitrary constant and 4, B and C are constants to be determined.

O)

g

(c) Hence find, in exact form, the mean value of f(x) over the interval [O’T




y=tan"x$tany=x$%=sec2y

y=tan"x=>tany=x:%sec2y=1

dx_ 2 dy 2 _
d——l+t3ﬂ Yor E(l+tan y)—l

y

—
==

dy__ 1 1
dr l+tan’y l+x°

3

>
—

*
b
—

-
K

—
o

xtan'dxdr = ax’ tan " dx— | ax? x'— ~'dx
1+16x

e
i

—
—
o

5 .
2 —
RN 1 200 i )dx
8 1+16x

ly tan’um
let 4x= tanub —§ 2% -
et 4x ub e e 1%

...
e
i

2 8 32

x 3+LXEJ—OJ
4 3273

2
X tan 4x—lx+ it&’m‘l 4x]

ot
=

—
—
==

-

:



S. (1) Evaluate the improper integral

3)

(11) The air temperature, & °C, on a particular day in London is modelled by the equation

6=8—55in(£r)—cos(£r) 0<r<24
12 6

where ¢ is the number of hours after midnight.

(a) Use calculus to show that the mean air temperature on this day is 8 °C,
according to the model.

3)

Given that the actual mean air temperature recorded on this day was higher than 8 °C,

(b) explain how the model could be refined.
(1)




Question Scheme Marks AOs

—4[[3{24)+E-£><UJ-[E

A ¥.1

E.g. increase the value of the constant 8 / adapt the constant 8§ toa
function which takes values greater than 8.

(7 marks)




9. (a) Use a hyperbolic substitution and calculus to show that

3
J.",:—dx=%[xx’ —1+an:oshx]+k
x =1

where k is an arbitrary constant.

¥

Figure 1
Figure 1 shows a sketch of part of the curve C with equation

4
y= Ex arcoshx x=1

The finite region R, shown shaded in Figure 1, is bounded by the curve C, the x-axis
and the line with equation x =3

(b) Using algebraic integration and the result from part (a), show that the area of R is given by

%[1? In(3+ 242) - GJE]




J%dx—)_[f(u) du

Uses the substitution x =coshu fully to achieve an integral in terms
of u only, including replacing the dx

cosh® u

J l:t:nsh2 u-1

sinhu (du)

Uses correct identities
cosh® u—1=sinh® u and cosh 2u = 2cosh® 1 —1
to achieve an integral of the form
Af(cosh2utl)du  A4>0

Uses the identity sinh 2 = 2sinhucoshu and cosh® i —1 = sinh?
—>sinh2u = 2xyx* -1

Uses integration by parts the correct way around to achieve

2
x

4 N
— x arcoshvdx = Px~arcoshx — dx
I 15 QJ x1 -1

Uses the limits x =1 and x = 3 the correct way around and subtracts

{0 AT T ]

Blfi

]
—




5. The curve C has equation

y = arccos (%x) —2<x<?2

(a) Show that C has no stationary points.
)

The normal to C, at the point where x = 1, crosses the x-axis at the point 4 and crosses
the y-axis at the point B.

Given that O 1s the origin,
(b) show that the area of the triangle OAB 1s 5%(;}\/37 +qm+ 3 7r2) where p, g and r

are integers to be determined.

)




Question Scheme Marks AOs

S(a) d__ 4 where 4>0 and g>0and g1
dx l—J,l,?Jtrz

Alternatively 2cosy:x:>£=asiny:>£: 1
dy dx asiny

g

A

States that % = 0 therefore C has no stationary points.
x

Tries to solve % =0 and ends up with a contradiction e.g. -1 =0

therefore C has no stationary points.
As cosec y > 1 therefore C has no stationary points.

—_
=

Normal gradient = ~L and y-%=m_(x—1]
e .

=
Ll
!\J
RN

Alternatively % =m,()+e=ec= {%_.Ji}, and then y=m,x+c

kg

= 0-==43(x,-1 =.4q1-
y=0= 3 J_(xd J:’-rz { 3 JST or

-
—_—
B

Area %[2745-18:”«!37::’) (p=27.9=-18,r=1)

0
-



6. (a) Express as partial fractions

2x2+3x+6
(x+1)(x* +4)

(b) Hence, show that

dx = m(aﬁ) + b

r 2x2 +3x+6
o (x +1)(x* +4)

where a and b are constants to be determined.




2x*+3x+6 A JBxC et
(x+DE2+4) x+1 x2+4
=Ax?+4) + (Bx+0O)(x+ 1)
egx=-1=2A4=.,x=0=>C=..., coeffx? = B =...
or

Compares coefficients and solves to find values for 4, B and C

2=A+B, 3=B+C, 6=4A+C
A=1, B=1, C=2

2 2
1 +x2+2 d = 1 N 2x N 22 dx
. x+1 x +4 , x+1 x+4 x +4

2

=[am(x+1)+ﬁ'n(f+4)+"°*“°’“’“[§ﬂ

2

— [In(x +1) +%In(x2 + 4) + arctan G)]

0

= [In(3) + %In(B) + arctan 1] - [ln(l) +%ln(4) + arctan(ﬂ)]

T

= [Iﬂ(B) + %Iﬂ(B) + arctaﬂ(l)] - [% In 4] =In (%E) +7

n(3v2) + g




o]

9. (1) (a) Explain why I coshx dx 1s an improper integral.

0

Ll

(b) Show that J coshx dx 1is divergent.

0

(11) 4sinhx = pcoshx where p 1s a real constant

Given that this equation has real solutions, determine the range of possible values
for p




E. g.
® Because the interval being integrated over is unbounded.
® cosh x is undefined at the limit of =«

limit is infinite

—
S

fmmsh_t dx=1lim [  cosh xdx or lim f:%(&r + e %)dx

o i—ma o 0 t

f:cﬂshx dy= [si1:||]1_'r.l:P =sinhr [—D] or

%f:e’ +e " dr= %[e‘ —E_‘]; = %[e’ - e"] [—%[e“ —e"]]
When t — co e* — coand e~ — 0 therefore the integral is divergent Al
3

—

—

4sinhx = pcoshx = tanhx =Eor 4tanhx = p
Alternative

4
S —e™) = g(e*+ e™*) = 4e* — 4™ = pe* + pe™*
p+4

2X04 — ) = Zx _
e(4-pl=pt+ti=e =

1
S e’ NS




5. (a) Given that

y = arcsinx

dy

1
dx V1= x?

(b) f(x) = arcsin(e*)

Prove that f(x) has no stationary points.




e* # 0 (or e* > 0) therefore, there are no stationary points

Alternatively, e* = 0 leading to x = [n 0 which is
impossible/undefined therefore there are no stationary points.




2. (a) Write x*+4x —5 in the form (x +p)’+ g where p and g are integers.
(b) Hence use a standard integral from the formula book to find

dx

1
J.\/x2+4x—5

(c) Determine the mean value of the function

1
f(x)= — 3<x<13
&) Vil +4x -5 ST

giving your answer in the form AInB where 4 and B are constants in
simplest form.




x2+4x—5=(x+2)2 9

———=—dx =arcosh (+¢) or
J el
h(x+P+M){—|—c)

=arcosh[x3i) or ]ﬂ(x+2+1f(x+2)2—9) oe

dx

13_3'[ \flxz +4x—5

R

or

( (15++216)—In(5++/16))

o, e

3 20 9

m(h:«!‘] or _h(49+2w‘]
10




6. Given that




% =2e>* sinh x + e cosh x = ae”* sinh x + be”* cosh x

or ¢** (@sinh x + b cosh x)

dy 9. .
- = 2sinh x +cosh x
1 ( )

n =1 then Q =¥ ﬂsi1:uhx+EccnsI:l:a:]
dx 2 2 _

{so the result is true for n = 1}
{Assume the result is true for n = &, then)

Must be an attempt at the product rule, with k’s in all terms
di."l-l.

dr._"j = Ae™ (£ (k)sinhx+g(k)coshx)+e”* (f(k)coshx+g(k)sinhx)

kil k & ' & k
:_k;:’:kzx[l; :'lsin]:x+3 z_lmshx]+e‘h(3 ;lcosh.vc+3 _,_lsinhx]
x

If true for n = k then true for n = k + 1, and as also true for n = 1, so the
result is true for all positive integers or true n €[]




Volumes of Revolution pt. 2




A2 SAMs Paper 1 Volumes of Revolution pt. 2

2cm

W

Figure 2

Figure 2 shows the image of a gold pendant which has height 2cm. The pendant is
modelled by a solid of revolution of a curve C about the y-axis. The curve C has
parametric equations

1
x=cos€+55i1126', y=—(1+sinf) 0<60<2

(a) Show that a Cartesian equation of the curve C'1s

==y + 27

(b) Hence, using the model, find, in cm?, the volume of the pendant.




Volumes of Revolution pt. 2

Question Scheme Marks AOs

x=cosf+sinfcosf =—vycosl

sinf =—y—1

%T =1-(-y-1)

52 :_(y4 +2y3)*

V= :Jr‘..xzdy = JIJ.—(y" +2y3) dy

153
Ay
5 2 5 2

=1.6xcm’ or awrt5.03 cm®




Volumes of Revolution pt. 2

Figure 1 shows the central vertical cross section ABCD of a paddling pool that has a
circular horizontal cross section. Measurements of the diameters of the top and bottom
of the paddling pool have been taken in order to estimate the volume of water that the
paddling pool can contain.

Using these measurements, the curve BD is modelled by the equation

v =In(3.6x — k) 1 <x<1.18

as shown in Figure 2.

(a) Find the value of £.

(b) Find the depth of the paddling pool according to this model.

The pool is being filled with water from a tap.

(c) Find, in terms of A, the volume of water in the pool when the pool is filled to a depth
of hm.

(5
Given that the pool is being filled at a constant rate of 15 litres every minute,

(d) find, in cmh™, the rate at which the water level is rising in the pool when the depth of
the water is 0.2 m.

3)




A2 2019 Paper 2

8(a) k=26 Bl 34
@
(b) x=118=1n(3.6x1.18="2.6")=__ Ml | Lib
h=04995... m Al 2.7b
2)
(©) . "+26 5" +13
L\'=].11[3.61‘—2.6I_>.1'=e —— or < = Blft 1.1a
: 16 18
I | - .
V=.-T-[ [e _'6J c1.1'=i, (e +32e" +6.76)dy
36 36
Ml | 33
or ﬁ_.. (25e* +130e” +169)dy
T 1 7 - 25
=_6 —e Y +52e" +6.76y ] orﬁ —e "+130e" +169y Al 1.1b
J\ —e?t +52¢" +15ﬂ6."r] £1e°+5.29°+6.?6(0)j}>
oreg M1 21
e" +130e* +169% |- Ze° +130e* +6.76(0)
3’=4 2
.I‘l ]
[—e- +52e" +6.76h =57 ] Al 1.1b
Y
&)
d ¥ T T .
@ % 1€ +5.2e" +6.76) = %g:{e“'4+5.2eﬂ"+6.?6} Ml | 3la
dh  dh dV 1 -
0.015x 60 M1 | Llb
dar av dr 3539
9 55 4cmh Al 3.2a
dt
3
(d) 4 g &l 5 02yt
=02 x=28FE" 4o 28Fe ) (J3s4y Ml | 31la
36 36
dh  0.015%60
= Ml | Llb
dr 3.54
9 _ 75 4emn” Al | 32a
r

(11 marks)

Volumes of Revolution pt. 2

HOME




Volumes of Revolution pt. 2

Figure 1

A student wants to make plastic chess pieces using a 3D printer. Figure 1 shows the
central vertical cross-section of the student’s design for one chess piece. The plastic
chess piece is formed by rotating the region bounded by the y-axis, the x-axis, the line
with equation x = 1, the curve C, and the curve C, through 360° about the y-axis.

The point 4 has coordinates (1, 0.5) and the point B has coordinates (0.5, 2.5) where the
units are centimetres.

The curve C| is modelled by the equation

a

ol y+b

05<y<25

(a) Determine the value of @ and the value of b according to the model.

The curve C, is modelled to be an arc of the circle with centre (0, 3).

(b) Use calculus to determine the volume of plastic required to make the chess piece
according to the model.




Volumes of Revolution pt. 2

5= a =a=
C25+b B

I 3 I ( "2“
x| xdy=nx _—
y+||l_5“
5
T d

Td
T

E

bl
B

_—
&

—
—
£

L
L

S

25

>

~ta 057-1(r-3) |
5 2

VI+V2+cy]jnder=:r+:r[£+? +E:¢

b2
i [
=}

b
)
=2

=
+
=2}
!
g
c

:



Volumes of Revolution pt. 2

Solutions based entirely on graphical or numerical methods are not acceptable.

Figure 1
Figure 1 shows a sketch of part of the curve with equation
y = arsinhx x=0
and the straight line with equation y =

The line and the curve intersect at the point with coordinates (a, f)

Given that = -;-ln3

1
(a) show that a = ﬁ

The finite region R, shown shaded in Figure 1, is bounded by the curve with equation
v = arsinhx, the y-axis and the line with equation y = f

The region R is rotated through 27 radians about the y-axis.

(b) Use calculus to find the exact value of the volume of the solid generated.




Volumes of Revolution pt. 2

Question Scheme Marks AOs

Using arsinher = % In3

m(a+Ja3_n)=%1n3

N 1-3
Jei=i-a

& +1=3-2Ba+a’ 2 a-=..

Use limits =0 and y =%]_n 3 and subtracts the correct way round

z(4
Gl ™ ivalent
23 3) or exact equivalent




Volumes of Revolution pt. 2
8. (a) Given

1
z"+—n=2cosn6' nelN
Z

32cos®@=cos60 + 6¢cosdl + 15cos20 + 10

Figure 1 shows a solid paperweight with a flat base.

Figure 2 shows the curve with equation

y=Hcos3(§) 4 <x<4

where H is a positive constant and x is in radians.

The region R, shown shaded in Figure 2, is bounded by the curve, the line with equation
x = —4, the line with equation x = 4 and the x-axis.

The paperweight is modelled by the solid of revolution formed when R is rotated 180°
about the x-axis.

Given that the maximum height of the paperweight is 2 cm,

(b) write down the value of H.

(¢) Using algebraic integration and the result in part (a), determine, in cm?, the volume
of the paperweight, according to the model. Give your answer to 2 decimal places.

[Solutions based entirely on calculator technology are not acceptable.]

S)

(d) State a limitation of the model.
(1)




1 [
z+z = 64cos® @
[

(243) =20+ 665 (2) + 1564 () + 2069 (35)
+ 15{&)(214)
so(2)+(2)

z6
=[zo+ L] +6[z* + 2] +15[22 + L] + 20
Uses z™ +——2cosn9
{6460569} 2cos60 +12cos46 +30cos20 + 20

326‘0369 —casﬁﬂ+ 6cos48 +15c0s286 + 10 * cso

vol = {21} I cos [ ]dx

el

=2x27 [32 (35111(2 x 4) + 6sin(4) + 3l}sin( ) + (10 x 4.))

or =

[ ( sin(z x4}+65in(4—]+ SUsln( )+(1l}>< 4—))

( sm(z —4) + 6sin(—4) + 30 sln( ) + (10 x —4-))

Volumes of Revolution pt. 2

The equation of the curve may not be suitable
The measurements may not be accurate
The paperweight may not be smooth



Volumes of Revolution pt. 2
In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.
John picked 100 berries from a plant.

The largest berry picked was approximately 2.8 cm long.

The shape of this berry is modelled by rotating the curve with equation ]

2 2 5 —
16x~ + 3y~ —ycos (Ey] =6 x=z0 ~1.545

shown in Figure 2, about the y-axis through 27 radians, where the units are cm. Figure 2
Given that the y intercepts of the curve are —1.545 and 1.257 to four significant figures,
(a) use algebraic integration to determine, according to the model, the volume of
this berry.
Given that the 100 berries John picked were then squeezed for juice,

(b) use your answer to part (a) to decide whether, in reality, there is likely to be enough
juice to fill a 200cm’ cup, giving a reason for your answer.

(2)




12 {6-3;:2+}'°°S[§}']_]{ &) Volumes of Revolution pt. 2

16 —1.545

1.257
303, 1 {5 n
T -y +—ycos| =y '
Jl_m (8 167 T167 27 1)

sz dy = % 6-3y° +ycos[gy]dy —SKy—Ly* +...

[rea2 ) -tren(3 o pe 3o
Jy cos{%y)dy = y_%sin[%yJ—Jl.%sin(%y)dy

_2 Si.l:l[g )+icos{g ](+c)
s72Y) s

oo s Zosinl30) e 2 eosl 3
sz dy—lﬁ(ﬁy ¥y +5ysm{2y]+25 ms(zyn(ﬂf)

2 ’—E ’_L ‘3 L ) 1 i ’. L 2 r [ )
Jx d}—s} 16} +40}sm[2}J+100cos(2}_](+0)

- ql257
17 g e 02 in(53) 4 e S
I—I.Sﬁx d}_lﬁ[ﬁy 7 +5ysm(2}J+25 COS{Z}J]_Lm

=%(5.3954...—(—6.1101...))=
=(0.3372...)—(-0.3818...) =...

Volume = 7x ll'fgﬁ"' =226 em® (2.2591159...) cso

(b) Max volume for 100 berries (as we know volume of the largest) is
100x2.2611 226

Reason e.g. not all the berries will become juice (e.g. skin, flesh, seeds may not
pulp) or not all will be as big as the largest, 150 < 200 or 300 > 200
If their value

e s less than 220 —so not likely to produce 200 cm® of juice.

e isbetween 220 and 250 — they can conclude either way
e is greater than 250 — so likely to produce 200 cm® of juice.







N
Figure 1

The curve C shown in Figure 1 has polar equation

r=4+ cos268

: .9
At the point 4 on C, the value of r 1s 3

The point N lies on the initial line and AN 1s perpendicular to the initial line.

The finite region R, shown shaded in Figure 1, is bounded by the curve C, the initial line
and the line AN.

Find the exact area of the shaded region R, giving your answer in the form pr + ¢ 3
where p and g are rational numbers to be found.




Question Scheme

9
4+cu~:~‘.28=5=}9=...

_
9_6

%I(4+ms Zﬁjzdf) = %j‘(lﬁ+8ms 26 + cos” 26‘){16'

1 1 1 1 1
cos’ 20 =—+—cosd4f0 = A= —j 16+8cos 28+ —+—cos4f |df
2 2 2 2 2

=%[169+429+M49+E]

2

Using limits 0 and their — = 5[33—” +243 +£—(u)]

1 1 81 1 43
Area of tri == O)(rsinf)=—x—x—x—0
of triangle 2(il"m:vs )(rsin@) Natriarun=

337 3343 8143
3 32

3\/5[ 11
T \PT

Areaof R=

B




6. (a) (1) Show on an Argand diagram the locus of points given by the values of = satisfying
z-4-3i|]=5

Taking the initial line as the positive real axis with the pole at the origin and given that

6 € [a, a + 7], where @ = —arctan (g)

(11) show that this locus of points can be represented by the polar curve with equation

r = 8cost + 6smnd
(6)

The set of points 4 is defined by

A={z:0£argz@%}ﬁ{z:|z—4—3i|$5}

(b) (1) Show, by shading on your Argand diagram, the set of points A.

(11) Find the exact area of the region defined by 4, giving your answer in simplest form.
(7)




|-=4=3]=5 = [r+iy=4=3=5=(x=4) +(y=3) =
(Jc—tt)2 +(y—3}2 =25 orany correct form
(rcos 6—4-)E +(r 5i119—3)2 =125

= cos’ #—8rcosf+16+7 sin’ f—6rsinf+9=25
=’ —8rcosf—6rsinf =0

r=8cosf+6sinf*

A =%j’ = d9=%j (scos9+6sin9f de

= %I ({54&:052 0+ 96sin ¥ cosd + 36sin” 9)d9




Diagram not
to scale

Figure 1

Figure 1 shows the design for a table top in the shape of a rectangle ABCD. The length
of the table, 4B, is 1.2m. The area inside the closed curve is made of glass and the
surrounding area, shown shaded in Figure 1, is made of wood.

The perimeter of the glass is modelled by the curve with polar equation
r=0.4+ acos2f 0<0<2n

where a is a constant.

(a) Show that a = 0.2

Hence, given that AD = 60cm,

(b) find the area of the wooden part of the table top, giving your answer in m? to
3 significant figures.




3(a)(@) 2(04+a)—12 or 04+4+a=06 or 0.4+acos0=0.6
=d=..

T T S— O T
_-

- Area of rectangle is 1.2x0. 6( 0. 72 -m

(0.4+0.200523) =0.16+0.16cos 20+ 0.04 cos’ 26

=0.16+0.16c0526+0.04[#)

J (0.4+0.2c0s20) d@ = %[0.189+0.08511126‘+0.0055in49(+c):|

=0.096+0.04sin 20+ 0.0025sin40(+¢) o.e.

Area enclosed by curve = [0.096 +0.04sin 26 +0.0025sin 461"
or
Area enclosed by curve = 2[0.096+0.045in 20 +0.0025sin 491

or

Area enclosed by curve = 4 [0.099 +0.045in 26 +0.0025 sin49]:/£

in’ or 0.187(=0.5654...)

Area of wood =1.2x0.6-0.187




Figure 1

Figure 1 shows a sketch of two curves C| and C, with polar equations

C,:r=(1 +sinf) 0<0<2n

C,: r=3(1 —=sinf) 002

The region R lies mside C, and outside C, and is shown shaded in Figure 1.
Show that the area of R 15

P\/;“I"

where p and g are integers to be determined.




E]I[{uﬂf -9(1-sin6)’ a6

=(%]I[l+lsinﬂ+ sin’ #—9+18sm#-9sin’ H]dﬁ'
or

I{hmsf da-j{l-rzsms-.-sm? #)d# and
19{1- sind)’ @ -9!{1- 2sin @ +sin’ #)deo
Isinlﬂdﬂ= L I (1-cos28)d8 =

I[{Hsmﬂ]’-9[_1-sin&_‘f]ds=zsinza-m-;:ﬂmsa

A= %r[[hma}’ ~9(1-sind) |0
2

=2l ‘ " =9(1-sing)’
4=2 EL[[H 0y’ -9(1-sin6)’ |as

- %{[_.E ~107+1045)~(yF-27-104 | = .




6. The curve C has equation
r=a(p+2cosf) 0<o<2n
where @ and p are positive constants and p > 2
There are exactly four points on C where the tangent is perpendicular to the initial line.
(a) Show that the range of possible values for p is

2<p<4

(b) Skeich the curve with equation

r=a(3 +2cosf) 0<8 <2 where a > 0
(1
John digs a hole in his garden in order to make a pond.

The pond has a uniform horizontal cross section that is modelled by the curve with equation

r=20(3 +2cosb) 0<6<2n

where r 1s measured in centimetres.

The depth of the pond is 90 centimetres.
Water flows through a hosepipe into the pond at a rate of 50 litres per minute.
Given that the pond is initially empty,

(c) determine how long it will take to completely fill the pond with water using the
hosepipe, according to the model. Give your answer to the nearest minute.

(d) State a limitation of the model.




x=rcosf=a(p+2cosf)cosd
Leading to % — asinBcos@ + fsin O p+2cos )
or% = asinfcosd + Fsind

or

x= a(,m:oti‘uEHZ-::ms2 6‘] =a(cos20+ peost+1)

leading m% = asin20+ Bsind

:x_g =a [—Zsinﬂcusﬂ— sin@(p+ 20059)]

or

% = —dasinfcosd —apsin @ OT (;Eg =—2asin28 —apsin @

Area=
2x%j[20(3+2c0§9)]2 d9=4ouj‘(9+12m9+4mz 0)do
o 0

or =j’(3600+4soocos9+ 1600 cos® #) d6
o

or

%T[Zﬁ(3+ 2.:059)]2 d9=200T(9+120059+4cnsl 0)de
» i

or =T(l$00+2400c0s9+8000a529)d9
o

N 1 1
= - — 2
cos” > 2005 7=

A=..[(9+12¢0s0+2+2c0520) d0 = @O+ fsin O+ A sin 20

a[ ~2sinfcosf—sin O( p +2cosh) | =0
+a(4sinfcosf+ psind) =0
asin@(4cos@+p)=0

Either sin@=0 or mg=_§

=400[116+12sin# +sin 2] or =200[110+12sin & +sin 26

sinf =0 implies 2 solutions (tangents which are perpendicular to the
initial line) e.g. # = 0,7

Using limits # =0 and #=x or ¥ =0 and # = 2x as appropriate and
subtracts the correct way round provided there is an attempt at
integration
=400[117 —0] = 4400 =13823.0(cm’)
or
=200[11(27)~0]= 44007 =13823.0 (em”)

Volume =area x90 =396 000 =1 244 070.691 (cm’)

Therefore two solutions to cos# = — % are required

_%;,_1=>p<4asp is a positive constant 2 < p <4 *

_ 1244070.691 _
50000

time

or volume = 1244 litres therefore time = % =

25 (minutes)

Correct shape and position.
Condone cusp

For example

Polar equation 1s not likely to be accurate.

Some comment that the sides will not be smooth and draws an
appropriate conclusion.

The hole may not be uniform depth

The pond may leak/ ground may absorb some water




Figure 1 shows a sketch of the curve C with equation

r=1+tan@

Figure 1 also shows the tangent to C at the point 4.
This tangent is perpendicular to the initial line.

(a) Use differentiation to prove that the polar coordinates of 4 are (2, %]

(4)

The finite region R, shown shaded in Figure 1, is bounded by C, the tangent at 4 and the
initial line.

(b) Use calculus to show that the exact area of R 1s % (1-1n2)

Initial line

Figure 1




x=rcosf =(1+tan@)cosd = cos B + sin@
=cos8 + tan 0 cos 6

=a(l+tanf)sin@ + fsec*Bcosd or % =asinf +
B cosB

S; =asind + fsec’ @cos@ + & tan B sind

— = —(1 +tan@)sind +sec*Bcosf or L _sing+
cos @
dx 2 dx
ﬁ=-s!n8 +sec*@cosf —tanBsind orE=-stn6'+
sec B — tan @ sinf

For example

%0 } sinB+cos@=0=>tanf=1=8=...

I@ =}—sin6‘+r:osﬂ =0=sinf =cosf=0=.

I:—;=}—smﬂ+cosﬂ=ﬁcos(ﬂ+§)=g=___

or

] (1+ tan@)sin@ + sec® B cosf = 0

. 1 1 - sin?®
#_s!ﬂ_a_m.'._:ﬂ;;_slnﬂ.'.Le:
cosf cos@ cos 8

= —sinf+cosf=0=tanf=1=6=..
or

{j; ] sinf —tan@ sinf + secd =0

1
=>—55m29-sln28+1=0=>s£n28+2sln”ﬂ—1=1
:s!nZ&—cosZﬂ=1=>ﬁsm(zﬂ—£)=1=>ﬂ=...

{de ] sin }+cos(n
j—: ] (1 +tan(4)}stn( )+sec (4)1:03(:) 0
{j—: ] sin ( 4)+ser: ( )r:os( ) tan —}sm G) 0

r=1+tan (E) =2 therefore A (z, I)*

- Area bounded by the curve = l_f(l + tan 6)* {d6}



62 l:r— a%é(elfz 211 8 + tan® 0) {d6}

= %J‘(l +2tan @ + [sec* 8 — 1]) {d6} =...

= %[2 In|sec @] + tan 8] or In|sec 8| + %tanﬂ or —Incos 6 +
%mnﬂ or = %[—2 Inlcos 8| + tan 6]

= %[2 In |se.: G)l + tan G)] -% [2 In|sec(0)| + tan(0)]
= (tnlser: G)l +%ta.n G)) - (Inlsec 0|+ %tan D)

Finds the required area = area of triangle — area bounded by the curve

y

The equation of the tangent is r = V2 sec § then applies

Area bounded of triangle = %j’;(ﬂ sec §)* {d6}

Finds the required area = area of triangle — area bounded by the curve
=1- [Irw'f + %]

May be seen within an integral = %_I'(ﬁsec 8)* {do}—

=J(1 + tan 0)* {d6}

Area bounded by the curve = i_l'(l + tand)? {dd}
==[(1+2tan0 + tan? 6) {d6} letu = tand = :—:= sec? @

1§ (1+ 2u+u’) 14 2u .
ingto = 8 WH2H W) gn Loy, M g |
Leading to 28 1+ v } 26 1+ o { i}

[+ + W) = 0+ D] or[(tan (5) +1n (1+

tan® (E))) — (tan(0) + In(1 + ta.nz(ﬂ)))]
{= %In 2+ 1—;}

1



initial line

Figure 1

Figure 1 shows a sketch of the curve with polar equation

¥ = 2+/sinh @ + cosh 0<O0<r

The region R, shown shaded in Figure 1, is bounded by the initial line, the curve and the
line with equation 6 ==

Use algebraic integration to determine the exact area of R giving your answer in the
form pe’ — r where p, ¢ and r are real numbers to be found.




Aﬁmaa;=l r r.ia:?=l [2 sinh€+msh9:|2{d€}
2 . 2 .

or %J‘n 4(s'mh9+ cosht?) {dﬂ}

= 2[cosh €'+si11]16']: n
o te?
+

=2( cosh:o‘r+sinhfr]—(mshﬂ+sinh0)]
2{(“ J'; 48 ‘; )-(1+0]]
o

=2(e"—e")

r
=2e" -2 or 2(e -1 Al
.




4. (a) Sketch the polar curve C, with equation

r=3+\/§cosﬂ 0<o0<2n

On your sketch clearly label the pole, the initial line and the value of r at the point
where the curve intersects the initial line.

T

The tangent to C at the point 4, where 0 < 8 < 5

, 1s parallel to the initial line.

(b) Use calculus to show that at 4

1
cosf = E

(c) Hence determine the value of r at 4.




Recalls correct shape for the type
of curve, including ‘dimple’

Correct position with labelling of
pole, initial line and point.

d, . d .. .
E(rsma)—-a-o-(Ssm0+~/§sm0c050)—Acos0+Bcos20

:_o(rsina)=%((3+45cosa)sino)=Asinzo+3cosa+ccos20

%=0:>3cos€+s/5-(200s20—1)=0

or
—w/g(l-cos2 8)+3cos0+s/§cos29= 0
Leading to a quadratic in cos
{245 cos? 0+3cos6-5=0 |

cosf = 715- following a correct quadratic, any extra solutions are rejected

B

{ms&:%t;z,quadmnt I needs cos@ >0}




)

& /




1. (a) Prove that

stating the value of the constant &.

(b) Hence, or otherwise, solve the equation

2x = tanh(an - Sx)




D>
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1(@) sinhy e’ —e™ Ml | 21
'=tanh™ (x)=>tanhy =x = x = Y — )
) () Y coshy e’ +e™ Al | L1b
Note that some candidates only have one variable and reach e.g.
= e'\. —e_'\. or tanhx = e". — e_'\_
e +e” e +e
Allow this to score M1A1
I v v I l A
x(e¥ +1)=e® 1= ¥ (I-x) =l+x =™ = M1l | L1b
l—x
e:-J.:l+x:>2v:ln(l+x]:>}__:lm(l+x]* Al* 21
1-x ’ 1-x T2 1-x
Note that e* (x—1)+x+1=0can be solved as a quadratic in e”:
—Jo A(x—1)(x+1) _ —JA4(1-x)(x+1) 2J 1-x)(x+1)
e’
2(x-1) 2(x-1) 2(1-x)
x+1 x+1
(1-x) 2 (I-x)
Score M1 for an attempt at the quadratic formula to make e’ the subject
(condone + V...) and A1* for a correct solution that rejects the positive
root at some point and deals with the (x — 1) bracket correctly
k=1 or -1<x<1 Bl 1.1b
&)
(®) 2x =tanh(In2—3x )= tanh™ (2x) = ln2—-3x Ml | 3.a
1 1+2x 1 1+2x
—In =—In(2-3x)= =2-3x Ml 2.1
2 (I—Z.YJ 2 ( ) 1-2x
6x"—9x+1=0 Al 1.1b
6x°—9x+1=0=>x=.. M1 1.1b
9457 Al | 32a
12
&)




1. The curve C has equation

y = 31sinhx — 2sinh2x  xeR

Determine, in terms of natural logarithms, the exact x coordinates of the stationary
points of C.




dy =31coshx—4cosh2x

dy =31coshx— 42cosh2x 1)

8cosh2x 3lcoshx—4=0
(Scosh X+ 1)(coshx 4) 0= cosh =

coshyx=a=x= 1n(a+ orln(a+ a’

0r—]n[a+-s/a_—)0r ln(a—m)

or
e”- 8"+ 7=0P &= ..b x= ]11()

[4+J1_5) or ln(4iJ1_5)

—
b — b
o ’
& 0 'E‘

H
=)




In this question you must show all stages of your working.

Solutions relying entirely on calculator technology are not acceptable.

Determine the values of x for which
64 cosh* x — 64 cosh’x—9=0(

Give your answers in the form ¢In2 where g is rational and in simplest form.




Solves the quadratic equation for cosh® x
e.g.

(8 cosh® x — 9)(8cosh® +1) = 0 = cosh® x =...

3 3 3 \%
coshx=1\f2_‘=x=ln E\E+ (waf) -1

Alternatively
3 1 3
coshx = waf = E(ex +e™) > e —wafex +1=0

V2
=>e"=ﬁan=x=...
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A2 SAMs Paper 1 Differential Equations

5. A pond initially contains 1000 litres of unpolluted water.

The pond is leaking at a constant rate of 20 litres per day.

It 1s suspected that contaminated water flows into the pond at a constant rate of 25 litres
per day and that the contaminated water contains 2 grams of pollutant in every litre of water.

It 1s assumed that the pollutant instantly dissolves throughout the pond upon entry.
Given that there are x grams of the pollutant in the pond after ¢ days,

(a) show that the situation can be modelled by the differential equation,

dx 4x

dr T 200+1¢

(b) Hence find the number of grams of pollutant in the pond after 8 days.

(c) Explain how the model could be refined.




Question Scheme Marks AOs
5(a) Pond contains 1000 + 57 litres after 7 days M1 33
If x is the amount of pollutant in the pond after ¢ days
Rate of pollutant out = 20 X—— day Ml 33
0 u = —
po 1000+ 5¢ gpet
Rate of pollutant in = 25 x 2 g= 50g per day Bl 2.2a
W 50— Al* | L1b
dr 20041
)
(b) 24
7= olom =(2m+f}“=>x(200+t)"=j§0{200+t)“df M1 | 3.1b
x(200+¢)" =10(200+1) +¢ Al | L1b
x=0,1=0= c=-3.2x10" Ml 34
3.2x10"
t=8= x=10(200+8)-———— Ml | L1b
(200+8)
=370g Al 2.2b
3)
(c) e.g.
e The model should take into account the fact that the
pollutant does not dissolve throughout the pond upon entry Bl 3.5¢
e The rate of leaking could be made to vary with the volume
of water in the pond
1)

(10 marks)




A2 SAMs Paper 1 Differential Equations

9. A company plans to build a new fairground ride. The ride will consist of a capsule that
will hold the passengers and the capsule will be attached to a tall tower. The capsule is
to be released from rest from a point half way up the tower and then made to oscillate in
a vertical line.

The vertical displacement, x metres, of the top of the capsule below its initial position at
time f seconds 1s modelled by the differential equation,
d’x dx

m +4— +x=200cost, t =0
dt? dt

where m 1s the mass of the capsule including its passengers, in thousands of kilograms.
The maximum permissible weight for the capsule, including its passengers, 1s 30000N.

Taking the value of g to be 10ms™ and assuming the capsule is at its maximum
permissible weight,

(a) (1) explain why the value of m is 3
(11) show that a particular solution to the differential equation is
x = 40sint — 20cost

(111) hence find the general solution of the differential equation.

(b) Using the model, find, to the nearest metre, the vertical distance of the top of the
capsule from its initial position, 9 seconds after it is released.




Differential Equations

Weight =mass=xg = m= 30000=3ﬂ00

g
But mass is in thousands of kg, som =3

dx . d'x .
E =40cosf+20s51n¢, F:= —40simnt+ 20cost

3(—40sinr+20cost)+4(40cost +20sinr)
+40sinr=20cosr=...

Let x=acost+bsint

2

E ==gsint+bcost, d—':= —acosf=bsinr
df dt

4b=2a=200, =2b=d4a=0=a=_.

37444 +1=0= A =-1, -3

-m

(i)

x=.de” +}'i|'~e_}r +40smm¢—20cost

(b) t=0,x=0= A4+ B8 =20

d 1
x=0, Er-—,{ "—EBe +40cosr+ 20sinr =0

= .4+%B =40




Differential Equations

7. At the start of the year 2000, a survey began of the number of foxes and rabbits on an
1sland.

At time 7 years after the survey began, the number of foxes, f, and the number of rabbits, 7,
on the island are modelled by the differential equations

d
J 02f+0.1r

dr
dr
dr

=02+ 04r

dzf
dr®

f

d
(a) Show that ar

0.6 +01/=0
3

(b) Find a general solution for the number of foxes on the island at time ¢ years.

Q)]

(c) Hence find a general solution for the number of rabbits on the island at time 7 years.

3)
At the start of the year 2000 there were 6 foxes and 20 rabbits on the island.

(d) (1) According to this model, in which year are the rabbits predicted to die out?

(11) According to this model, how many foxes will be on the island when the rabbits
die out?

(111) Use your answers to parts (1) and (11) to comment on the model.




S
-

-0 &
_—u_zf+u_4(1um Zf]

.
]
I!-

_0.6%+/0.6"-4x0.1 061—41(01

m=03+01
=e“" (Acos f1+ Bsin ft)

—c” “"(4cos0.1f + Bsin 0.1f)

—
b
e

3
Eur
AL
-

a
.

w2
W g

t=0r=20=58=14
€™ (20cos0.1r + 8510 0.11) =0

2019
(d)(it) 3750 foxes

(d)(iii) | e g the model predicts a large number of foxes are on the island
when the rabbits have died out and this may not be sensible

s
-
-

-
—
o

w
.

o]
fuivy
L
Ln
X

€
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Differential Equations
5. A tank at a chemical plant has a capacity of 250 litres. The tank initially contains
100 litres of pure water.

Salt water enters the tank at a rate of 3 litres every minute. Each litre of salt water
entering the tank contains 1 gram of salt.

It is assumed that the salt water mixes instantly with the contents of the tank upon entry.

At the instant when the salt water begins to enter the tank, a valve is opened at the
bottom of the tank and the solution in the tank flows out at a rate of 2 litres per minute.

Given that there are S grams of salt in the tank after f minutes,

(a) show that the situation can be modelled by the differential equation

l:lS3 28

dr T 100 + 1

(b) Hence find the number of grams of salt in the tank after 10 minutes.
When the concentration of salt in the tank reaches 0.9 grams per litre, the valve at the
bottom of the tank must be closed.

(c) Find, to the nearest minute, when the valve would need to be closed.

(d) Evaluate the model.
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Differential Equations

5(a) The tank initially contains 100L. 3 L are entering every minute and 2 L
are leaving every minute so overall 1 L increase in volume each minute so M1
the tank contains 100 + ¢ litres after # minutes
2 L leave the tank each minute and if there are Sg of salt in the tank, the
concentration will be ——— g/L so salt leaves the tank at a rate of
00+t M1
2x er minute
100+t £r
Salt enters the tank at a rate of 3x1g per minute Bl
ds 28

So—=3— * cso Al*

dr 100 +1¢
“)

(b) ds N 25

dt 100+¢
I:ejmuz(mow)::>S(100+r):=_[3(100+r):dr Ml
S$(100+¢)" =(100+¢)’ (+¢)
OR Al
5(100+¢)* =30 000r +3001> + £ (+c)
t=0,5=0=c=-10° M1
10°
r=10=5=100+10——— dM1
(100 +10Y’

OR
5(100+10) =(100+10)’ (+¢) = S = ..
3310
=awrt 27 (g) or (@) Al | 22b
®
(c) 10%
Concentration is | 100+ —————— |+(100+1)=0.9
(100 +1Y
OR
10° ) .
§=09 100+t =09 100+t = 1004+t ———— M1 34
100410 -
OR
§S=09100+¢ =09 1004¢ >= 100+7°—10°
(100+1) =107 =1 =...
OR dM1 1.1b
£ +300£ +30000f —9 000000 =0 =1 =...
f=awrt 115 (minutes) Al 2.2b
O]
(d) Esg
e It is unlikely that mixing is instantaneous
e The model will only be valid when the tank is not full Bl 3 5a
e When the valve is closed, the model is not valid -
e It is unlikely that the concentration of salt water entering the
tank remains exactly the same
(0]
(13 marks)




Differential Equations

8. A scientist is studying the effect of introducing a population of white-clawed crayfish into
a population of signal crayfish.
At time f years, the number of white-clawed crayfish, w, and the number of signal
crayfish, s, are modelled by the differential equations

dw_ é(w—.':r
dr 2

& _ Ew—‘}'l]le"
dr 5

(a) Show that

d’w dw
28 W sS4 2w = 4506
i 5 w 50e

(b) Find a general solution for the number of white-clawed crayfish at time # years.
(c) Find a general solution for the number of signal crayfish at time ¢ years.

The model predicts that, at time 7 years, the population of white-clawed crayfish will
have died out.

Given that w =65 and s =85 when =0

(d) find the value of T, giving your answer to 3 decimal places.

(e) Suggest a limitation of the model.




2m*=5m+2=0=m=...

(w)=Ae"" +Be*

d i L 2
PL Try w=ke™ = il ke = —=ke™
dt dt
2ke™ +5ke™ +2ke™ =450 = k=...
w="their C.F.'+ 50e”’

(w =A4e™ + Be” + 506")

Differential Equations

65=A+B+50, 85 =%+§+70:>A=...,B=...

(NB A=20 B=-5)
w=0=20e"" —5¢" +50¢7 =0
e —4e! —10(2 0) or a multiple

Either population becomes negative which is not possible
When the white-clawed crayfish have died out, the model
will not be valid




Differential Equations

5. An engineer is investigating the motion of a sprung diving board at a swimming pool.
Let E be the position of the end of the diving board when it is at rest in its equilibrium position
and when there is no diver standing on the diving board.
A diver jumps from the diving board.
The vertical displacement, /i cm, of the end of the diving board above E is modelled by
the differential equation

2
4M+4%+37h=0

ds?

where  seconds is the time after the diver jumps.

(a) Find a general solution of the differential equation.

(2)

When 7 = 0, the end of the diving board is 20 cm below E and is moving upwards with a
speed of 55¢cms™.

(b) Find, according to the model, the maximum vertical displacement of the end of the
diving board above E.

(c) Comment on the suitability of the model for large values of z.
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Differential Equations

5 ) -
@) dm” +4F?I+3?=0:>J'H=—%131 M1 1.1b
h=e" " 4cos3t+ Bsin3r) Al 1.1b
@)
(b) 1=0, h==20= A=-20 M1 | 34
dh_ _p.5e0 (Acos3t+ Bsin3t)+e™ (=3.4sin3r +3Bcos3r)
d¢
oy M1 34
t=0. d—:=55:>3=...(I~TBB= 15)
(h=)e™" (15sin37 —20cos3¢) Al 1.1b
—0.5¢™* (15sin3t —=20cos 3¢ ) +&™" (60sin 3¢ +45cos 3¢ ) =0
ore.g.
. 2537 .. 77 M1 31b
0.5 (155in 3= 20cos 3t) + ie*f sm(ar + armn;—j =0
=r=...
Al
tan3r=—£ ore.g. 3r+tan'1£=0 Ml 21
2 21 on
ePEN
t=0.778s Al 1.1b
f::e'“‘s"""ﬂ'_'s_{lSsi.u{_’sx"0.7?8"]—20cos{3x"O.??S")} dM1 1.1b
=16.7 cm Al 3.2a
8
©) E.g. considers large values of 1 in the model for 1 or states that for
M1 34
large values of r, h becomes smaller or becomes zero
Eg
¢ The value of /i 1s very small when 7 15 large and this 15 likely
to be correct (as the displacement of end of the board should
get smaller and smaller) Al
e This suggests the model 15 suitable
o o Blon | 32b
¢ This is realistic <PEN
¢ This 15 suitable as the board will tend towards 1ts equilibrium ;
position
o When  1s large the value of /i 1s never zero so the model 1s
not really appropriate for large values of ¢
@) HOME




Differential Equations

5. Two compounds, X and Y, are involved in a chemical reaction. The amounts in grams
of these compounds, # minutes after the reaction starts, are x and y respectively and are
modelled by the differential equations

=-5x+10y -30
=-2x+3y—-4

(a) Show that

2
d—f+2£+5x=50
dr dr

(b) Find, according to the model, a general solution for the amount in grams of
compound X present at time 7 minutes.

(c) Find, according to the model, a general solution for the amount in grams of
compound Y present at time 7 minutes.

Given thatx=2andy=5 whent=0
(d) find

(1) the particular solution for x,

(i1) the particular solution for y.

A scientist thinks that the chemical reaction will have stopped after 8 minutes.

(e) Explain whether this is supported by the model.




Differential Equations

& oee.g. L ll[l[dd;‘z +5%]

dx_ —5?+10(—2x+ 3y—4)

dtz

dx 30( dx
=5—-20x+—| —+5x+30|-40

dt 10[d; * ]
1['12 dx

3 dx
— =-2x+— —|-4
1ol a2 Sdz] x+10(30+5x+dt)

<

[

]
—

1:l2 dx

m= a+,61:>x e"‘{AcosﬂHBsmﬂr]—

AcnsZt+Bsm2t

PL: Try x=k =5k =50=k =10

>
[a—

*
[a—
[—
o

—_—
L
"

AR

[a—

[a—

GS:x=e" (Acos21+Bsin21)+10

o

W w7
= = -lr-;-n-

—
2




Differential Equations

dx =¢ '(2Bcos2t—24sin2t)—e " (Acos2t + Bsin2t)

<
[
'I.‘..;.l
I

y=—e"((44+2B)cos2t+(4B-24)sin2r))+8

&
|
S| =
=~
&

— —_— _—
—
—

=0,x=2=2=4+10=>4=-8

t=0,y=5=»5=%(23—32)+8:>8=1

x=e"'(sin2t—8cos2t)+10
y=e¢"(2sin2r—3cos2r)+8

(e) E.g When ¢ > 8, the amount of compound X and the amount of
compound Y remain (approximately) constant at 10 and 8

respectively, which suggests that the chemical reaction has stopped.
This supports the scientist’s claim.

22a

Al
Al

b v a
) : —_
& w o

e
LAy
®

~1
:




Differential Equations

7. A sample of bacteria in a sealed container is being studied.

The number of bacteria, P, in thousands, is modelled by the differential equation

dP 1
l+H)—+P=¢t"(1+1¢
( )d,r 1+

where { is the time in hours after the start of the study.
Initially, there are exactly 5000 bacteria in the container.

(a) Determine, according to the model, the number of bacteria in the container 8 hours
after the start of the study.

(b) Find, according to the model, the rate of change of the number of bacteria in the
container 4 hours after the start of the study.

(c) State a limitation of the model.




Differential Equations

>

L
[
=]

e 1
h i
- o

= 10 277 bacteria (allow awrt 10 300)
I

2.2b

(b)

%,i_,_%,_i” » (1+r](t%+r%}—(§r%+
p=2_2 - - 000000\ - /
(1+1) dt (1+2)’

L. 24,2505 Alft | LI1b

2442 _
Lo ogp T T

34

dP
Alt: P+(1+t)—=t>+1t* = —
( )d.t (1+12)

% x1000 = %{= awrt1070) bacteria per hour




Differential Equations

(b) Alternative:

%xlﬂﬂﬂ = &324(= 10’?5) bacteria per hour

E.g
The number of bacteria increases indefinitely which is not
realistic

— —




Differential Equations

3. A scientist is investigating the concentration of antibodies in the bloodstream of a patient
following a vaccination.
The concentration of antibodies, x, measured in micrograms (pg) per millilitre (ml) of
blood, is modelled by the differential equation

2
1008 + 60% 4+ 13x =26
ar dr

where 7 is the number of weeks since the vaccination was given.

(a) Find a general solution of the differential equation.

Initially,
» there are no antibodies in the bloodstream of the patient
* the concentration of antibodies is estimated to be increasing at 10 pg/ml per week

(b) Find, according to the model, the maximum concentration of antibodies in the
bloodstream of the patient after the vaccination.

A second dose of the vaccine has to be given to try to ensure that it is fully effective.
It is only safe to give the second dose if the concentration of antibodies in the
bloodstream of the patient is less than 5 pg/ml.

(c) Determine whether, according to the model, it is safe to give the second dose of the
vaccine to the patient exactly 10 weeks after the first dose.

(2
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100m> +60m +13=0=>m =-0.3+0.2i
x=e¥ (Acos 0.2¢ + Bsin 0.2t)

x=e""(Acos0.2t+ Bsin0.2t)+2

t=0,%=10=>B=...(NBB=47)

x=e"*(47sin0.2r —2cos0.2¢) +2
~0.3e™% (475in 0.2¢ ~ 2c0s0.21) + ¥ (9.4c0s 0.2t +0.45in 0.2¢) = 0

=t=..
or

x=~2213¢ "sin(0.27- 0.0425)+ 2

W w)
R

>

>

b %m 0.342213¢ ¥ sin (0.2t~ 0.0425)

+0.242213¢ *¥ cos(0.2¢- 0.0425)

br=..
100
tan 0.2t = — 2t =0.630...
0.2¢ 137:0 1=0.630

(o]

w2 !
= B = —

or

tan(0.27- 0.0425)= %b 0.2¢=0.630

x=e ¥ (475in(0.2x"3.15...") =2 cos (0.2x"3.15...") ) + 2

-

t=10=x=e"(47sin(2)—2cos(2))+2=4.16...

The model suggests that it would be safe to give the second dose Alft | 2.2a

_—
H

z
g
g
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6. A tourist decides to do a bungee jump from a bridge over a river.
One end of an elastic rope is attached to the bridge and the other end of the elastic rope
1s attached to the tourist.
The tourist jumps off the bridge.

At time ¢ seconds after the tourist reaches their lowest point, their vertical displacement
1s x metres above a fixed point 30 metres vertically above the river.

When 1= 0
¢« x=-20
« the velocity of the tourist is Oms '
« the acceleration of the tourist is 13.6ms”

In the subsequent motion, the elastic rope is assumed to remain taut so that the vertical
displacement of the tourist can be modelled by the differential equation

2

dx
Skd—1+2k +17x=0 t=0

where k is a positive constant.

(a) Determine the value of k

(2)
(b) Determine the particular solution to the differential equation.

M

(c) Hence find, according to the model, the vertical height of the tourist above the river
15 seconds after they have reached their lowest point.

(2)

(d) Give a limitation of the model.
(1




Differential Equations

Question Scheme Marks

6(a) | Sk(13.6)+2k(0)+17(-20)=0=k=... m
-m

Solves their 25m” +10m+17=0 = m=..

x=e "'”‘(A cos 0.8¢+ Bsin0.8¢ )

=

t=0,x=-20= A=..(=—20)

~0.2¢ ¥ ( Acos0.8¢ + Bsin 0.8¢)

+e ¥ (—0.845sin0.8¢ +0.8Bcos0.8¢)

I=ﬂ%=ﬂ:>—0.2_4+l].83=0=>3=... (=-5)

(20005 0.8/ -5sin 0.81) o.e.

-
‘ "
L]

Vertical height =30+[ & **"* (~20cos(0.8 x15) - 5sin(0.8x15)) |

Vertical height = awrt 29.3 m

| w w w b
Ble = = =

For example

It is unlikely that the rope will remain taut

The model predicts the tourist will continue to move up and down,
(but in fact they will lose momentum)

The tourist is modelled as a particle

S

(12 marks)




Differential Equations

8. Two different colours of paint are being mixed together in a container.

The paint is stirred continuously so that each colour is instantly dispersed evenly
throughout the container.

Initially the container holds a mixture of 10 litres of red paint and 20 litres of blue paint.

The colour of the paint mixture is now altered by
+ adding red paint to the container at a rate of 2 litres per second
+ adding blue paint to the container at a rate of | hitre per second
+ pumping fully mixed paint from the container at a rate of 3 litres per second.

Let r litres be the amount of red paint in the container at time ¢ seconds after the colour
of the paint mixture starts to be altered.

(a) Show that the amount of red paint in the container can be modelled by the
differential equation
dr_,_r
)

where a is a positive constant to be determined.

(2)

(b) By solving the differential equation, determine how long it will take for the mixture
of paint in the container to consist of equal amounts of red paint and blue paint,
according to the model. Give your answer to the nearest second.

It actually takes 9 seconds for the mixture of paint in the container to consist of equal
amounts of red paint and blue paint.

(c) Use this information to evaluate the model, giving a reason for your answer.




Differential Equations

Question Scheme Marks AOs
Volume of paint = 30 litres therefore

Rate of paint out = 3x % litres per second

e
La

The model predicts 7 seconds but it actually takes 9 seconds so (over)
2 seconds out (over 20%), therefore it is not a good model

=
=

(b) Rearranges % + % = 2and attempts : iable
integrating factor dr
IF= :f%"' -
, Integrates to the form
rell — Izem d,t:}re"“ —.i‘.e""[+c) Aln(20— )= LI{H:)
%=2 Lo —ln(ZD—r}=—!+r:
207 10
# = =—————=15 rearranges to
oi
achieve ¢ = & and solves to find a 1
value for ¢ —ln(20—15)=ﬁ!-—]n10
or Leading to a value for ¢
r=20-10¢ ' =15 rearranges to
]
achieve € 'Y = f and solves to find a
value for ¢

. = .
—
-
[ [ d () =
in .
& =3 - =




Differential Equations

3. (a) Determine the general solution of the differential equation

dy . 2 a2
COSIE'FJ?S].HI =€ COS5 X

giving your answer in the form y = f(x)

Given that y =3 whenx =0

(b) determine the smallest positive value of x for which y =0




dy
— 4 ytanx = e** cosx
dx y

dy
IF = ef tanx dx — plnsecx — go¢ x = sec x— + y sec x tan x

dx
— o2X

=>ysecx=fezx dx

Differential Equations

1
—e?*(+¢)

ysecx =3

1
y = (Eez" + c) coS X

x=0, y=3=c=..{25}

1 5
y= (Eez"+§)cusx=0;*rcasx=ﬁ=>x — .




Differential Equations
The motion of a pendulum, shown in Figure 3, is modelled by the differential equation

d20 1
—+90=— 1
i 9 20053

where # is the angle, in radians, that the pendulum makes with the downward vertical,
t seconds after it begins to move.

(a) (i) Show that a particular solution of the differential equation is

d= lrsinSr
12

(i) Hence, find the general solution of the differential equation.

- S

- =
—_ —

——

Initially, the pendulum
* makes an angle of % radians with the downward vertical Figul'E K]
+ isatrest

Given that, 10 seconds after it begins to move, the pendulum makes an angle of
o radians with the downward vertical,

(b) determine, according to the model, the value of @ to 3 significant figures.

Given that the true value of & 1s 0.62

(c) evaluate the model.

The differential equation
df 1

models the motion of the pendulum as moving with forced harmonic motion.

(d) Refine the differential equation so that the motion of the pendulum is simple
harmonic motion.




Differential Equations

10(a)(i) U
%=asm3t+ﬁtm~¢3taud %: sin3t + ftcos3tand
& — §cos3t + ytsin3t e =5cos3t+ytsin3t

df 1

1
a =Sin3ttyteos3tand & )3t 432t cos3t and
a8 1 1
— =-cos3t+cos3t— 2
ge ¢ * 2=31c053t+3.1c053t
Ttsin3t dt
* —9atsin3t

=%cos3t-gtsln3t =6Acos3t—9Atsin3t

1
Ecoﬂt-itstﬂt 6Acos3t—9Atsin3t
4 +9(Atsin3t)

1
. =§c053t=b.l=...

1 : 1
=cos3tsoPlisf = —tsin3t 9::—ztsln3t* A

*
m?+9=0=m= +3i
6 =Acos3t+ Bsin3t Al

12

+9(ltstn3t)

—
w

(68 =)CF + PI
1

ﬂ=AcosSt+Bsm3t+Etsm3t

>

1 1
_t= —3Asm3t+3Bcas3t+Esm3t+Etcas3t= 0
=B =..{0}
_r

1
a=3 cos(3 x 10) +13 (10) sin(3 x 10) =...

I S VT
. O
- 0.662 is close to 0.62 so a good model (at ¢ = 10) ml
|

(c)
$+99=ﬂoﬂ ﬂ|
| m




Differential Equations

6. Water is flowing into and out of a large tank.
Initially the tank contains 10 litres of water.

The rate of flow of the water is modelled so that

+ there are V litres of water in the tank at time 7 minutes after the water begins to flow

14t

* water leaves the tank at a rate proportional to the volume of water remaining in
the tank

* water enters the tank at a rate of (3 -

) litres per minute

Given that when 7= 0 the volume of water in the tank is decreasing at a rate of 3 litres
per minute, use the model to

(a) show that the volume of water in the tank at time ¢ satisfies

¥ g

dr e Uy

(b) Determine %(arctan )

Hence, by solving the differential equation from part (a),
(c) determine an equation for the volume of water in the tank at time 7.

Give your answer in simplest form as V' = f(¢)

After 10 minutes, the volume of water in the tank was 8 litres.

(d) Evaluate the model in light of this information.




Differential Equations

+ kW (where k is constant)
elle

dv 4
= ]}"=1 .'_=_ —y = ___1 O -
t=0, 0. 3=>-3=3 T3l Ok =k

EE

2 dlir 4
=S10k=4—=k="—=—"—=3—— —_ _04V*
5 dr 1+e"%

1

=

-

eﬂ‘.4.!'p: — 7-530.44' _lnmtan(eDAI‘] (+C)

V=10,t=0=10=7.5-10arctanl+c = c =...

=

V' =75-10e""* arctan (" )+ 2.5(7 +1)e™"*

-
—

E.g. (10) = 7.4 litres so the model is not very accurate as it predicts
approximately 7.5% below the actual level.

nos
M1
@ |
£
(1) |




Differential Equations

9. A patient 1s treated by administering an antibiotic intravenously at a constant rate for
some time.

Initially there is none of the antibiotic in the patient.

At time ¢ minutes after treatment began

» the concentration of the antibiotic in the blood of the patient is x mg/ml
* the concentration of the antibiotic in the tissue of the patient is y mg/ml

The concentration of antibiotic in the patient 1s modelled by the equations

% =0.025y - 0.045x + 2

ﬂ‘0032 0.025
de TRy

(a) Show that

2
dy

40000 42 + 2800 ¥ + 13y = 2560
df dr

(b) Determine, according to the model, a general solution for the concentration of the
antibiotic in the patient’s tissue at time { minutes after treatment began.

(¢) Hence determine a particular solution for the concentration of the antibiotic in the
tissue at time ¢ minutes after treatment began.

To be effective for the patient the concentration of antibiotic in the tissue must
eventually reach a level between 185mg/ml and 200 mg/ml.

(d) Determine whether the rate of administration of the antibiotic is effective for the
patient, giving a reason for your answer.




2
9 0032 0025
dr? dr dr

& 2d 4 d:’

B1

.

L[y s

=0 032(0.025y—0.045x +2)—0. 025

1
i =00008y —0.00144x +0.064 — 0025:”'

dy 1 9 .8 1

— e Y Xt ——
drs 12507 6250 125 40 dr

Then substitutes for x

000144
0.032

or

1 9 (lZde 25 ) 8 1dy
y——| —=—+—y |+
1250° 6250

4 &t 32°) 125 40dr

or

art 0.032

(ﬂ+o.ozsy)+o.064-o.ozsd—"
dr dr

) o.ozsrw(:t—ho.ozs;:]n

Differential Equations

40000m” +2800m +13{=0} = m=...

M1

CF:y=dAe™ +Be™

M1

R
CF:y= Ae’™ 4 Be 20

CF: y = Ae™M0% 4 petiies

Al

M1

PL: Try y = k = 13k = 2560 = k=.;.{%}'
= —13r
GS: y=Ae2® +Ecm+f—go

GS: y= A0 | 0065 2?30

Alft

)

M1

{dl_ =-0.000325y - 007dy+0.064}

dy 13 7dy 8
) Lot
dr” ~ 40000° 100dr 125

d? d
4oooo—dl-§—’+zsoo§+13y=zseo*

Al*

t=0,y=0=20=4+8+ %

M1

t=0,y=0,x=l]:>%=0.l]32xl]—l].025><0=0

Or B1
Usadx-L Q+I]025 to find an equation in ¢
o2l ar Y e«
&y A4 = 138 = 4 138
2L W = —om _= A=—138
2000 200° 300 200 0 3
Or

=13
x= 2,4:100 —EB:M +E:>O=EA—£B+&
8 4 13 8 4 13

1% -1 =1k
! [—0905;4:2’“ 00653:”+0025[Acm+3=m+%J]

M1

—t —13¢
o 640 55 640 T 2560
3 39 13

Al

“)

3)

As foe ™ 50 fork=0 SOV ..

M1

y—b%xl%m‘]?’? so the rate of administration is sufficient to reach

the required level.

Alft

@
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